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EDITOR’S FOREWORD 


The problem of communicating in a coherent fashion the recent 
developments in the most exciting and active fields of physics 
seems particularly pressing today. The enormous growth in the 
number of physicists has tended to make the familiar channels of 
communication considerably less effective. It has become increas- 
ingly difficult for experts in a given field to keep up with the cur- 
rent literature; the novice can only be confused. What is needed is 
both a consistent account of a field and the presentation of a definite 
‘‘point of view’’ concerning it. Formal monographs cannot meet 
such a need in a rapidly developing field, and, perhaps more im- 
portant, the review article seems to have fallen into disfavor. In- 
deed, it would seem that the people most actively engaged in devel- 
oping a given field are the people least likely to write at length 
about it. 

‘‘Frontiers in Physics’’ has been conceived in an effort to im- 
prove the situation in several ways. First, to take advantage of the 
fact that the leading physicists today frequently give a series of 
lectures, a graduate seminar, or a graduate course in their special 
fields of interest. Such lectures serve to summarize the present 
status of a rapidly developing field and may well constitute the only 
coherent account available at the time. Often, notes on lectures ex- 
ist (prepared by the lecturer himself, by graduate students, or by 
postdoctoral fellows) and have been distributed in mimeographed 
form on a limited basis. One of the principal purposes of the 
‘‘Frontiers in Physics’’ series is to make such notes available to 
a wider audience of physicists. 
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It should be emphasized that lecture notes are necessarily rough 
and informal, both in style and content, and those in the series will 
prove no exception. This is as it should be. The point of the series 
is to offer new, rapid, more informal, and, it is hoped, more effec- 
tive ways for physicists to teach one another. The point is lost if 
only elegant notes qualify. 

A second way to improve communication in very active fields of 
physics is by the publication of collections of reprints of recent ar- 
ticles. Such collections are themselves useful to people working in 
the field. The value of the reprints would, however, seem much en- 
hanced if the collection would be accompanied by an introduction of 
moderate length, which would serve to tie the collection together 
and, necessarily, constitute a brief survey of the present status of 
the field. Again, it is appropriate that such an introduction be in- 
formal, in keeping with the active character of the field. 

A third possibility for the series might be called an informal 
monograph, to connote the fact that it represents an intermediate 
step between lecture notes and formal monographs. It would offer 
the author an opportunity to present his views of a field that has 
developed to the point at which a summation might prove extraor- 
dinarily fruitful, but for which a formal monograph might not be 
feasible or desirable. 

Fourth, there are the contemporary classics—papers or lectures 
which constitute a particularly valuable approach to the teaching 
and learning of physics today. Here one thinks of fields that lie at 
the heart of much of present-day research, but whose essentials 
are by now well understood, such as quantum electrodynamics or 
magnetic resonance. In such fields some of the best pedagogical 
material is not readily available, either because it consists of pa- 
pers long out of print or lectures that have never been published. 

‘‘Frontiers in Physics’’ is designed to be flexible in editorial 
format. Authors are encouraged to use as many of the foregoing 
approaches as seem desirable for the project at hand. The publish- 
ing format for the series is in keeping with its intentions. Photo- 
offset printing is used throughout, and the books are paperbound, in 
order to speed publication and reduce costs. It is hoped that the 
books will thereby be within the financial reach of graduate students 
in this country and abroad. 

Finally, because the series represents something. of an experi- 
ment on the part of the editor and the publisher, suggestions from 
interested readers as to format, contributors, and contributions 
will be most welcome. 


DAVID PINES 
Urbana, Illinois 
August 1961 


PREFACE 


The text material herein constitutes notes on the third of a three-semes- 
ter course in quantum mechanics given at the California Institute of Tech- 
nology in*1953. Actually, some questions involving the interaction of light 
and matter were discussed during the preceding semester. These are also 
included, as the first six lectures. The relativistic theory begins in the 
seventh lecture. 

The aim was to present the main results and calculational procedures of 
quantum electrodynamics in as simple and straightforward a way as possi- 
ble. Many of the students working for degrees in experimental physics did 
not intend to take more advanced graduate courses in theoretical physics. 
The course was designed with their needs in mind. It was hoped that they 
would learn how one obtains the various cross sections for photon processes 
which are so important in the design of high-energy experiments, suchas 
with the synchrotron at Cal Tech. For this reason little attention is given to 
many aspects of quantum electrodynamics which would be of use for theo- 
retical physicists tackling the more complicated problems of the interaction 
of pions and nucleons. That is, the relations among the many different for- 
mulations of quantum electrodynamics, including operator representations 
of fields, explicit discussion of properties of the S matrix, etc., are not in- 
cluded. These were available in a more advanced course in quantum field 
theory. Nevertheless, this course is complete in itself, in much the way that 
a course dealing with Newton’s laws can be a complete discussion of me- 
chanics in a physical sense although topics such as least action or Hamilton’s 
equations are omitted. 

The attempt to teach elementary quantum mechanics and quantum elec- 
trodynamics together in just one year was an experiment. It was based on 
the idea that, as new fields of physics are opened up, students must work 
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their way further back, to earlier stages of the educational program. The 
first two terms were the usual quantum mechanical course using Schiff 
(McGraw-Hill) as a main reference (omitting Chapters X, XII, XII, and XIV, 
relating to quantum electrodynamics). However, in order to ease the tran- 
sition to the latter part of the course, the theory of propagation and potential 
scattering was developed in detail in the way outlined in Eqs. 15-3 to 15-5. 
One other unusual point was made, namely, that the nonrelativistic Pauli 
equation could be written as on page 6 of the notes. 

The experiment was unsuccessful. The total material was too much for 
one year, and much of the material in these notes is now given after a full 
year graduate course in quantum mechanics. 

The notes were originally taken by A. R. Hibbs. They have been edited 
and corrected by H. T. Yura and E. R. Huggins. 


R. P. FEYNMAN 


Pasadena, California 
November 1961 
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Quantum 
Electrodynamics 


Interaction 

of Light with Matter- 
Quantum 
Electrodynamics 


First Lecture 


The theory of interaction of light with matter is called quantum electro- 
dynamics. The subject is made to appear more difficult than it actually is 
by the very many equivalent methods by which it may be formulated. One of 
the simplest is that of Fermi. We shall take another starting point by just 
postulating for the emission or absorption of photons. In this form it is most 
immediately applicable. 


DISCUSSION OF FERMI’S METHODt 


Suppose all the atoms of the universe are in a box. Classically the box 
may be treated as having natural modes describable in terms of a distribu- 
tion of harmonic oscillators with coupling between the oscillators and 
matter. 

The transition to quantum electrodynamics involves merely the assump- 
tion that the oscillators are quantum mechanical instead of classical. They 
then have energies (n + 1/2)hw, n =0, 1 ..., with zero-point energy 1/2fw. 
The box is considered to be full of photons with a distribution of energies 
nhw. The interaction of photons with matter causes the number of photons 
of type n to increase by +1 (emission or absorption). 

Waves in a box can be represented as plane standing waves, spherical 
waves, or plane running waves exp (iK* x). One can say there is an instan- 


+ Revs. Modern Phys., 4, 87 (1932). 
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taneous Coulomb interaction e'/ri; between all charges plus transverse 
waves only. Then the Coulomb forces may be put into the Schrddinger equa- 
tion directly. Other formal means of expression are Maxwell’s equations 

in Hamiltonian form, field operators, etc. 

Fermi’s technique leads to an infinite self-energy term e’/r,;. It is pos- 
sible to eliminate this term in suitable coordinate systems but then the trans- 
verse waves contribute an infinity (interpretation more obscure). This anom- 
aly was one of the central problems of modern quantum electrodynamics. 


Second Lecture 


LAWS OF QUANTUM ELECTRODYNAMICS 


Without justification at this time the ‘‘laws of quantum electrodynamics’’ 
will be stated as follows: 

1. The amplitude that an atomic system will absorb a photon during the 
process of transition from one state to another is exactly the same as the 
amplitude that the same transition will be made under the influence of a po- 
tential equal to that of a classical electromagnetic wave representing that 
photon, provided: (a) the classical wave is normalized to represent an en- 
ergy density equal to hw times the probability per cubic centimeter of find- 
ing the photon; (b) the real classical wave is split into two complex waves 
e-iwt and etivt, and only the e~i”t part is kept; and (c) the potential acts 
only once in perturbation; that is, only terms to first order in the electro- 
magnetic field strength should be retained. 

Replacing the word ‘‘absorbed”’ by ‘‘emit’’ in rule 1 requires only that 
the wave represented by exp (+ iwt) be kept instead of exp (—iwt). 

2. The number of states available per cubic centimeter of a given polar- 
ization is 


a K/(27)8 


Note this is exactly the same as the number of normal modes per cubic cen- 
timeter in classical theory. 

3. Photons obey Bose-Einstein statistics. That is, the states of a collec- 
tion of identical photons must be symmetric (exchange photons, add ampli- 
tudes). Also the statistical weight of a state of n identical photons is 1 in- 
stead of the classical n! : 

Thus, in general, a photon may be represented by a solution of the classi- 
cal Maxwell equations if properly normalized. 

Although many forms of expression are possible it is most convenient to 
describe the electromagnetic field in terms of plane waves. A plane wave 
can always be represented by a vector potential only (scalar potential made 
zero by suitable gauge transformation). The vector potential representing a 
real classical wave is taken as 
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A = ae cos (wt — K *x) 


. 


We want the normalization of A to correspond to unit probability per cu- 
bic centimeter of finding the photon. Therefore the average energy density 
should be fw. 

Now 


E = (1/c)(@A/9 t) = (wa/c)e sin (wt —K°x) 
and 
[Bl = |E| 
for a plane wave. Therefore the average energy density is equal to 
(1/8m)(IE[? + (BI?) = (1/4m)(w2a?/c?) sin’wt — K*x) 
= (1/8m)(w?a?/c?) 
Setting this equal to fw we find that 
a = V8rtic’/w 
Thus 
A = V8mhc?/w e cos (wt —Kex) 
= J4ntic/2u e {exp [-i(wt — K*x)] + exp[+i(wt — Ke x) ]} 


Hence we take the amplitude that an atomic system will absorb a photon 
to be 


V4qh c?/2w exp[-i(wt -— Ke x)] 


For emission the vector potential is the same except for a positive exponen- 
tial. 


Example: Suppose an atom is in an excited state Y; with energy E, and 
makes a transition to a final state ¥, with energy E;. The probability of 
transition per second is the same as the probability of transition under the 
influence of a vector potential ae exp[+i(wt — K*X)] representing the emit- 
ted photon. According to the laws of quantum mechanics (Fermi’s golden 
rule) 

Trans. prob./sec = 27/fi|, (potential), |? » (density of states) 


K*dK dQ w?dQ 


Pensity (Ob Stee on ath) \oney nh 
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The matrix element U;; = |; (potential), |? is to be computed from pertur- 
bation theory. This is explained in more detail in the next lecture. First, 
however, we shall note that more than one choice for the potential may give 
the same physical results. (This is to justify the possibility of always choos- 
ing @=0 for our photon.) 


Third Lecture 
The representation of the plane-wave photon by the potentials 
A(x, t) = ae exp [-i(wt-— K°x)] 
$= 0 
is essentially a choice of ‘‘gauge.’’ The fact that a freedom of choice exists 
results from the invariance of the Pauli equation to the quantum-mechanical 
gauge transform. 
The quantum-mechanical transformation is a simple extension of the 
classical, where, if 
=-V ¢ + do/at 
and 
B=VxA 
and if x is any scalar, then the substitutions 
A’ =At+VX 
go’ = > + Ox/dt 


leave E and B invariant. 
In quantum mechanics the additional transformation of the wave function 


WwW =e ixXy 


is introduced. The invariance of the Pauli equation is shown as follows. The 
Pauli equation is 


~£ a8. 2 [, (p-£a)lle -(p-£a)]u + cov 


Then, since 
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xy get Os -iyy = niy OW , OX -ix 
ra Ox” ya ox ane 


p(e"iX HW) =e 1X(p-Vy)w 


and 
mae “ix y = e7ix ( _v -£a)y 
(p c Je © P x c 


The partial derivative with respect to time introduces a term 
(Ax /at)¥e-iX, and this may be included with ¢e"iXW. Therefore the sub- 
stitutions 


W =e ky 

js Bs 

A’ =A+ = ux 
go’ = b + (9X /at) 


leave the Pauli equation unchanged. 

The vector potential A as defined for a photon enters the Pauli Hamil- 
tonian as a perturbation potential for a transition from state i to state f. 
Any time-dependent perturbation which can be written 


AH = e!¥t U(x,y,z) 
results in the matrix element U,;; given by 


Un = J¥,* AHY, d vol 


J b_*x) exp [i(E,/h)t] eit U(x) exp [-i(E, /h)t] ¢; (x)d vol 


This expression indicates that the perturbation has the same effect as a time- 
independent perturbation U(x,y,z) between initial and final states whose en- 
ergies are, respectively, E,7 4 and E,;. As is well knownf the most impor- 
tant contribution will come from the states such that E, = E; —wh. 


Using the previous results, the probability of a transition per second is 


+See, for example, L. D. Landau and E. M. Lifshitz, ‘‘Quantum Mechan- 


ics; Non-Relativistic Theory,’’ Addison-Wesley, Reading, Massachu- 
setts, 1958, Sec. 40. 
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To determine U;;, write 


2 
w= 5+ (p- £a) _ 2 (o:VxA) +eV 


2m 2mc 
cies 4 ve -AGA- po et eK Aj 
“Gaye ee 2me ‘P P)~ ame 
2 
e 
-A 
oma 


Because of the rule that the potential acts only once, which is the same 
as requiring only first-order terms to enter, the term in A- A does not en- 
ter this problem. Making use of A = ae exp[—i(wt -K~x)] and the two 
operator relations 


(1) VxA=Kxeetik’x elwt 
(2) petiK'x = @tiK* x(p — HK) 
or 


p-eetik’x - et ike Xx (p-e — hK: e) 


where K-e = 0 (which follows from the choice of gauge and the Maxwell 
equations), we may write 


Un= a J o:*E(e/2mey(p-e etiKs x + eriK* x 9, p) 
+ (ehi/2mc)o - (Kx e)etik: x] ¢; d vol 


This result is exact. It can be simplified by using the so-called ‘‘dipole’’ 
approximation. To derive this approximation consider the term 
(e/2mc)(p-e etiK* X) which is the order of the velocity of an electron in the 
atom, or the current. The exponent can be expanded. 


etiK> x 214 iK+ x + 1/2(iK- x)? ++°- 


K-x is of the order ag/A, where a) = dimension of the atom and A = wave- 
length. If ay/A« 1, all terms of higher order than the first in aj /A may be 
neglected. To complete the dipole approximation, it is also necessary to 
neglect the last term. This is easily done since the last term may be taken 
as the order of (hK/mc) = (hKc/mc?”) ® (mv*/2mc’). Although such a term is 
negligible even this is an overestimate. More correctly, 
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(ehi/2mc)o- (Kx e) et K** = v/c x [matrix element of 
a: (Kx p)] 
The matrix element is 
J $¢*0- (Kx p)¢; dvol 
A good approximation allows the separation 


pe* = be*(xX) Us, * (spin) 


and 
p; = ; (x) U,* (spin) 

Then to the accuracy of this approximation the integral is 
So e* oy (x) U¢*(o « (K x p))U, d vol = 0 


since the states are orthogonal. 
For the present, the dipole approximation is to be used. Then 


where 
Pye = JS o*lp-e)o; nee J oto, aver 
So 


2nr | e w? 
ie alr | Pa eda 


Using operator algebra, ps; /m = hwy; X¢;, So that 


Pe; dQ = a’ [e’wt/(2m)"N(e- x;;)? do 


where X,; = f o¢*Xo;,d vol. The total probability is obtained by inte- 
grating P,;; over dQ, thus 


2,4 
Total prob./sec fa Garle? Xe; )? de 


a2 


ul 


2.44 T 
ew 2 + 3 
= J |x;|" sin’ 6 dé 


il 


a? deat |x |?/6r 
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The term e - X-; is resolved by noting (Fig. 3-1) 
X47 e| = [Xp,| sin 6 


A 


e 
=~ 
Z 
a 
a“ 
wee 
6 Z 
7 
ee 
Xi | 
FIG. 3-1 
Substituting for a’, 
4 e «3 2 
Total b./sec = — — 7 |x 
otal prob. /sec 5 oe I XH 


Fourth Lecture 


Absorption of Light. The amplitude to go from state k to state 1 in time 
T (Fig. 4-1) is given from perturbation theory by 


o i i 
ay, = —(i/h) Ji ex (7 Et) Uj, (t) exp (- Et) dt 


FIG. 4-1 
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where the time dependence of Uj, (t) is indicated by writing 
Ux, (t) = Uy, ev ive 


(In accord with the rules of Lecture 2, the argument of the exponential is 
minus and only terms which are linear in the potential are included.) Using 
this time dependence and performing the integration, 


ex| FE, —fw —- B,- 1 


21k. > oo i 


the transition probability is given by 


4 sin? (A T/2h) 
2. AZ uy, |? 4=E,- E, - hw 


|23,| 


This is the probability that a photon of frequency w traveling in direction 
(9, ¢) will be absorbed. The dependence on the photon direction is contained 
in the matrix element uj. For example, see Eq. (4-1) for the directional 
dependence in the dipole approximation. 

If the incident radiation contains a range of frequencies and directions, 
that is, suppose 


probability that a photon is present with fre- 

P(w,6,¢)dw dQ =< quency w to w + dw and in solid angle dQ 
about the direction (6,¢) 

and the probability of absorption of any photon traveling in the (6,¢) direc- 


tion is desired, it is necessary to integrate over all frequencies. This ab- 
sorption probability is 


© 4 sin? (A T/2h) 
ye son x lu. |? Pw, 9,4) dw da 


when T is large, the factor (A)? sin(A T/2h) has an appreciable value only 
for hw near E,—E,, and P(w,6,¢) will be substantially constant over the 
small range in w which contributes to the integral so that it may be taken 
out of the integral. Similarly for u,, so that 


Trans. prob. = 2m(h)"*|uy,|° P(wy, +4, G)d2 (4-1) 
where 


hw), = (Ey = E,,) 
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This can also be written in terms of the incident intensity (energy crossing 
a unit area in unit time) by noting that 


Intensity = i(w,6,¢)dw dQ = hwe P(w,6,¢) dw dQ 

Thus 
Trans. prob. = 2m(h)~*|ujy|? (hwy,0)"* @y,,9,¢)d2 (4-2) 

Using the dipole approximation, in which 

Uy, = V2r/w 1, (e/mc) (Pj, * e) 

= V2n/wy, (e/c) fiw}, (X), ° e) 

the total probability of absorption (per second) is 

4n°e(tic) 1 (xy, ° €)? i(wy,, 8 b) AL (4-3) 


It is evident that there is a relation between the probability of spontane- 
ous emission, with accompanying atomic transition from state 1 to state k, 


{Perse tvomamee )  arartaner inl et 
and the absorption of a photon with accompanying atomic transition from 
state k to state 1, Eq. (4-1), although the initial and final states are re- 
versed since |u),| = |u, |. This relation may be stated most simply in terms 
of the concept of the probability n(w,6,¢) that a particular photon state is 
occupied. Since there are (2rcV3 w*dw dQ photon states in frequency range 
dw and solid angle d®, the probability that there is some photon within this 
range is 


P(w,0,¢) dw dQ= n(w,6,¢)(2we)7?w? dw dQ 
Expressing the probability of absorption in terms of n(w,6,¢), 


Trans. prob./sec = 2r(h)~!|uy, |? nw,6,)(27c)-F w, 1? dQ 
(4-4) 


This equation may be interpreted as follows. Since n(w,6,¢) is the prob- 
ability that a photon state is occupied, the remainder of the terms of the 
right-hand side must be the probability per second that a photon in that state 
will be absorbed. Comparing Eq. (4-4) with the rate of spontaneous emis- 
sion shows that 
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prob. /sec of spontaneous 


= {tise of a photon into 
that state 


Prob./sec of absorption 
{0 a photon from a state 
(per photon in that state) 
In what follows, it will be shown that Eq. (4-4) is correct even when there is 
a possibility of more than one photon per state provided n(w,§,¢) is taken as 
the mean number of photons per state. 

If the initial state consists of two photons in the same photon state, it will 
not be possible to distinguish them and the statistical weight of the initial 
state will be 1/2! However, the amplitude for absorption will be twice that 
for one photon. Taking the statistical weight times the square of the ampli- 
tude for this process, the transition probability per second is found to be 
twice that for only one photon per photon state. When there are three pho- 
tons per initial photon state and one is absorbed, the following six processes 
(shown on Fig. 4-2) can occur. 


LR 


FIG. 4-2 


Any of the three incident photons may be absorbed and, in addition, there is 
the possibility that the photons which are not absorbed may be interchanged. 
The statistical weight of the initial state is 1/3!, the statistical weight of the 
final state is 1/2! , and the amplitude for the process is 6. Thus the transi- 
tion probability is (1/3 !)(1/2 1) (6)? = 3 times that if there were one photon 
per initial state. In general, the transition probability for n photons per 
initial photon state is n times that for a single photon per photon state, so 
Eq. (4-4) is correct if n(w,6,¢) is taken as the mean number of photons per 
state. 
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A transition that results in the emission of a photon may be induced by 
incident radiation. Such a process (involving one incident photon) could be 
indicated diagrammatically, as in Fig. 4-3. 


FIG. 4-3 


One photon is incident on the atom and two indistinguishable photons come 
off. The statistical weight of the final state is 1/2! and the amplitude for 
the process is 2, so the probability of emission for this process is twice 
that of spontaneous emission. For n incident photons the statistical weight 
of the initial state is 1/n!, the statistical weight of the final state is 
1/(n + 1)!, and the amplitude for the process is (n + 1)! times the amplitude 
for spontaneous emission. The probability (per second) of emission is then 
n+1 times the probability of spontaneous emission. The n can be said to 
account for the induced part of the transition rate, while the 1 is the spon- 
taneous part of the transition rate. 

Since the potentials used in computing the transition probability have 
been normalized to one photon per cubic centimeter and the transition prob- 
ability depends on the square of the amplitude of the potential, it is clear 
that when there are n photons per photon state the correct transition prob- 
ability for absorption would be obtained by normalizing the potentials to n 
photons per cubic centimeter (amplitude Yn times as large). This is the 
basis for the validity of the so-called semiclassical theory of radiation. In 
that theory absorption is calculated as resulting from the perturbation by a 
potential normalized to the actual energy in the field, that is, to energy nhw 
if there are n photons. The correct transition probability for emission is 
not obtained this way, however, because it is proportional to n+1. The er- 
ror corresponds to omitting the spontaneous part of the.transition prob- 
ability. In the semiclassical theory of radiation, the spontaneous part of the 
emission probability is arrived at by general arguments, including the fact 
that its inclusion leads to the observed Planck distribution formula. Ein- 
stein first deduced these relationships by semiclassical reasoning. 
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Fifth Lecture 


Selection Rules in the Dipole Approximation. In the dipole approximation 
the appropriate matrix element is 


Xi = J W,* x¥; d vol 
The components of @ Xig are Xjg, Vig» Zig and 
2 
Trans. prob. © |x;,|° + lysel? + lage l? 


Selection rules are determined by the conditions that cause this matrix ele- 
ment to vanish. For example, if in hydrogen the initial and final states are 
S states (spherically symmetrical), X;, = 0 and transitions between these 
states are ‘‘forbidden.’’ For transitions from P to S states, however, 
X;_¢ # 0 and they are ‘‘allowed.’’ 

In general, for single electron transitions, the selection rule is 


AL=+#1 


This may be seen from the fact that the coordinates x, y, and z are essen- 
tially the Legendre polynomial P,. If the orbital angular momentum of the 
initial state is n, the wave function contains P,. But 


PyP,, = [1/(2n+ 1)][nP,_1 + (nt+1)Py44] 


Hence for the matrix element not to vanish, the angular momentum of the 
final state must be n + 1, so that its wave function will contain either P,4, 
or P,_ 

For a complex atom (more than one electron), the Hamiltonian is 


H =2)(1/2m)(Pa — (e/c) A(X le + Coulomb terms 


The transition probability is proportional to |Pmnpl* = IZ (P mn! ?» where the 
sum is over all the electrons of the atom. As has been ‘Shown, (Px)mn is the 
same, up to a constant, as (Xy)mn, and the transition probability is propor- 

tional to 


2 
+ 2 (X g)imn 
a 


In particular, for two electrons the matrix element is 


2 
IXmnl 


Se * (xy mp) (ay + Hy) Vy (Kp Xp) AX, Ax, 


X, + X» behaves under rotation of coordinates similarly to the wave function 
of some ‘‘object’’ with unit angular momentum. If the ‘‘object’’ and the atom 
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in the initial state do not interact, then the product (x, + X2) YW; (x4,x,) can be 
formally regarded as the wave function of a system (atom + object) having 
possible values of J;+1, J;, and J;—1 for total angular momentum. There- 
fore the matrix element is nonzero only if J;, the final angular momentum, 
has one of the three values J; + 1 or J;. Hence the general selection rule 
AJ =+1, 0. 

Parity. Parity is the property of a wave function referring to its behavior 
upon reflection of all coordinates. That is, if 


W(—x,, Xp), ...) = +W(X1,Xo, wee) 
parity is even; or if 
W(—-Xy, —Xo, ...) = —W(x,,Xo, ..-) 


parity is odd. 
If in the matrix elements involved in the dipole approximation one makes 
the change of variable of integration x = —x’, the result is 


Xig = JU tO xy, (x) dx = J Ve *(—x") (Hx!) (-x’) d°x’ 
If the parity of VW; is the same as that of W;, it follows that 
Xig =—Xjp = 0 


Hence the rule that parity must change in allowed transitions. For a one- 
electron atom, L determines the parity; therefore, AL = 0 would be forbid- 
den. In many-electron atoms, L does not determine the parity (determined 
by algebraic, not vector, sum of individual electron angular momenta), so 
AL = 0 transitions can occur. The 0-~> Otransitions are always forbidden, 
however, Since a photon always carries one unit of angular momentum. 

All wave functions have either even or odd parity. This can be seen from 
the fact that the Hamiltonian (in the absence of an external magnetic field) 
is invariant under the parity operation. Then, if HW(x) = EW(x), it is also 
true that H¥(—-x) = EW(-x). Therefore, if the state is nondegenerate, it 
follows that either ¥(-x) = W(x) or W(-x) = —W(x). If the state is degen- 
erate, it is possible that (-x) = (x). But then a complete solution would 
be one of the linear combinations 


W (x) + © (—x) even parity 
W (x) — Y(—x) odd parity 
Forbidden Lines. Forbidden spectral lines may appear in gases if they 


are sufficiently rarefied. That is, forbiddenness is not absolute in all cases. 
It may simply mean that the lifetime of the state is much longer than if it 
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were allowed, but not infinite. Thus, if the collision rate is small enough 
(collisions of the second kind ordinarily cause de-excitation in forbidden 
cases), the forbidden transition may have sufficient time to occur. 

In the nearly exact matrix element 


f¥,*e- pe iK'* wv, dx 
the dipole approximation replaces e7!K* * by 1. If this vanishes, the transi- 
tion is forbidden, as described in the foregoing. The next higher or quadru- 
pole approximation would then be to replace e7 iKe x by 1 -i/K-x, giving 
the matrix element 


-i S% *(e - p)(K- x) ¥, d?x 


For light moving in the z direction and polarized in the x direction, this 
becomes 


~iK f¥,*(p,z) ¥;@x = -iK|;(p,2); |” 
and the transition probability is proportional to 
()? | ¢(D 25 |” 
whereas in the dipole approximation it was proportional to 
2 
l¢ (Px); | 
Therefore the transition probability in the quadrupole approximation is at 
least of the order of (Ka)? = a’?/x, smaller than in the dipole approxima- 
tion, where a is of the order of the size of the atom, and x the wavelength 
emitted. 
Problem: Show that 
H(xz) — (xz)H = (fi/mi)(p,z + xp,) 
and consequently that 
{(fi/mi) (p,.z + Xp, )] mn — (XZ) mn (Em a E,) 
Note that p,z can be written as the sum 
p,Z =1/2(p,z + xp,) + 1/2(p,z — xp,) 


From the preceding problem, the first part of p,z is seen to be equivalent, 
up to a constant, to xz, which behaves similarly to a wave function for angu- 
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lar momentum 2, even parity. The second part is the angular momentum 
operator L, , which behaves like a wave function for angular momentum 1, 
even parity. Therefore the selection rules corresponding to the first part 
are seen to be AJ =+2, +1, 0 with no parity change. This type of radiation 
is called electric quadrupole. The selection rules for the second part of p,z 
are AJ = +1, 0, no parity change, and the corresponding radiation is called 
magnetic dipole. Note that unless AJ +2, the two types of radiation cannot 
be distinguished by the change in angular momentum or parity. If AJ =+1,0, 
they can only be distinguished by the polarization of the radiation. Both types 
may occur simultaneously, producing interference. 

In the case of electric quadrupole radiation, it is implicit in the rules 
that 1/2 + 1/2 and 0 — 1 transitions are forbidden (even though AJ may be 
+1), since the required change of 2 for the vector angular momentum is im- 
possible in these cases. 

Continuing to higher approximations, it is possible by similar reasoning 
to deduce the vector change in angular momentum, or angular momentum of 
the photon, and the selection rules for parity change and change of total an- 
gular momentum AJ associated with the various multipole orders (Table 5-1) 


TABLE 5-1. Classification of Transitions and Their Selection Rules 


Electric Magnetic Electric Magnetic Electric 


Multipole dipole dipole quadrupole quadrupole  octupole 
"=n (5 Ue ae Oe eee, a ee ta Sl Se 
oe Angular 1 ; 1 2 1 2 3 
<? momentum | | 
os | Parity Odd , Even — Even lOdd Odd | 
oa | 
<2 { ) 
° | | 
re Parity change Yes | No No | Yes Yes | 
om Change of total +1,0 #10 +2,+1,0 1|+2,+1,0 +3,42,+1,0] 
Saaee 3 angular mo- | | 
SP" <0 
com mentum AJ. No 0-0 | No 0-0 Noo—-0 INo0—-0 Nooo | 
| i aa, 
Sg ge | g72 22 
se | O=e kh 4 O—-1 etc. (see | 
| | following) | 


ee ee ree 


Actually all the implicit selection rules for AJ, which become numerous 
forthe higher multipole orders, can be expressed explicitly by writing the 
selection rule as 


lJ¢ —Jy] SL Sd +d; 


where 2! is the multipole order or | is the vector change in angular mo- 
mentum. 


INTERACTION OF LIGHT WITH MATTER 19 


It turns out that in so-called parity-favored transitions, wherein the prod- 
uct of the initial and final parities is (-1)Jt- Ji and the lowest possible mul- 
tipole order is J; —J;, the transition probabilities for multipole types con- 
tained within the dashed vertical lines in Table 5-1 are roughly equal.ft In 
parity-unfavored transitions, where the parity product is (—1)°f~ Ji+1 ana 
the lowest multipole order is |J;—J,;| + 1, this may not be true. 


Sixth Lecture 


Equilibrium of Radiation. If a system is in equilibrium, the relative num- 
ber of atoms per cubic centimeter in two states, say 1 and k, is given by 


N, /Ny a e7E1- Ey) /k T a3 e~hw/k T 


according to statistical mechanics, when the energies differ by hw. Since 
the system is in equilibrium, the number of atoms going from state k to l 
per unit time by absorption of photons hw must equal the number going from 
1 to k by emission. If n,, photons of frequency w are present per cubic cen- 
timeter, then probabilities of absorption are proportional to n,, and proba- 
bility of emission is proportional to n,,+ 1. Thus 


N,N, = Ny (n,, +1) 
or 


(n,,+1)/n,, = Ny/Ny = eh e/kT 
ny =1/(e8w/kT — 1) 


This is the Planck black-body distribution law. 

The Scattering of Light. We discuss here the phenomena of an incident 
photon being scattered by an atom into a new direction (and possibly energy) 
(see Fig. 6-1). This may be considered as the absorption of the incoming 
photon and the emission of a new photon by the atom. The two photons taking 
part in the phenomenon are represented by the vector potentials. 


Ay = (20/w4)!/? e, et iwit -K° x) 
Ag = (21/w2)'/? e,e-Hwat-K: x) 


The number to be determined is the probability that an atom initially in state 
k will be left in state 1 by the action of the perturbation A = A, + Ay, in the 


+ For nuclei emitting gamma rays this does not seem to be true. For an 
obscure reason the magnetic radiation predominates for each order of mul- 
tipole. 
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FIG. 6-1 


time T. This probability can be computed just as any transition probability 
with the use of A),, where 


Ay, = 6x) exp [-i(E, /H)T] — (i/n) 
T 
x JS, exp [—i(E,/h)(T — ty)] Uy, (ty) exp[—i(E,,/i) ty) aty 
T pt 
+O JS, SD exp (ie, mt - tl 


x Uj, (ty) exp [—i(E,, /fi) (ty — t3)) Upy, (ts) exp [—i(E,,/h)t3] dt, 
The dipole approximation is to be employed and 
U = AH = (e/2mc)(p* A) + (e2/mc”)(A *A) 


where spins are neglected. 

In each integral defining A,,, each of the two vector potentials must ap- 
pear once and only once. Thus, in the first integral the term p-A of U will 
not appear in U},. The product A-A = (A; + A») - (A, + Ag) will contribute 
only its cross-product term 2A,A,. The second integral will have no con- 
tribution from A-A, but will be the sum of two terms. The first term con- 
tains a U), based on p- A, anda U,,; based on p-A,;. The second has Uj, 
based on p- A; and U,;, on p-A». The time sequences resulting in these 
two terms can be represented schematically as shown in Fig. 6-2. 

The integral resulting from the first term will now be developed in de- 
tail. 


(p+ Ai)ny = (20/wy)'/? (p-ey)ny, C7 It 
(p+ Addin = (217/w2)'/? (p- ea), ef U2 


Then the resulting integral is 
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first second A’°A 


No. 2 No. 1 No. 2 No. 2 


No. 1 


atom 


FIG. 6-2 
Dy 20 /(wyw2)'/? (pe ea)in (P* Ct nk 
n. 
kT ty 
x fi J exp[—i(E)/h) (T — ty) + iw ot] 


x exp [-i(E,,/h) (ty — t3) = iw tg] exp {-i (E;, /h)t3] dt3 dt, 


The integral is similar to the integrals considered previously with regard to 
transition probabilities, and the sum becomes 


2) 2m /(wyw)'/? (p €1)in (P Oo) nk et 
n 
x [sin (T - A/h)/(E, — E, + fwy)- A] 
where A = (E) +hw2— E, — fw ,), and the phase angle ¢ is independent of n. 
A term with the denominator given by (E, — fuw,— E,, )(E, + fw2—- E,) has been 


neglected, since previous results show that only energies such that 
E, + hw, = Ey + hwy are important. The final result can be written 


Trans. prob./sec =(27/fi)|M|? [w? dQ2/(27°)] (6-1) 
= oc 


where |M| is determined from A), by integrating over w»2 and averaging 
over €»). Then the complete expression for the cross section o is 


4 : 

e* Wy 1 (Pp *C2)1, (P* 1) ae 

d =—>7,— d == oH ns 
gee m’c! w, Me m <4 E, + fw,;-E, 


2 


(Pein Penk 1 
+ wee (e;: €9)67, (6-2) 
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The first term under the summation comes from the ‘‘first term’’ pre- 
viously referred to and the second from the ‘‘second term.’’ The last term 
in the absolute brackets comes from A-A. 

If 1+k, the scattering is incoherent, and the result is called the ‘‘ Raman 
effect.’? If 1 =k, the scattering is coherent. 

Further, note that if all the atoms are in the ground state and 1~k, then 
the energy of the atom can only increase and the frequency of the light w 
can only decrease. This gives rise to ‘‘Stokes lines.’’ The opposite effect 
gives ‘‘anti-Stokes lines.’’ 

Suppose w= w» (coherent scattering) but further fiw; is very nearly equal 
to E;—E,, where E, is some possible energy level of the atom. Then one 
term in the sum over n becomes extremely large and dominates the remain- 
der. The result is called ‘‘resonance scattering.’’ If g is plotted against w, 
then at such values of w the cross section has a sharp maximum (see 
Fig. 6-3). 


FIG. 6-3 


The ‘‘index’’ of refraction of a gas can be obtained by our scattering for- 
mula. It can be obtained, as for other types of scattering, by considering the 
light scattered in the forward direction. 

Self-Energy. Another phenomenon that must be considered in quantum 
electrodynamics is the possibility of an atom emitting a photon and reabsorb- 
ing the same photon. This affects the diagonal element A,,. Its effect is | 
equivalent to a shift of energy of the level. One finds 

Age f (P*C)in (P* Cn OK 20 
7 » E,- E,-w (20h)? w 


where e is the direction of polarization. This integral diverges. A more 
exact relativistic calculation also gives a divergent integral. This means 
that our formulation of electromagnetic effects is not really a completely 
satisfactory theory. The modifications required to avoid this difficulty of 
the infinite self-energy will be discussed later. The net result is a very 
small shift AE in position of energy levels. This shift has been observed 
by Lamb and Rutherford. 


Resume of 

the Principles 
and Results of 
Special Relativity 


Seventh Lecture 


The principle of relativity is the principle that all physical phenomena 
would appear to be exactly the same if all the objects concerned were mov- 
ing uniformly together at velocity v; that is, no experiments made entirely 
inside of a closed spaceship moving uniformly at velocity v (relative to the 
center of gravity of the matter in the universe, for example) can determine 
this velocity. The principle has been verified experimentally. Newton’s 
laws satisfy this principle; for they are unchanged when subject to a Galli- 
lean transformation, 


x’ =x-vt y’ =y Z=Z tv =t 


because they involve only second derivatives. The Maxwell equations are 
changed, however, when subjected to this transformation, and early workers 
in this field attempted to make an absolute determination of velocity of the 
earth using this feature (Michelson-Morley experiment). Failure to detect 
any effects of this type ultimately led to Einstein’s postulate that the Max- 
well equations are of the same form in any coordinate system; and, in par- 
ticular, that the velocity of light is the same in all coordinate systems. The 
transformation between coordinate systems which leaves the Maxwell equa- 
tions invariant is the Lorentz transformation: 


x — vt : 
x’ = 7" = x cosh u - ct sinh u 


Vv1-(v*/c%) 


23 
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y’ =y 
Zz =Z 
_ 2 
: pe OOD ~~ sinh u+t cosh u 
V1 — (v?/c?) . 


where tanh u = v/c. Henceforth we shall use time units so that the speed of 
light c is unity. The latter form is written to demonstrate the analogy with 
rotation of axes, 


x’ =x cos@+y sin @ 
y’ = -x sin @ + y cos 4 


Successive transformations v, and v,. or w, and u, add in the sense that a 
single transformation v3 or u3 will give the same final system if 


V3 =Vy+V2 or tanh ug = tanh (uy; +Up) 


Einstein postulated (theory of special relativity) that the Newton laws must 
be modified in such a way that they, too, are unchanged in form under a 
Lorentz transformation. 

An interesting consequence of the Lorentz transformation is that clocks 
appear to run Slower in moving systems; that is called time dilation. In 
transforming from one coordinate system to another it is convenient to use 
tensor analysis. To this end, a four-vector will be defined as a set of four 
quantities that transforms in the same way as x,y,z and ct. The subscript 
bt will be used to designate which of the four components is being considered; 
for example, 


Xj =X Xp=y X3 =Z Xy=t 


The following quantities are four-vectors: 


ae A 


ere ay’ ~ So? Be. (Y,) four-dimensional gradient 


jx> Jy» Ja p (j,) current (and charge) density 
Ay, Ay, Az, @ (A,,) vector (and scalar) potential 
Py» Py, Pz» E (p,) momentum and total energy 


} The energy E, here, is the total energy including the rest energy mc’. 
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An invariant is a quantity that does not change under a Lorentz transforma- 


tion. If ay and by are two four-vectors, the ‘‘product’’ 


asb=)) a,b, = agbg — a,b, — agby — agbg 
n 


is an invariant. To avoid writing the summation symbol, the following sum- 
mation convention will be used. When the same index occurs twice, sum 
over it, placing minus in front of first, second, and third components. The 
Lorentz invariance of the continuity equation is easily demonstrated by writ- 
ing it as a ‘‘product’’ of four-vectors Vu and jp? 


: , ; ‘ _ 9p aj GIy 1045 
Vudy = Vaja — Vila — Vabo— Vis a + aes + ar a 


Conservation of charge in all systems if it is conserved in one system is a 
consequence of the invariance of this ‘‘product,’’ the four-dimensional di- 
vergence Ve j. Another invariant is 


PyP, =P*p = E?- p,?- p,?- p,?=E’- p?=m 


2 


(E = total energy, m =rest mass, mc“ = rest energy, p = momentum.) Thus, 


E? = p%o? + m2! 


It is also interesting to note that the phase of a free particle wave function 
exp [(-i/h)(Et - p- X)] is invariant since 


Et - px = Et - PyX — Py¥Y — p;2 = PyPy 
The invariance of Py Py can be used to facilitate converting laboratory en- 


ergies to center-of-mass energies (Fig. 6-4) in the following way (consider 
identical particles, for simplicity): 


E}ab Ey Eq 
moving stationary 
particle particle 
Laboratory system Center-of-mass system 


FIG. 6-4 
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PuPy = Eira m = Eq” + Po" 
but 

Po? = Ey? — m so E,apM = 25, -m 
and 


1 1/2 
Ey = [3m (e,,,+ m) 


The equations of electrodynamics B = Vx A and E = -— (1/c)(@A/at)- Vo 
are easily written in tensor notation, 


x 


B, =0A,/dy - 8A,/82 =-V,A, + V,A, 


B, = 0A,/82 — 0A,/ax =- V,A, +V,A, 


y 
B, = 0A,/8x - 3A,/ay =-V,Ay +V,Ay 
E, =-dA,/at — 2 ¢/dx =-V, A, + YAt 
Ey =-0A,/at — a¢/ay =-YA, + VAy 
E, =-0A,/dt — 04/02 =-V, A, + V,A, 


where use is made of the fact that ¢@ is the fourth component of the four- 
vector potential Ay: From the foregoing it can be seen that B,, By, B,, E,, 
E,, and E, are the components of a second-rank tensor: 

Foy = Vu ee VAn (7-1) 
This tensor is antisymmetric (Fay =- Fyy) and the diagonal terms (u = v) 


are zero; thus there are only six independent components (three components 
of E and three components of B) instead of sixteen. 


The Maxwell equations Vx B = 47J + (dE/dt) and V-E = 4p are written 


Vu Fuy = 4m, (7-2) 
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where v =1, 2, 3, 4, thatis, jy =j,, je =jy> js =j,,Jq =p, and wis a 
dummy index of summation. The v =1, 2, and 3 gives the three components 
of the curl equation, and v = 4 gives the divergence equation. 

The equation satisfied by the potential Ay is found, by substituting Eq. 
(7-1) into Eq. (7-2), to be 


Vu Vy Ae My VyAy =4nj, 
The potential A,, is not unique, however, since the potential 
tS Sa = 
Ay = Ayt Vax (7-3) 
(x = any scalar function of position) also satisfies this relation. Such a 
change or transformation of potential is called a gauge transformation (for 
historical reasons). We shall make the potentials more definite by assum- 


ing that all potentials have been transformed so as to satisfy the so-called 
Lorentz conditiont 


Vi A, =0 (7-4) 
This is convenient, because it simplifies the equation for A, to 

(V°V)A, = 41j, (7-5) 
since V‘V = Vu Vue which can be recognized as the wave equations 

V°A — a°A/at? = -4nj (7-5') 

Vb — 0°o¢/at® = —4np 
Sometimes Eq. (7-5’) is written OPA, = —47j (O? = D’Alembertian opera- 
tor =V?- (9/at)? =-V-V). This choice of gauge (V,, A, = 0) is the usual 


one made in classical electrodynamics, 


V-A-d¢/at =0 (7-4) 


} This is not sufficient to completely define A. We may still use any x 
such that 0? y = 0. 
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Eighth Lecture 


SOLUTION OF THE MAXWELL EQUATION IN EMPTY SPACE 


In empty space the plane wave solution of the wave equation 


OA, = —4nj,, = 0 


is 

Rene 
where ey and k, are constant vectors, and ky is subject to the condition 
that 

k, ky = k-k =0 


This may be seen from the fact that V, operating on e7ik’ X has the effect 
of multiplying by ik, (V, does not operate on e,, Since the coordinates are 
rectangular). Thus, 


-O?A, =V, WA, ) = V,(-i 6k, eo") 
ze —e,(k, k, Jet" X 


Note that in these operations V,, Ay actually forms a second-rank tensor, 
Vj (V,, Ay) a third-rank tensor, and then contraction on the index vp yields a 
first-rank tensor or vector. 
The kK, is the propagation vector with components 
ky, =w, K,, Ky, K, =w, K 
so that in ordinary notation 
exp (-ik- x) = exp[—i (wt —K-X)] 
and the condition k-k = 0 means 


w?-K-K=0 


Problem: Show that the Lorentz condition 


implies that k-e =0. 


When working in three dimensions it is customary to take the polariza- 
tion vector e such that K-e =0 and to let the scalar potential ¢= 0. But 
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this is not a unique condition; that is, it is not relativistically invariant and 
will be true only in a one-coordinate system. This would seem to be a para- 
dox attaching some uniqueness to the system in which K-e = 0, a Situation 
incompatible with relativity theory. The ‘‘paradox,’’ however, is resolved 
by the fact that one can always make a so-called gauge transformation, 
which leaves the field Fiy unaltered but which does change e. Therefore, 
choosing K-e =0 ina particular system amounts to selecting the certain 


gauge. 
The gauge transformation, Eq. (7-3), is 
A’ =A+Vy 
g’ = + (dx /dt) 


where x is ascalar. But V:A=0, the Lorentz condition, Eq. (7-4), will 
still hold if 


V- Ao =V-At+ Vex =0 
or if 
-ik: X 


This equation has a solution x =ae so 


Ay, = Ay + Vala eX) = (e, + ak, Jew '* 
where a is an arbitrary constant. Therefore, 


e’ 


ames 


pt OK, 


is the new polarization vector obtained by gauge transformation. In ordinary 


notation 
e’ =e+aK 
e4 =e, + aw 

Thus, no matter what coordinate system is used, 
K-e’ =K-e+aK-K=K-e+aw’ 


can be made to vanish by choice of the constant a. 
Clearly the field is left unchanged by a gauge transformation for 


Puy = Vu a -ViAu = Vu A, +¥,VyXx —ViAy maine = Fay 
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the Vu VX = WV ux because the order of differentiations is immaterial. 


RELATIVISTIC PARTICLE MECHANICS 


The components of ordinary velocity do not transform in such a manner 
that they can be components of a four-vector. But another quantity 


dz,,/ds = dt/ds, dx/ds, dy/ds, dz/ds 

where 
dz, = dt, dx, dy, dz 

is an element of path of the particle and ds is the proper time defined by 
ds? = dt? — dx? — dy? — dz? 


is a four-vector and is called the four-velocity u, . Dividing ds? by at? 
gives the relation between proper time and local time to be 


(ds/dt)? = 1 — v? 
The components of ordinary velocity are related as follows: 
dx/ds = (dx/dt)(dt/ds) =v,/(1 —y%)!/? 


dy/ds =v, /(1—v’)!/? 


dz/ds =v,/(1-v*)!/? 


dt/ds = 1/(1-v*)!/2 


It is evident that U,U, = 1, for 


mM 


The four-momentum is defined 


P, = mu, = m/(1- yi? mv,/(1—v’)!/ . mv, /(1— v?)!/?, 


my, /(1 — v?)!/? 


Note that py = mA — vif 2 is the total energy E, so that in ordinary nota- 
tion the momentum P is given by 
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P = Ev 
where v is the ordinary velocity. 


Like the velocity, the components of ordinary force defined by d/dt (mo- 
mentum) cannot form the components of a four-vector. But the quantity 


f, = OP, /ds 
does form a four-vector with the components 
fi, = d/dt (mv,,/V1 — v?) dt/ds = F,/V1 =ve uw =1, 2,3 
where F,, is the ordinary force. The fourth component is 
power rate of change of energy _ d/Adt(m/v1 — v2) 


f, =——_-_-_-—«< 


vl -v? vl-v? vl-v? 


This is seen from the fact that m/v1 — v? is the total energy and also from 
the ordinary identity 


-|-4 av]. 
Power - F-v =|-4 Toy Vv 


m v2 1 dy? 


“2 a —v872 * @ —v4l72 at 


mv dv d m 


~ a —v97? at “at VI ve 
Thus the relativistic analogue of the Newton equations is 
d/ds (p,) = f, =m d’z,,/ds? (8-1) 
The ordinary Lorentz force is 
F =e(E +v x B) (8-2) 


and the rate of change of energy is 


Then from the preceding definition of four-force, 
f=e/(l- vyi/2 Eg +vx B) 


and 
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f,=e/(1 - v4! E-y 


Problem: Show that the expressions just given for f and f, are 
equivalent to 


so that the relativistic analogue of the Newton equation becomes 
m d’z , /ds® = e(dz,,/ds) F,, (8-3) 
Also show that this implies 
d/ds [(dz, /ds)*} = 0 
In ordinary terms the equation of motion is 
d/dt(mv/V¥1 — v*) = e(E + v x B) (8-4) 
It can be shown by direct application of the Lagrange equations 
d/dt (a L/8v,)—- (9 L/dx,,) =0 
that the Lagrangian 
L=-mv1—-v’- epteA:v (8-5) 


leads to these equations of motion. Also the momenta conjugate to x is 
given by dL/dv or 


P =mv/(1 - y2yt/2 +eA 
The corresponding Hamiltonian is 

H =e¢ + [(P — eA)? + m?]!/2 (8-6) 
which satisfies (H— eg)” — (P- eA)’ = m?. It is difficult to convert the 
Hamiltonian idea to a covariant or four-dimensional formulation. But the 
principle of least action, which states that the action 


s=fLat 


shall be a minimum, will lead to the relativistic form of the equations of 
motion directly when expressed as 
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s= fLdt=m fdst+e fA, (dz,/ds) ds 
= f{m(d2/da + dz/da)!/? + eA, dz, /da] da 
Note that by definition 
(ds/da)? = (dz, /da\(dz , /da) 
It is interesting that another ‘‘action,’’ defined 
s’ =m/2 Jf (dz, /da)? da +e f Ay (z,)(dz, /da) da 
leads to the same result as for S in the foregoing. 
Problems: (1) Show that the Lagrangian, Eq. (8-5), leads to the 
equations of motion, Eq. (8-4), and that the corresponding Hamiltonian 
is Eq. (8-6). Also find the expression for P. (2) Show that 6S = 0 (va- 


riation of S), where S is the action just given, leads to the same equa- 
tions. 


Relativistic 
Wave Equation 


Ninth Lecture 


UNITS 


The following convention will be used hereafter. We define the units of 
mass and time and length such that 


c=1 (c = 2.99793 x 10!° cm/sec) 
n=l (h = 1.0544 x 10" erg/sec) 


Table 9-1 (top of page 35) is given as a useful reference for conversion to 
customary units. 
The following numerical values are useful: 

My = mass of proton = 1836.1 m = 938.2 Mev 

Mass unit of atomic weights = 931.2 Mev 

My = Mass of hydrogen atom = 1.00815 mass units 

Mn = Mass of neutron = 784 kev + My 

kT = 1 ev when T = 11,606°K 

N, = Avogadro’s number = 6.025 x 108 

N,e = 96,520 coulombs 


KLEIN-GORDON, PAULI, AND DIRAC EQUATIONS 


According to relativistic classical mechanics, the Hamiltonian is given by 


H = V(p — eA)? + m? + ed (9-1) 
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TABLE 9-1. Notations and Units 


Present Customary 
notation Meaning notation Value 
m Mass of electron m 
Energy mc? 510.99 kev ° 
Momentum mc 1704 gauss cm 
Frequency mc?/h 
Wave number mc/fi 
1/m Length (Comp- h/me 3.8615 x 107!!em 
ton wave- 
length)/2n 
Time h/mc? 
e? Fine-structure e*/fic 1/137.038 
constant 
(dimensionless) 
e?/m Classical radius e*/mc? 2.8176 x 10°'1em 


of the electron 


1/me? Bohr radius ay = h’/me? 0.52945 A 


If the quantum-mechanical operator —iV is used for p, the operation deter- 
mined by the square root is undefined. Thus the relativistic quantum- 
mechanical Hamiltonian has not been obtained directly from the classical 
equation, Eq. (9-1). However, it is possible to define the square of the oper- 
ator and to write 


(H —e¢)? - (p- eA)? = m? 
Then, if H =id/dt, 
[-(f/i) 8/at — ed]? ¥ —[(i/i)(8/8x) — e/cA,)?v — --- = m?h 
(9-2) 
where the square of an operator is evaluated by ordinary operator algebra. 
This equation was first discovered by Schrodinger as a possible relativistic 
equation. It is usually referred to as the Klein-Gordon equation. In relativ- 


istic notation it is 


(iV, - eA, )(iV, - eA, )Y = my (9-2’) 
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This equation does not allow for ‘‘spin’’ and therefore fails to describe 
the fine structure of the hydrogen spectrum. It is proposed now for applica- 
tion to the meson, a particle with no spin. To demonstrate its application 
to the hydrogen atom, let A=0 and ¢=-—Ze/r, then let W = x (r) exp(-—iEt). 
Then the equation is 


(E - Ze*/r)*x + Vey = m’y 
Let E =m + W, where W< m, and substituting V = Ze2/r, 
(W - V)x +V2x/2m = —(W - V)?y/2m 
Neglecting the term on the right in comparison with the first term on the 
left gives the ordinary Schrédinger equation. By using (W — V)?/2m as a 


perturbation potential, the student should obtain the fine-structure splitting 
for hydrogen and compare with the correct values. 


Exercise: For the Klein-Gordon equation, let 
p =i(v*ow/dt — VOW*/dt) — ed W* = charge density 
j= -i(v *VY — §V*) — eAWW* = current density 
Then show (p, j) is a four-vector and show Vudp =0. 

The Klein-Gordon equation leads to a result that seemed so unreasonable 
at the time it was first brought to light that it was considered a valid basis 
for rejecting the equation. This result is the possibility of negative energy 
states. To see that the Klein-Gordon equation predicts such energy states, 
consider the equation for a free particle, which can be written 

OC? =m’y 


where L? is the D’Alembertian operator. In four-vector notation, this equa- 
tion has the solution ¥ =A exp(—ip,X,,), where Py Py = m?. Then, since 


PyPy = PaPa — PxPx— PyPy — P2P, = E*- p'p 
there results 
E =4+(m? +p: p)!/? 
The apparent impossibility of negative values of E led Dirac to the de- 
velopment of a new relativistic wave equation. The Dirac equation proves to 


be correct in predicting the energy levels of the hydrogen atom and is the 
accepted description of the electron. However, contrary to Dirac’s original 
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intent, his equation also leads to the existence of negative energy levels, 
which by now have been satisfactorily interpreted. Those of the Klein- 
Gordon equation can also be interpreted. 


Exercise; Show if % = exp (-iEt) x (x,y,z) is a solution of the Klein- 
Gordon equation with constant A and @¢, then W = exp(+iEt)y * is a so- 
lution with —A and —@ replacing A and ¢. This indicates one manner in 
which ‘‘negative’’ energy solutions can be interpreted. It is the solution 
for a particle of opposite charge to the electron, but the same mass. 


Instead of following the original method in the development of the Dirac 
equation, a different approach will be used here. The Klein-Gordon equation 
is actually the four-vector form of the Schrédinger equation. With an anal- 
ogous point of view, the Dirac equation can be developed as the four-vector 
form of the Pauli equation. 

In following such a procedure, the terms involving ‘‘spin’’ will be included 
in the relativistic equation. The idea of spin was first introduced by Pauli, 
but it was not at first clear why the magnetic moment of the electron had to 
be taken-as fie/2mc. This value did seem to follow naturally from the Dirac 
equation, and it is often stated that only the Dirac equation produces as a 
consequence the correct value of the electron’s magnetic moment. However, 
this is not true, as further work on the Pauli equation showed that the same 
value follows just as naturally, i.e., as the value that produces the greatest 
simplification. Because spin is present in the Dirac equation, and absent in 
the Klein-Gordon, and because the Klein-Gordon equation was thought to be 
invalid, it is often stated that spin is a relativistic requirement. This is in- 
correct, since the Klein-Gordon equation is a valid relativistic equation for 
particles without spin. 

Thus the Schroédinger equation is 


HY = EW 
where 

H = 1/2m(-iV-— eA)? + ed 
and the Klein-Gordon equation is 

[(H - ed)? - (-iV - eA)?] ¥ = m?v (9-3) 

Now the Pauli equation is also HW = EW, where 

H = (1/2m)[o -(-iV— eA)]® + ed (9-4) 

Thus (-iV - eA)? appearing in the Schrédinger equation has been replaced 


by [o - (-iV- eA)]*. Then a possible relativistic version of the Pauli equa- 
tion, in analogy to the Klein-Gordon equation, might be 
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(H —- eo) wh -—{o-[(h/i)V- (e/c)A] }? =m’y 


Actually, this is incorrect, but a very similar form [with H replaced by 
i(8/at)] is correct, namely, 


[i(a/at) - ed —a * (-iV— eA)] 
x [i(8/at) — ep + a: (-iV— eA)] ¥ = m?¥ (9-5) 
This is one form of the Dirac equation. 


The wave function © on which the operations are being carried out is 
actually a matrix: 


A form closer to that originally proposed by Dirac may be obtained as 
follows. For convenience, write 


i(0/8t) — ep = ™% 
-iV -—(e/c)A=T 
Now let the function x be defined by (14+ 0-7) ¥ =my. 
Then Eq. (9-5) implies (t4 - 0 -m)y =mvW. This pair of equations can be 
rewritten (only to arrive at a particular conventional form) by writing 
X +=, 
ie ae 
Then adding and subtracting the pair of equations for W,x, there results 
mY, -O°7¥, =m, 
—mV,to-nmb, =m, (9-6) 


These two equations may be written as one by employing a particular 
convention. Define a new matrix wave function as 


a (9-7) 


where the matrix character of %¥, and %, has been shown explicitly, i.e., 
actually 
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WV WV 
veo (75] WV, -($%] 
a9 be 


Then, if the auxiliary definitions are made, 


1 o0!0 0 0 01 
! ! 
0 1! 0 0 0 01 
2 ae abate aca Pree es Valerie + 
OO tel 0 
i] — 
0 0! 0-1 - 


0 O 0 12 

0 0 1 0 ( 
Vx 0 -1 0 0 since oO, = 1 

—1 0 0 oO 


oC 
0 0 
0 0 
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Yy and y, are similar.) The two equations in ¥, and ¥, canbe written as 


one in the form 


Yat ¥ —-y- Tv =mv 


which is actually four equations in four wave functions. Then using four- 


vector notation, the Dirac equation is 
YuTyY = mv 
or 
YpGVy - eA, )¥ =mv¥ 
Exercise: Show 
0 if pv 
YuYv + YoVp = 2ifw=v=4 
—2ifv=p=1, 2,3 
that is, show 
2_ és 
Yr =1 Vx =¥y" =¥,° =-1 


Ve Vx = ~VxVt VxVy = “YY Vx etc. 


(9-9) 
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A similar form for the Dirac equation might be obtained by a different 
argument, by comparison to the Klein-Gordon equation. Thus with 
H =i(0/dt) =iVy, and with ed = eAy, Eq. (9-3) becomes 


(iV, - eA,)?¥ =m?v (9-10) 
in four-vector notation. Using a similar notation in the Pauli equation, Eq. 
(9-4), but also using o = y and setting o, = yq arbitrarily (to complete the 
definition of a four-vector form of a), Eq. (9-4) can be written in a form 
similar to Eq. (9-10), 

7 Sonenee 

{y,Un/i)¥, — (e/e)A,]} ¥ = m°¥ (9-11) 
This should be compared to Eq. (9-9). 

Now the Pauli equation, Eq. (9-4), differs from the Schr6dinger equation 
in the replacement of the three-dimensional scalar product (p — eA)? by the 
square of a single quantity ao * (p — eA). Analogously one might guess that 
the four-vector product (Py - eA, )? in Eq. (9-10) must be replaced by the 
square of a single quantity Yu (Py —eA, ), where we must invent four ma- 


trices y, in four dimensions in analogy to the three matrices o in three 
dimensions. The resulting equation, 


Ly,(ivy —eA, 1? = me (9-11) 


is essentially equivalent to Eq. (9-9) (operate on both sides of Eq. (9-9) by 
Vn (iV, - eA,) and use Eq. (9-9) again to simplify the right-hand side). 


Exercise: Show that Eq. (9-11) is equivalent to 


(iV, - eA.) - ; CVn Vy F yy ¥ =m’y 


Tenth Lecture 


ALGEBRA OF THE y MATRICES 


In the preceding lecture the Dirac equation, 
7, GV, -— eA.) % = mv (10-1) 


was obtained, together with a special representation for the y’s, 


= 1 0 = 0 Ox,y,2 
v= i cD Yx,y,2 a +20 ee 
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where each element in these four-by-four matrices is another two-by-two 
matrix, that is, 


1 0 : ; _f/0 1 
at °) unit matrix o=() ) etc. 


The best way to define the y’s, however, is to give their commutation re- 
lationships, since this is all that is important in their use. The commutation 
relationships do not determine a unique representation for the y’s, and the 
foregoing is only one of many possible representations. The commutation 
relationships are 


y2=1 12 FV = H1 
VtVx,y,2 + Yx,y,2 Ve =9 (10-3) 
VxVy + VyVx = 9 YxV2 + V¥2Vx = 9 VyV2 + Y¥2Vy =9 
or, in a unified notation, 
Yun + VyVp = 25y, (10-4) 
Suy =0 zp 
=+1 w=v=4 
=-1 B= v =1,2,3 


Note that with this definition of Suy and the rule for forming a scalar prod- 
uct, 


Other new matrices may arise by forming products of the matrices al- 
ready defined. For example, the matrices of Eq. (10-5) are products of y’s 
taken two at a time. The matrices 


YO VR Oe 


are all independent of y,, Yy» V2» Yp+ (They cannot be formed by a linear 
combination of the latter.) Similarly, products of three matrices, 

Vx % V2 (= Ys5¥t) 

Vy V2 Vt (= — Ves) 

V2 Vt Vx (= — Vy¥s) 

Vt Vx Vy (= — ¥27s) 
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These are the only new products of three. For, if two of the matrices 
were equal, the product could be reduced, thus y, 7,7, = -¥+7+ Yy =—Yy- 
The only new product of four that can be formed is given a special name, ys, 


Y5 = VxVyVrVt 


Products of more than four must contain two equal so that they can be re- 
duced. There are, therefore, sixteen linearly independent quantities. Linear 
combinations of them may involve sixteen arbitrary constants. This agrees 
with the fact that such a combination can be expressed by a four-by-four ma- 
trix. (It is mathematically interesting then that all four-by-four matrices 
can be expressed in the algebra of the y’s; this is called a Clifford algebra 
or hypercomplex algebra. A simpler example is that of two-by-two matrices, 
the so-called algebra of quaternions, which is the algebra of the Pauli spin 
matrices.) 


Exercise: Verify that 


, _{a, 9 ‘ a, 0 . _ (% 9 
WxVy = 06 Vy V2 = <6 1V¥z2Vx = 0c 
z x 
and that 


0 0. . . . 
VtVx,y,z = . ed °x,y,2) = a (definition of a) 


It is convenient to define another y matrix, since it occurs frequently: 


¥5 = VxVy¥2¥t = i(} 4 wre 
Verify that 

wr a(S) rrr s(n) 

yso=-1 YsVn * Vp %5 = 9 en 


For later use, it will be convenient to define 


A= Ay Vy = att — AxVx— AyVy — 822 (10-8) 
from which it can be shown that 


ap = —-bdA + Zarb (a*b =a,b,) 


AY5 =-¥5A (10-9) 
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For example, the first may be verified by writing 


ap = (a, Ye 7 AxVx 7 ay Vy —a,Vz be; 7? b, Yx7 by Vy ra b, Y2 ) 


and, moving the second factor to the front, by using the commutation rela- 
tionships. Doing this with the first term, (b,y,) of the second factor produces 


bet (agYt + AyYy + ay Vy + a, Y2) 


since y, commutes with itself and anticommutes with y,, Yy, and y,. By 
performing this operation on all terms, one obtains 


AB = be Ve [(—ag, + ayVy + AyYy + AY) + 2ar%e] 
+ Dy llaeVe — AXVx — AyVy — A2Yz) + 2ay7,] 
+ by yy lary, — AxYy — AyYy — 4,Y2) + 2ayVy] 
+b, ¥2[(arVt — AxVx — AyYy — 42Vz) + 28,72] 
=A + 2(bp ayy? + by ayy + byayyy +b,a,7,2") 
=-A + 2bea 
Exercises: (1) Show that 
YxAYy = A+ 2ay7y 
Vilas 
YAY, = —2A 
Yy ABy, =4acb 
7, ACY , = 26 
(2) Verify by expanding in power series that 
exp [(u/2)7¥:7,] = cosh (u/2) + ¥,7, sinh (u/2) 
exp [(9/2)7xVy] = cos (0/2) + YxYy sin (0/2) (10-10) 
(3) Show that 


exp[—(u/2)¥,¥,] ¥, exp[+ (u/2)¥;¢7¥2] =Y_ cosh u +, sinh u 


44 QUANTUM ELECTRODYNAMICS 


exp [—(u/2)7, 72] y, exp[+(u/2)y,¥,] =, coshu+y, sinhu 
exp [—(u/2)7; 72] Yy exp [+ (u/2)7,¥2] = Vy 


exp [—(u/2)¥; ¥2] Y, xP [+ (U/2)¥, 72] = Vx (10-11) 


EQUIVALENCE TRANSFORMATION 


Suppose another representation for the y’s is obtained which satisfies the 
same commutation relationships, Eq. (10-3); will the form of the Dirac equa- 
tion, Eq. (10-1), remain the same? To answer this question, make the fol- 
lowing transformation of the wave function % = SW’, where S is a constant 
matrix which is assumed to have an inverse S~! (SS-! = 1). The Dirac equa- 
tion becomes 


Vy, SW’ = mSw’ (10-12) 


The Ty and S commute, since 7 is a differential operator plus a function 
of position, so this equation may be written 


Yn St, ‘=mSvW’ 
Multiplying by the inverse matrix, 
S~ly, Sr, v" = mS-'Sy’ 
or 
Vu ut Ww’ =m’ 
where Yu = Sy Ss The transformation y/ = Sty, is called an equiva- 


lence transformation, and it is easily verified that the new y’s satisfy the 
commutation relationships, Eq. (10-3). Products of y’s, 


Ypy, = (Sy, 8S"! y,8) = Sy y,)S 


transform in exactly the same manner as the y’s, so that equations involv- 
ing the y’s (the commutation relations specifically) are the same in the 
transform representation. This demonstrates another representation for 
the y’s, and the Dirac equation is in exactly the same form as the original, 
Eq. (10-1), and is equivalent in all its results. 


RELATIVISTIC INVARIANCE 


The relativistic invariance of the Dirac equation may be demonstrated by 
assuming, for the moment, that y transforms similarly to a four-vector. 
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That is, 


1/2 


vi = (yy - vyt)/0 - v’) vi =(%, - vy,)/0 - v7? 


Vy oe Vo = %z 


Also 7 transforms similarly to a four-vector because it is a combination of 
two four-vectors Vu and A, . The left-hand side Yu Tp of the Dirac equa- 
tion is the product of two four-vectors and hence invariant under Lorentz 
transformations. The right-hand side m is also invariant. Transforming 
Y, as a four-vector means a new representation for the y’s, but Eqs. (10-11) 
can be used to show that the new y’s differ from the old y’s by an equiva- 
lence transformation; thus it is really not necessary to transform the y’s 
at all. That is, the same special representation can be used in all Lorentz 
coordinate systems. This leads to two possibilities in making Lorentz 
transformations: 

1. Transform the y’s similarly to a four-vector and the wave function 
remains the same (except for Lorentz transformation of coordinates). 

2. Use the standard representation in the Lorentz-transformed coordinate 
system, in which case the wave function will differ from that in (1) by an 
equivalence transformation. 


HAMILTONIAN FORM OF THE DIRAC EQUATION 
To show that the Dirac equation reduces to the Schrédinger equation for 
low velocities, it is convenient to write it in Hamiltonian form. The original 
term, Eq. (10-1), may be written 
Y-(—(hi/i) (0/at) - eg] - y > [(f/i) V -eA]¥ = mv 
Multiplying by cy, and rearranging terms gives 
—(f/i)(OU/at) = {y, 7° [(H/i)V — eA] + ed +y,m} 
= HY 
By Eq. (10-5), H is written 
H = a [(i/i) V -— eA] + ed + mg 
where B = ¥;; hy yz =VMVx,y,27 EG: (10-5), and the a’s satisfy the follow- 
ing commutation relations: a,? = a," = a,” = Bp? = 1 and all pairs anticommute. 


It will be noted that @,8 are Hermitian matrices in our special represen- 
tation, so that in this representation H is Hermitian. 


46 QUANTUM ELECTRODYNAMICS 


Exercise: Show that a probability density p = ¥*W and a probability 
current j = ¥*a@w satisfy the continuity equation 


(8p/at)+Vej=0 
Note: © is a four-component wave function and 
wy 
V2 


W3 
7 


p= Uh = (weUFeF EP) = WT, + U0. + we, + wie 


Jx 2 WIla,);3 vj 


= WEW, + 50. + 7g + WY, 


Eleventh Lecture 


It should be noted that 6 and a are Hermitian only in certain representa- 
tions. In particular, they are Hermitian in the representation employed thus 
far; this will be called the standard representation and expressions in it will 
be labeled S.R. when appropriate. The Hermitian property of a and Bf is 
necessary in order to get 


p = vty 
j=v*av S.R. (11-1) 


as the expressions for charge and current density. Hence they are not true 
in all representations. The Dirac equation is (with h, c restored) 


—(f/i)(@v/at)=HY H=Bmc?+edg + cae [(f/i)V — (e/c)A] 
(11-2) f 


+ It is noted that the Hamiltonian found in Schiff (‘‘Quantum Mechanics,”’’ 
McGraw-Hill, New York, 1949) differs from this one by negative signs on all 
but the ed term. Also the components W,, Yo, W3, ¥4 of the wave function 
used in Schiff correspond, respectively, to he Vp) —V, Va, here. All 


this is the result of an equivalence transformation S? = ifa,a,a, between 
the representations used here and in Schiff. It is easily verified that S? = -1 
hence S~ = -S and 


ooor 


CORSO 
iT] 
aa 

I 
a) 
oO 

SS ae 
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The expected value of x is 
<x>= Jf ¥txy d vol 
= fietxy, + utxn, + Ve xd, + 0fxd,) dvol SLR. 


remembering that © now is a four-component wave function. Similarly it 
may be verified as an exercise that 


<a>= foray d vol 
<a,>= fury, + 0x0) + UF 03 + UF) d vol S.R. 
Also matrix elements are formally the same as before. For example, 
(am, = | ¥EaV, d vol 
If A is any operator then its time derivative is 
A =i(HA—AH) + 8A/at 
For X the result is clearly 
x = i (Hx — xH) =a (11-3) 


since X commutes with all terms in H except pea. But a*=1, so the 
eigenvalues of @ are +1. Hence the eigenvelocities of x are + speed of 
light. This result is sometimes made plausible by the argument that a pre- 
cise determination of velocity implies precise determinations of position at 
two times. Then, by the uncertainty principle, the momentum is completely 
uncertain and all values are equally likely. With the relativistic relation be- 
tween velocity and momentum, this is seen to imply that velocities near the 
speed of light are more probable, so that in the limit the expected value of 
the velocity is the speed of light.f 

Similarly, 


(p— eA), =i (Hp, ~ p,H) — ie (HA, — A,H) — e9A,/at 
= —e(0 d/9x) + ea *(9A/Ox) — e(a* V) A, — e(0A,/2t) 


The terms in A and A,, except the last, expand as follows: 


+ This argument is not completely acceptable, for X commutes with Pp; 
that is, one should be able to measure the two quantities simultaneously. 
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aA, aA A aA Oy aA 
aes f ra —x — = pain, < 
‘ (a, ax °VOx Ox Ox Ox Cy By 7% Fz 


This seen to be the x component of 


eax(Vx A) =eax B 
The first and last terms form the x component of E. Therefore, 

(p — eA) =e(E+a@*xB) =F 
where F is the analogue of the Lorentz force. This equation is sometimes 
regarded as the analogue of Newton’s equations. But, since there is no di- 
rect connection between this equation and x, it does not lead directly to 
Newton’s equations in the limit of small velocities and hence is not com- 
pletely acceptable as a suitable analogue. 


The following relations may be verified as true but their meaning is not 
yet completely understood, if at all: 


(d/dt) [x + (i/2m)Bq@] = (@/m)(p — eA) 
(d/dt) [t + (i/2m) 8) = (8/m)(H — e¢) 
i(d/dt)(a,a@ya,) = -2mfa,aya, 
—(d/dt)(Bo) = 2(Ba,a,a,)(p — eA) 


where in the last relation 0 means the matrix 
6 “) 
0 ¢ 


o, =-ia,@ 


so that 
y? ete. 


From analogy to classical physics, one might expect that the angular mo- 
mentum operator is now 


L=Rx (p- eA) 
Note that in classical physics 
p-eA =mv(1 —- v2)-! 


From previous results for R and (p — eA), the time derivative of L may be 
written 
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L=Rx(p-—eA) + Rx (p— eA) 
=ax(p—eA)+RxF 


The last term may be interpreted as torque. For a central force F, this 
term vanishes. But then it is seen that L ~ 0 because of the first term; that 
is, the angular momentum L is not conserved, even with central forces. 

But consider the time derivative of the operator o defined as 


he) 


where o, = —@ xhys etc. The z component is seen to commute with the B, 


eg, and a, terms of H but not with the a, and ay terms, so that ao, = 


+ 1(Ha,a, — @,ayH) = + (@,7,a, dy — A, Aya,T, + AyTyA,Ay,— A,AyAyM,), 
where 
= (-iV — eA) 
But 
QT ,A,Ay = A,A,A,T, = AyT, 
A, Ay, AyT, = AyAy,AyT, = AyT, 
Ay My A,Ay = —AyAya,M, = —A,yT, 
“0,001, = aT, 
so that 


a, = (2a,7, — 2a,7,) 
This is seen to be the z component of —2a@ xm. Finally then, 
1/2(¢) =-a@ x T=—-a@ x (p — eA) 
and this is the first term of L with negative sign. Therefore it follows that 
(d/Att)[L + (fi/2)0o] = Rx F 
which vanishes with central forces. The operator L+ (f/2)o0 may be re- 
garded as the total angular momentum operator, where L represents orbi- 


tal angular momentum and (f/2)o intrinsic angular momentum for spin 1/2. 
Thus total angular momentum is conserved with central forces. 
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Problems: (1) In a stationary field ¢ = 0, dA/dt = 0, show that 
oa: (p— eA) 


is a constant of the motion. Note that this is a consequence of the 
anomalous gyromagnetic ratio of the electron. It also means that the 
cyclotron frequency of the electron equals its rate of precession in a 
magnetic field. 

(2) In a stationary magnetic field ¢ = 0, dA/dt = 0, and for a sta- 
tionary state, show that %,, W2in 


Wy 
Vo 
Ws 
W 


Y= 


are the same as Wj, 2 in the Pauli equation. Also, if Ep,,), is the 
kinetic energy in the Pauli equation and Ep;,,, = W +m is the rest 
plus kinetic energy in the Dirac equation, show that 


2 
Edirac = V2MEp,yy + M 
and explain the simplicity of this relationship. 


NONRELATIVISTIC APPROXIMATION TO THE DIRAC EQUATION 


It will be assumed that all potentials are stationary and stationary states 
will be considered. This makes the work simpler but is not necessary. In 
this case 


w =e iEt p(X) 
HY = Ev (Dirac Hamiltonian) 
and put 
E=m+w 
That is, 
HY =(m+W)¥ =a: (p— eA) +Bmv +edv 


It will be recalled with &% written as Eq. (9-5) and with a,f8 as given in 
Lecture 10, the previous equation may be written as two equations (9-4’), 


(m+ W)¥,=o0:-my, +mv¥,+ VY, (11-4) 
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(m + W)h, =C0° TY, — mY, + VY, (11-5) 


where, as before, 7 =(p—eA) and V =e®@. Simplifying and solving Eq. 
(11-5) for WV, gives 


W, = (1/(m+W-V))(o-7)¥, (11-6) 
It is noted that if W and V are «2m, then ¥ ~ (v/c)¥,. For this reason 
v, and W, are sometimes referred to as the large and small components of 
Vv, respectively. Substitution of ©, from Eq. (11-6) into Eq. (11-4) gives 
WW, = (o-m)(1/(2m+W-V)] (o-m)¥, + VV, (11-7) 
and, if W and V are neglected in comparison to 2m, the result is 
WY, = (1/2m)(o-m)?¥, + V¥, 
This is the Pauli equation, Eq. (9-4). 
Now the approximation will be carried out to second order, that is, to 


order v2/c?, to determine just what error may be expected from use of the 
Pauli equation. 


Twelfth Lecture 
Using the results of Lecture 11, given by Eqs. (11-6) and (11-7), the low- 
energy approximation (w — V) « 2m will be made, keeping terms to order 
4 
v’. Thus 
(2m + W - Vy! ® 1/2m — (w - V)/(2m)? (12-1) 


Then Eq. (11-7) becomes 


(W — V)¥, = (1/2m)(o*m)? wv, — (1/4m2)(o- m)(W- V)(o° mY, 


(12-2) 
while the normalizing requirement Sov, + ¥,?) d vol = 1, becomes 
fv,*l + (o¢m)?/(4m2)]¥, d vol = 1 (12-3) 
By use of the substitution 
x = [1 + (o+m)/(8m)] ¥, (12-4) 


the normalizing integral can be simplified to read (to order v?/c’) 
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Sx*x dvol=1 


This substitution also allows easier interpretation of Eq. (12-2). Rewriting 
Eq. (12-2), 


[1 + (0: )?/(8m?)] (WV) [1 + (0: 7)?/(8m)] ¥, 
= (1/2m)(o° m)? ¥, + (1/8m)[(o 7) W— V) - 2(0- m)(W - V) 
x (oT) + (W-V)(o-T)W, 
Then applying Eq. (12-4) and dividing by 1 + (o-7)?/(8m2), there results 
(W-V)x = (1/2m)(a- mx — (1/8m3)(o- m)4 x 
+ (1/8m)[(o + m)?(W - V) - 2(0- m)(W- V) (0-7) 
+ (W-V)(o-m)"] x (12-5) 


The techniques of operator algebra may be used to convert Eq. (12-5) to 
a form more easily interpreted. In particular one should recall that 


A’B — 2ABA + BA? = A(AB — BA) — (AB — BA)A 
Then, since m = (p — eA), and since 
(a: 7)(W— V) — (W-V)(o'm) = -i (ao: VV) 
= +i(o-E) 
there results [with o-m =A and (W-V) =B in the foregoing], 
i(o-™)(o-E)-i(o- E)(o-@) =V-E +20: (17x E) 


(since V x E ~ 6B/at = 0 here), so Eq. (12-5) can be expanded as 


Wx = Vx + (1/2m)(p — eA):(p — eA)x — (e/2m) (a: B)x 
(1) (2) (3) 
—(1/8m')(p - p)?x 
(4) 
+ (e?/8m2)[V-E + 20+ (p —eA) x El x (12-6) 
(S) (6) 
In this form the wave equation may be interpreted by considering each 
term of Eq. (12-6) separately. 


Term (1) gives the ordinary scalar potential energy as it has appeared 
before. 
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Term (2) can be interpreted as the kinetic energy. 

Term (3), the Pauli spin effect, is just as it appears in the Pauli equa- 
tion. 

Term (4) is a relativistic correction to the kinetic energy. The correc- 
tion derives from 


E = (m? + p9!/2 = m(i + p’/m)!? 
=m + p*/2m = p*/8m? +e 


The last term in this expansion is equivalent to term (4). 

Terms (5) and (6) express the spin-orbit coupling. To understand this in- 
terpretation consider the part of term (6) given by a: (p XE). In an inverse- 
square field this is proportional to 0: (px r)/r’. The factor pxXr canbe 
interpreted as the angular momentum L to get (a: L)/r’, the spin-orbit cou- 
pling. This term has no effect when the electron is in a s-state (L = 0). On 
the other hand, (5) reduces to V-E = 47Z6(r), which affects only the s-states 
(when the wave function is nonzero at r = 0). So (5) and (6) together result in 
a continuous function for spin-orbit coupling. The magnetic moment of the 
electron e/2m, appears as the coefficient of term (3), and again of terms 
(5) and (6), i.e., (e/2m)(1/4m2). 

A classical argument can be made to interpret term (6). A charge mov- 
ing through an electric field with velocity v feels an effective magnetic 
field B = v x E=(1/m)(p — eA) x E, and term (6) is just the energy (e/2m) x 
(o0- B) in this field. We get a factor 2 too much this way, however. Even be- 
fore the development of the Dirac equation, Thomas showed that this simple 
classical argument is incomplete and gave the correct term (6). The situa- 
tion is different for the anomalous moments introduced by Pauli to describe 
neutrons and protons (see Problem 3 below). In Pauli’s modified equation, 
the anomalous moment does appear with the factor 2 when multiplying terms 
(5) and (6). 


Problems: (1) Apply Eq. (12-6) to the hydrogen atom and correct 
the energy levels to first order. The results should be compared to 
the exact results.+ Note the difference of the wave functions at the 
origin of coordinates. This difference actually is too restricted in 
space to have any importance. Near the origin the correct solution to 
the Dirac equation is proportional to 


r [1 —(Z/137)2]!/2 ~ ~-1/40, 000 


for the hydrogenic atoms, while the Schrédinger equation gives ¥— 
constant as r— 0. 


+ Schiff, ‘‘Quantum Mechanics,’’ McGraw-Hill, New York, 1949, pp. 323ff. 
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(2) Suppose A and @ depend on time. Let W =i8/8t and follow 
through the procedures of this lecture to the same order of approxi- 
mation. 

(3) Pauli’s modified equation can be applied to neutrons and pro- 
tons. It is obtained by adding a term for anomalous moments to the 
Dirac equation, thus 


¥, GY, - eA, )v +BY Ey Fup ¥ =mv 


Multiplying by 8, this may be written in the more familiar ‘‘Hamil- 
tonian’’ expression 


i(8/at)¥ = Hp... ¥ +HB (oe B-a: E)y 


Show that the same approximation which led to Eq. (12-6) will now 
produce the terms 


[V + 1/2M(p — eA)? + (u + e/2M)o-B + (1/8M?)(p: p)? + 
(1/4M?) (2 + e/2M)(V- E + 20° (p — eA)x E)] v (12-7) 


for protons, and a similar expression for neutrons, but with e = 0. 

(4) Equation (12-7) can be used to interpret electron-neutron scat- 
tering in an atom. Most of the scattering of neutrons by atoms is the 
isotropic scattering from the nucleus. However, the electrons of the 
atom also scatter, and give rise to a wave which interferes with nu- 
clear scattering. For slow neutrons, this effect is experimentally ob- 
served. It is interpreted by term (5) of Eq. (12-6) [as modified in Eq. 
(12-7) with e = 0]. Since the electron charge is present outside the 
nucleus, V:E has a value different from 0. Term (5) can be used in 
a Born approximation to compute the amplitude for neutron-electron 
scattering. However, when the effect was first discovered, it was ex- 
plained by the assumption of a neutron-electron interaction given by 
the potential cé(R), where 6 is the Dirac 6 function and R is the neu- 
tron-electron distance. 

Compute the scattering amplitude with cé6(R) by the Born appr oxi- 
mation and compare with that given by term (5). Show that 


c = 4mp ye*/4My° 


In order to interpret c6(R) as a potential, the average potential V 
is defined as that potential which, acting over a sphere of radius e*/mc?, 
would produce the same effect. 

Using Uy = —1.9135 ei/2My, show that the resulting V agrees with 
experimental results within the stated accuracy, i.e., 4400 +400 ev. f 


+L. Foldy, Phys. Rev., 87, 693 (1952). 
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(5) Neglecting terms of order v?/c?, show that 
{¥_*af(R)E, d vol 


a J xe* (pe +fp)/2m + (¢/2m) x (Vf))x; d vol 
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Solution 
of the Dirac Equation 
for a Free Particle 


Thirteenth Lecture 


It will be convenient to use the form of the Dirac equation with the y’s 
when solving for the free-particle wave functions 


Vp iV, - eA.) =mv¥ 
Using the definition of Lecture 10, A = Yup 

R= 7 Ay = Vp At ~ VxAx — VyAy — V2 Ar 

Y= Vpn =%e Ve —VxVx — VyVy ~ V2V2 
and the Dirac equation may be written 

(iY —eA)Y = mv (13-1) 
(Recall that the quantity A = Yn Ay is invariant under a Lorentz transforma- 
tion.) 

It is necessary to put the probability density and current into a four- 

dimensional form. In the special representation, the probability density and 


current are given by 


p= j=vtay 
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If the relativistic adjointt of ¥ is defined 
Y = ¥*8 (13-2) 


in the standard representation, then the probability density and current may 
be written 


p= BY jy = 


To verify this, replace 7 by &*8 and note that B? = 1 and that BYy =Qy. 
Exercises: (1) Show that the adjoint of © satisfies 
Y (-iv — eX) = m¥ (13-3) 


(2) From Eqs. (13-1) and (13-3) show that Vudu = 0 (conservation 
of probability density). 


In general, the adjoint of an operator N is denoted by N, and N is the 
same aS N except that the order of all y’s appearing in it is reversed, and 
each explicit i (not those contained in the y’s) is replaced by —i. For ex- 
ample, if N = y, Vy» N= VYy¥x = —N. If N=iys = iyxVy¥2¥t » then N= 
—i¥tV2VyVx = —iys. The following property takes the place of the Hermitian 
property so useful in nonrelativistic quantum mechanics: 


(YNY,)* = (%, Nv.) (13-4) 


For a free particle, there are no potentials, so X = 0 and the Dirac 
equation becomes 


ivy’ =mv 
To solve this, try as a solution 


W =ue!PX = yemiPyry (13-6) 


TW is a four-component column vector, 


ee nome ee tS 
The adjoint is the four-component row vector W,*, Wo* —#3* —¥,* in the 
—— Ee 


standard representation. Multiplication by 8 changes the sign of the third 
and fourth components, in addition to changing ¥* from a column vector to 
a row vector. 
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W is a four-component wave function and what is meant by this trial solution 
is that each of the four components is of this form, that is, 


Vy Uy 
Wo = ug e-ip-x 
V3 U3 
V4 U4 


Thus u,, U2, U3, and ug are the components of a column vector, and u is 
called a Dirac spinor. The problem is now to determine what restrictions 
must be placed on the u’s and p’s in order that the trial solution satisfy 
the Dirac equation. The V, operation on each component of ¥ multiplies 
each component by ~ip,» so that the result of this operation on ¥ produces 


vv =V, ueiPyXy = ~iP, ueiPyXy = —ip, ¥ 
so that Eq. (13-5) becomes 

iy ,(-ip, )¥ =. Pak = pY = mv (13-7) 
Thus the assumed solution will be satisfactory if fu = mu. To simplify 


writing, it will now be assumed that the particle moves in the xy plane, so 
that 


Pt = Px P2 = Py P3 = 0 Py=E 


Under these conditions, ~ =y, E — YyPy — VxPx- In standard representation 


1 0 0 0 0 OX, 
yee 0 1 0 0 y 7 
; 0 oO -1 O A a 
0 0 0 -1 
so # —m becomes 
- - + 
m (Py +Py) (13-8) 
0 P, — ipy —(E + m) 0 
p, + ipy 0 0 —(E +m) 
By components, Eq. (13-7) becomes 
(E = m)u,; = (P, = ipy)U4 =0 (13-9a) 
(E—m)u,. — (p, + ipy)u; =0 (13-9b) 
(P, — ipy)u, — (E+m)ugs =0 (13-9c) 


(p, + ipy)u, - (E+ m)u, =0 (13-9d) 
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The ratio u;/u, can be determined from Eq. (13-9a) and also from Eq. 
(13-9d). These two values must agree in order that Eq. (13-6) be a solution. 
Thus 


uy/uy = (Py — ip,)/(E — m) = (E + m)/(p, + ipy) 


or 


13-1 
Pp,” + py? +m? = E? ee 
This is not a surprising condition. It states that the p,, must be chosen so 
as to satisfy the relativistic equation for total energy. 
Similarly, Eqs. (13-9b) and (13-9c) can be solved for u)/u3 giving 


up/U3 = (p, + ipy)/(E — m) = (E + m)/(p, —ipy) 


which also leads to condition (13-10). 
A more elegant way of obtaining exactly the same condition is to start 
directly with Eq. (13-7). Then, by multiplying this equation by » gives 


p(pu) = 6(mu) = m(fu) = mu 


Using Eq. (10-9), 


bp = p:p=E?- p,?- p,’? 


so that the condition becomes 


E? - p,?- p,? = m? or u =0 
The former is the same condition as obtained before, and the latter is a 
trivial solution (no wave function). 

Evidently there are two linearly independent solutions of the free-particle 
Dirac equation. This is so because substitution of the assumed solution, Eq. 
(13-6), into the Dirac equation gives only a condition on pairs of the u’s, 
uy, Ug and uy», uz. It is convenient to choose the independent solutions so that 
each has two components which are zero. Thus the u’s for the two solutions 
can be taken as 


F 0 
0 F 
0 and Nd (13-11) 
Py 0 


where the following notation has been used: 
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F =E+m 
Py = Py + ipy (13-12) 
Pp. = Py — ipy 


These solutions are not normalized. 


DEFINITION OF THE SPIN OF A MOVING ELECTRON 


What do the two linearly independent solutions mean? There must be 
some physical quantity that can still be specified, which will uniquely deter- 
mine the wave function. It is known, for example, that in the coordinate sys- 
tem in which the particle is stationary there are two possible spin orienta- 
tions. Mathematically speaking, the existence of two solutions to the eigen- 
value equation pu = mu implies the existence of an operator that commutes 
with p». This operator will have to be discovered. Observe that ys anticom- 
mutes with p; that is, y;f =—By,;. Also observe that any operator W will 
anticommute with » if W-p =0, because 


Wp = —BW + 2W-p (10-9) 


The combination y,; W of these two anticommuting operators is an operator 
which commutes with 4g; that is, 


(75 W)b = —Y5 BW = Blys W) 
The eigenvalues of the operator (iy;W) must now be found (the i has been 


added to make eigenvalues come out real in what follows). Denoting these 
eigenvalues by s, 


(iys W)u = su (13-13) 
To find the possible values of s, multiply Eq. (13-13) by iy W, 

(iys W)(iys W)u = —ys Wys Wu = -W-Wu = iys W su = s*u 
or 

-wW-W=s? 
If WW is taken to be —1, the eigenvalues of the operator iy; W are +1. The 
significance of the choice W-W =-1 is as follows: In the system in which 


the particle is at rest, p, = Py =P, =0 and py = E. Then 


0 =p- W = paw, or W, = 0 
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Thus, W:W = -W-W=-1 or W'W=1s. This states that in the coordinate 
system in which the particle is at rest, W is an ordinary vector (it has zero 
fourth component) with unit length. 

When the particle moves in the xy plane, choose W to be y,, so the 
operator equation for iy; W becomes 


iysy,u =su 


Using relationships derived in Lecture 10, this becomes, for a stationary 
particle, t 


a, '0 


\ 
1 
iVe¥2U = iVxVy VU = i¥e¥yt = [---F--} u=su 
0,0, 


This choice makes W the o, operator, and the relationship with spin is 
clearly demonstrated. If we define u to satisfy both pu = mu and iysWu = su, 
this completely specifies u. It represents a particle moving with momentum 
Py and having its spin (in the coordinate system moving with the particle) 
along the Wy axis either positive (s = +1) or negative (s =-1). 


Exercise: Show that the first of the wave functions, Eq. (13-11), is 
the s = +1 solution and the second is the s = —1 solution. 


Another way of obtaining the wave function for a freely moving electron 
is to perform an equivalence transformation of the wave function as in Eq. 
(10-12). If the electron is initially at rest with its spin up or down inthe z 
direction, then the spinor for an electron moving with a velocity v in the 
spatial direction k is 


1 0 
u(k) =Suo u= (2m)'/? uy Up = ; or : 
0 0 
[For normalization, see Eq. (13-14).] 
From Eq. (10-11), S is given by 
S= exp [(u/2)7, Vx] cosh u = 1/(1 - vyi2 


exp [—(u/2) y, ¥,] = cosh (u/2) + ¥,%, sinh (u/2) 


+ For a stationary particle y,u = u. 
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and 
(2m)"/2 cosh (u/2) = [m(1—-v4)-!/+ m]!2 = (E + m)!/2 
(2m)!/2 sinh (u/2) = (E — m)!/? 

Therefore, 


1/2, 1eVk (E-m)!/”] Uy 


Ug) =[(E + m) 
Writing f = (E+m), @=Y,Y, and noting (E2~ m2)!/2 = p,, we get 

Uy) = (1/VF )(E+m+a@ - p)uy 
For the case that p is in the xy plane, this just gives the result, Eq. (13-11), 


with a normalization factor 1//F. 
Noticing that for an electron at rest y, Uy = Up , Uqy may be written 


(IVF (Ey, -y-P+m)uy 
or 

ug) = (I/VF) (x + m)uy 
It is clear that this is a solution to the free-particle Dirac equation 

(6 — m)u, = 0 (13-7) 
for 


(6 + m)(p — m) = p?- m?= 0 p? = m? 


NORMALIZATION OF THE WAVE FUNCTIONS 


In nonrelativistic quantum mechanics, a plane wave is normalized to give 
unity probability of finding the particle in a cubic centimeter, that is, ¥* Y= 1. 
An analogous normalization for the relativistic plane wave might be some- 
thing like 


W*P =ur*tu=ay,u=1 


However, W*W transforms similarly to the fourth component of a four- 
vector (it is the fourth component of four-vector current), so this normal- 
ization would not be invariant. It is possible to make a relativistically in- 
variant normalization by setting u* u equal to the fourth component of a 
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suitable four-vector. For example, E is the fourth component of the mo- 
mentum four-vector Py» SO the wave function could be normalized by 

Uy,u =2E 


The constant of proportionality (2) is chosen for convenience in later for- 
mulas. Working out (uy;,u) for the s = +1 state, 


1 0 0 0 F 

a 1 0 0 0 
(uy~u)= F 0 0 -p_ ; ase a ane Cc} 

“Pree Neg... 1p ety Rae 


F 
re 0 
9 |X Cr =F? + pypjCy’ = 2E(E + m)C,’ 


—Py 
The C, is the normalizing factor multiplying the wave functions of Eq. 
(13-11). In order that (uy,u) be equal to 2E, the normalizing factor must 


be chosen (E + m)71/2 = (F) 72 | In terms of (a u), this normalizing condi- 
tion becomes 


F 
~ 0 1 2 1 
= = — = (F* - ame 
(uu) = F 0 0 -p_ 0 |< ¥ ( P-P+) > 
Py 
= 2m’ + 2mE a3 
E+m = 
The same result is obtained for the s = —1 state. Thus the normalizing 
condition can be taken as 
(au) = 2m (13-14) 


In a similar manner, the following can be shown to be true: 
(ay, U) = 2px 
(Uyy u) = 2py 
(ay, u) = 0 


It will be convenient to have the matrix elements of all the y’s between va- 
rious initial and final states, so Table 13-1 has been worked out. 
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TABLE 13-1. Matrix Elements for Particle Moving in the xy Plane 


VF ,F2 (u,Nuj) VF{F2(uNuy) VF{F,(u,Nu))  VF,F2 (u,Nu)) 


(UNu) s;=+1 sj=+1 s;=-1 s,=-1 
Matrix N s=t+1 S,=+1 S,=-1 S,=-1 S;=+1 
1 2m FoF, — P1+P2- 0 
Yx 2px F2Py4+ Pe Fy 0 
Yy 2Py ~iF 2 p14 + ipeFy 0 = 
< 
Y2 0 0 —P1+ Fo + par Fy 5 
2. 3 
Yt 2E FoF, + P14 Po- 0 I 2 
3 a 
VyV2 0 0 -iF Fy + ipi+Pa+ © 7 
n 
e " 
Y2Yx 0 0 FoF i+ pis Pos 4 a 
+ . 
F : ‘ m a 
YxVy -2iE = iF 2F1— ipy.pe- 0 eS a4 
MN 
a a 
. + ml 
VtYx 2ipy Fy P14 — Po-F4 0 ul ° 
VtVy —2ip,  -iF 2 P14 —ipe-Fi1 0 3 Ey 
a e 
3 fe) 
Vez 0 0 —Pi4F 2 — Po Fy bo : 
2 3 
3 a 
. .. £ 
Y5Y¥x =VtVy¥z 9 0 ~iF,F, — iP1+P2+ x 8 
roy rma 
£ fo} 
VsVy =Vt¥z¥x 0 0 FoF, — Pi+P2+ 5 © 
is) 2 
oa! 
: ; F 
Y5sY2 =VtVx¥y —2im -iF,F,+ ipy,p2- 0 bo 
a 
Y5Yt =Y¥xVy¥z 0 iF2P14 + iF1Pa+ 
VS=VxH¥2¥r 0 iF2Pi4 — iF ips 


pt ee nc Be ee ee ee ee ee 
Note: po+ = Pax + ipay = Pz xP (192); P2_ = Pox — ipay = pz exp (—i82); 
F,= E,+m; Fy=E,+m; p? = (E — m)F. 
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Limiting cases: To obtain the case where 1 is a positron at rest, the 
table gives VF, (&,Nu,) if one puts F, = 0, pj, =1=py,_ inthe table. For both 
at rest as positrons, the table gives (M,Nu,) with F, = Fy =0; py, =Po, =1. 


Fourteenth Lecture 


METHODS OF OBTAINING MATRIX ELEMENTS 


The matrix element of an operator M between initial state u, and final 
state uy will be denoted by 


(12Mu) 


The matrix element is independent of the representations used if they are 
related by unitary equivalence transformations. That is, 


w, = Su; 
u’s = Sug 
M’ = Sms"! 
a =058 


so that 
a’ )M’u’, = a,8S MS~'Su, = f,Mu, 
where the property S = S-! has been assumed for S. 

The straightforward method to compute the matrix elements is simply to 
write them out in matrix form and carry out the operations. In this way the 
data in Table 13-1 were obtained. 

Other methods may be used, however, sometimes simpler and sometimes 
leading to corollary information, as illustrated by the following example. By 
the normalization convention, 

du = 2m 
Hence 


(dpu) = 2m? 


since pu =mu. Similarly, 
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(@y,, pu) = m(y,, u) 
But also note that 
(apy, u) = m(Ty,, u) 
because Up = pi = mii. Adding the two expressions, one obtains 
(1(7,, 6+ BY, )u) = 2m(Ty,,u) 
From the relation proved in the exercises that 
Ab = —Bd + 2a +b 
it is seen that 
BYy + YyB = 2Py Vere 
But Pp, is just a number, so it follows that 
2p, (du) = 2m(Ty ,u) 
and since tu = 2m, by normalization 
(ty,,u) = 2p, 
Furthermore, the general relation 
(Wy,u)/(du) = py/m = E/m 
is obtained. From this it is seen why the possible normalization 
(Ty,u) = E/m 
was equivalent to (fu) = 1. 


Problem: Using methods analogous to the one just demonstrated, 
show that 


(iysu) = 0 


INTERPRETATIONS OF NEGATIVE ENERGY STATES 


It was found that a necessary condition for solution of the Dirac equation 
to exist is 


E2 = p+ m? 
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E=+(p?+ m?)!/2 

The meaning of the positive energy is clear but that of the negative is not. 
It was at one time suggested by Schrodinger that it should be arbitrarily ex- 
cluded as having no meaning. But it was found that there are two fundamen- 
tal objections to the exclusion of negative energy states. The first is physi- 
cal, theoretically physical, that is. For the Dirac equation yields the result 
that starting with a system in a positive energy state there is a probability 
of induced transitions into negative energy states. Hence if they were ex- 
cluded this would be a contradiction. The second objection is mathematical. 
That is, excluding the negative energy states leads to an incomplete set of 
wave functions. It is not possible to represent an arbitrary function as an 
expansion in functions of an incomplete set. This situation led Schrodinger 
into insurmountable difficulties. 


Problem: Suppose that for t <0 a particle is in a positive en- 
ergy state moving in the x direction with spinup in the z direction 
(s=+1). Then at t = 0, a constant potential A=A,(A, = Ay = 0) is 
turned on and at t = T it is turned off. Find the probability that the 
particle is in a negative energy state at t = T. 

Answer: 


Probability of being in 
negative energy state = A2/( A? +m?) sin’ [(m? + A’%t/2 T] 
at t=T 


Note that when E = —-m, 1//F =, so the u’s apparently blow up. 
But actually the components of u also vanish when E = -m, so that 
a limiting process is involved. It may be avoided and the correct 
results obtained simply by omitting 1/VF and replacing F by zero 
and p, by 1 in the components of u. 


The positive energy levels form a continuum extending from E =m to +%, 
and the negative energies if accepted as such form another continuum from 
E =-m to —©. Between +m and -m there are no available energy levels 
(see Fig. 14-1). Dirac proposed the idea that all the negative energy levels 
are normally filled. Explanations for the apparent obscurity of such a sea of 
electrons in negative energy states, if it exists, usually contain a psycho- 
logical aspect and are not very satisfactory. But, nevertheless, if such a 
situation is assumed toexist, some of the important consequences are these: 

1. Electrons in positive energy states will not normally be observed to 
make transitions into negative energy states because these states are not 
available; they are already full. 

2. With the sea of electrons in negative energy levels unobservable, a 
‘thole’’? in it produced by a transition of one of its electrons into a positive 
energy state should manifest itself. The manifestation of the hole is re- 
garded as a positron and behaves like an electron with a positive charge. 
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FIG. 14-1 


3. The Pauli exclusion principle is implied in order that the negative sea 
may be full. That is, if any number rather than just one electron could oc- 
cupy a given state, it would be impossible to fill all the negative energy 
states. It is in this way that the Dirac theory is sometimes considered as 
‘‘proof’’ of the exclusion principle. 

Another interpretation of negative energy states has been proposed by 
the present author. The fundamental idea is that the ‘‘negative energy”’ 
states represent the states of electrons moving backward in time. 

In the classical equation of motion 


m(d*z , /ds’) = e(dz,,/ds) Fuy 


reversing the direction of proper time s amounts to the same as reversing 
the sign of the charge so that the electron moving backward in time would 
look like a positron moving forward in time. 

In elementary quantum mechanics, the total amplitude for an electron to 
go from x,,4 to x,t) was computed by summing the amplitudes over all 
possible trajectories between x,,t; and X»,t,, assuming that the trajec- 
tories always moved forward in time. These trajectories might appear in 
one dimension as shown in Fig. 14-2. But with the new point of view, a pos- 
sible trajectory might be as shown in Fig. 14-3. 

Imagining oneself an observer moving along in time in the ordinary way, 
being conscious only of the present and past, the sequence of events would 
appear as follows: 
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ta ty 


FIG. 14-2 


FIG. 14-3 


only the initial electron present 

the initial electron still present but somewhere else an 
electron-positron pair is formed 

the initial electron and newly arrived electron and positron 
are present 

the positron meets with the initial electron, both of them 
annihilating, leaving only the previously created electron 
only one electron present 


To handle this idea quantum mechanically two rules must be followed: 
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1. In calculating matrix elements for positrons, the positions of the ini- 
tial and final wave functions must be reversed. That is, for an electron mov- 
ing forward in time from a past state %,,,, toa future state W;,,, the ma- 
trix element is 


S%,.. MY d vol 


past 


But moving backward in time, the electron proceeds from Wey to Vast SO 
the matrix element for a positron is 


SF ase M¥ rue d vol 
2. If the energy E is positive, then e7!?"* is the wave function of an elec- 


tron with energy p, = E. If E is negative, e-iP’* is the wave function of a 
positron with energy —E or |E|, and of four-momentum —p. 


Potential Problems 
in Quantum 
EHlectrodynamics 


Fifteenth Lecture 
PAIR CREATION AND ANNIHILATION 


Two possible paths of an electron being scattered between the states VW 
and W», were discussed in the last lecture. These are: 

Case I. Both %, ¥») states of positive energy, interpreted as W, electron 
in ‘‘past,’’ YW». electron in ‘‘future.’’ This is electron scattering. 

Case II. Both 1, VW». states of negative energy interpreted as W, posi- 
tron in ‘‘future,’’ WV» positron in ‘‘past.’’ This is positron scattering. 

The existence of negative energy states makes two more types of paths 
possible. These are: 

Case III. The W; positive energy, YW. negative energy, interpreted as VW 
in ‘‘past,’’ VW» positron in ‘‘past.’’ Both states are in the past, and nothing in 
the future. This represents pair annihilation. 

Case IV. The W, negative energy, WV, positive energy, interpreted as W, 
positron in ‘‘future,’’ W». electron in ‘‘future.’’ This is pair creation. 


Vo V; Vy WV 
( 
vy Vo Vy WV 
Case I Case II Case III Case IV 
FIG. 15-1 
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The four cases can be diagrammed as shown in Fig. 15-1. Note that in 
each diagram the arrows point from \ to W%, although time is increasing 
upward in all cases. The arrows give the direction of motion of the elec- 
tron in the present interpretation of negative energy states. In common lan- 
guage, the arrows point toward positive or negative time according to 
whether # is positive or negative, that is, whether the state represented is 
that of an electron or a positron. 


CONSERVATION OF ENERGY 


Energy relations for the scattering in case I have been established in 
previous lectures. It can be seen that identical results hold for case II. To 
show this, recall that in case I, if the electron goes from the energy E, to 
E, and if the perturbation potential is taken proportional to exp(—iwt), then 
this perturbation brings in a positive energy w. To see this, note that the 
amplitude for scattering is proportional to 


J exp (-iE, t)* exp(—iwt) exp(—iE, t) dt 
= fexp[(iEst — iwt — i,t) dt] (15-1) 


As has been shown, there is a resonance between E, and E, +w, so that 
the only contributing energies are those for which E,* E; + w. In case II 
the same integral holds but E, and E, are negative. A positron goes from 
an energy (past) of E,,,, = —E, to an energy (future) of E;,, = —E,. With the 
same perturbation energy, the amplitude is large again only if E, = Ej + w 
or —Epast = —Efur + w, So that Es, =w+ E,,,,; that is, the perturbation car 
ries in a positive energy w, just as it does for the electron case. 


THE PROPAGATION KERNEL 


In the nonrelativistic case (Schrédinger equation), the wave equation, in- 
cluding a perturbation potential, is written 


idW/at = Hy + Vw (15-2) 
where V is the perturbation potential and Hy is the unperturbed Hamilto- 
nian. For the free particle, the kernel giving the amplitude to go from point 
1 to point 2 in space and time can be shown to be 

Ko(2,1) = N exp [(1/2)im(x» — x1)?/(ty — ty)] ty >ty 


=0 ty < ty (15-3) 


where N is a normalizing factor depending on the time interval t, — t,; and 
the mass of the particle: 
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N = [m/2mi(t, — t,)]'” 


Note that the kernel is defined to be 0 for t,< t,. It can be shown that Ky, 
satisfies the equation 


[19/ Ot, — Ho(2)] Ko(2,1) = i6(2,1) (15-4) 


The propagation kernel Ky(2,1) giving a similar amplitude, but in the 
presence of the perturbation potential V, must satisfy the equation 


[10/ Ot, — Hg(2) — V(2)] Ky (2,1) = i6(2,1) (15-5) 
It can be shown that Ky can be computed from the series 
Ky(2,1) = Ko(2,1) — i fKo(2,3)V(3)Ko(3,1)d2x3 dt 


— | Kq(2,4)V(4)Ky(4,3)V (8)Ky(3,1)d2x, dty d2x, dts + 
(15-6) 
In case the complete Hamiltonian H = Hy + V is independent of time, and 


all the stationary states ¢, of the system are known, then K,(2,1) may be 
obtained from the sum 


Ky(2,1) =) exp [-iE, (tg — t:)] Oy (X2)b,* (x1) (15-7) 


The extension of these ideas to the relativistic case (Dirac equation) is 
straightforward. By choosing a particular form for the Hamiltonian, the 
Dirac equation can be written 


iawv/at = HW =a- (p— eA) + ed V+ mb¥ 
Defining the propagation kernel as K4, then the kernel is the solution to the 
equation 
[i8/ dt, — edy — a: (-iV— eA) — mB] K4A(2,1) = iB6(2,1) 
(15-8) 
The matrix B is inserted in the last term in order that the kernel derived 
from the Hamiltonian be relativistically invariant. [Note the similarity to 


the nonrelativistic case, Eq. (15-6).] Multiplying this equation by 8, a sim- 
pler form results: 


(iW2 — ef, — m)K4(2,1) = i6(2,1) (15-9) 


The equation for a free particle is obtained simply by letting &, = 0, then 
calling the free-particle kernel K,, 
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(i) — m)K,(2,1) = 16(2,1) (15-10) 


The notation K, replaces the Kg of the nonrelativistic case, and Eq. (15-10) 
replaces Eq. (15-4) as the defining equation. 

Just as Ky can be expanded in the series of Eq. (15-6), so KA can be 
expanded as 


KA(2,1) = K, (2,1) — i [K,(2,3)e 4(3)K, (3,1) dry 


~ [K,(2,3)eX(3)K, (3,4)eK(4)K 4 (4,1)dt, dry + + 
(15-11) 


Note that the kernel is now a four-by-four matrix, so that all components 
of © can be determined. Since this is true, the order of the terms in Eq. 
(15-11) is important. The element of integration is actually an element of 
volume in four-space, 


dt = dx; dx. dx3 dx, 


The potential, —ieX(1) can be interpreted as the amplitude per cubic centi- 
meter per second for the particle to be scattered once at the point (1). Thus 
the interpretation of Eq. (15-11) is completely analogous to that of Eq. 
(15-6). 


Problem: Show that KA as defined by Eq. (15-11) is consistent 
with Eqs. (15-8) and (15-9). 


On the nonrelativistic case, the paths along which the particle reversed 
its motion in time are excluded. In the present case this is no longer true. 
The existence and interpretation of the negative energy eigenvalues of the 
Dirac equation allows the interpretation and inclusion of such paths. 

Taking t, > t; implies the existence of virtual pairs. The section from 
ty, to tz represents the motion of a positron (see Fig. 15-2). 

In a time-stationary field, if the wave functions ¢, are known for all the 
states of the system, then K,A may be defined by 


K,4(2,1)= 5) expl-iE,(to— t,)] 6,(x.)6, (x) 


pos. energies 


tp >ty 


=- YD) __— expl-iE, (ty — ty)]d.q(x2), (X1) 


neg. energies 


ty < ty (15-12) 


PROBLEMS IN QUANTUM ELECTRODYNAMICS 75 


FIG. 15-2 


Another solution of Eq. (15-9) is 


Ky“ (2.1) = 5) exp [-iE, (to— ty), (x2), (x1) 


pos. energies 


+ > exp [-iE, (t2— t1)] 6, (x2), (x4) ty > ty 


neg. energies 
=0 to <t, (15-13) 


Equation (15-13) has an interpretation consistent with the positron inter- 
pretation of negative energy states. Thus when the timing is ‘‘ordinary’’ 
(tp > ty), an electron is present, and only positive energy states contribute. 
When the timing is ‘‘reversed”’ (t, < tj), a positron is present, and only 
negative energy states contribute. On the other hand, Eq. (15-13) does not 
have so satisfactory an interpretation. Although the kernel K,* defined by 
Eq. (15-13) is also a satisfactory mathematical solution of Eq. (15-9) (as 
shown below), the interpretation of Eq. (15-13) requires the idea of an elec- 
tron in a negative energy State. 

To show that both kernels are solutions of the same inhomogeneous equa- 
tion, note that their difference is 


oe: exp (iE,,ty) exp (-iE,tz)hn (X2) Oy (X1) 


neg. energies 


for all: t,. This is, term by term, a solution of the homogeneous equation 
[i.e., Eq. (15-9) with zero right-hand side]. The possibility that two such 
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solutions exist results from the fact that boundary conditions have not been 
definitely fixed. We shall always use K,4. 

The kernel Kare defined by Eq. (15-12), allows treatment of case III (pair 
annihilation) and case IV (pair creation) shown at the beginning of this lec- 
ture. In each case, the potential, —ie(3), acts at the intersection of positron 
and electron paths. 


Sixteenth Lecture 


USE OF THE KERNEL K,,(2,1) 


In the nonrelativistic theory it was possible to calculate the wave function 
at a point x» at time t, from a knowledge of the wave function at an earlier 
time t, (see Fig. 16-1) by means of the nonrelativistic kernel Ky (X2,t2; X,,t1), 


W(X2,t2) = IK, (Xo,to; Xy.b,)H (xy, ty) d3x; 
It might be expected that a relativistic generalization of this would be 


U(Xpte) = [K (Koto Xyty) ¥,V (xp ty) dx, 


FIG. 16-1 FIG. 16-2 


This turns out to be incorrect, however. It is not sufficient, in the relativis- 
tic case, to know just the wave function at an earlier time only because 
K,(2,1) is not zero for ty < ty. When the kernel is defined in this manner 
(Lecture 15), the wave function at X»,t) (see Fig. 16-2) is given by 
W(X2,t2) = LK xote Xs) Ve W (Xp ty) d?x; 
— [Ki (xostes Xpoty’) EY (Xp ty) x, ty< ty< ty’ 


(16-1) 
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The first term is the contribution from positive energy states at earlier 
times and the second term is the contribution from negative energy states 
at later times. This expression can be generalized to state that it is nec- 
essary to know W(x;,t,) on a four-dimensional surface, surrounding the 
point x2,t,. (see Fig. 16-3): 


U(Xosty) = [K(2,1)M(1)¥ (1) dx, (16-2) 


where ), is the four-vector normal to the surface that encloses Xzy,ts. 


mM 


FIG. 16-3 


TRANSITION PROBABILITY 


The amplitude to go from a state f toa state g under the action of a po- 
tential X is given by an expression similar to that in nonrelativistic theory, 


an = J J e(2)8K,4(2,108 f(1)d2x, ax, (16-3) 
Using the expansion of K,4(2,1) in terms of K,(2,1), Eq. (15-12), and assu- 
ming that the amplitude for transition from state f to state g as a free par- 


ticle is zero (f and g orthogonal states), the first-order amplitude for 
transition (Born approximation) is 


an = —i fa(2) B [K,(2,3)eX(3) K (3,1) BE(1) drs dx, dx, 
It is convenient to let 

£(3) = J K,(3,1)B(1) d?x, 

a(3) = Jf g(2)BK,(2,3) dx, 
These state that the particle has the free-particle wave function f just prior 
to scattering and the free-particle wave function g just after scattering, and 


that it eliminates any computation of the motion as a free particle. The am- 
plitude for transition, to first order, may be written 
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~i J 2(3)e X(3)£(3) drs (16-4) 


(dt; signifies integration over time as well as space). The second-order 
term would be written 


—(1/2) J Seraye K(4)K,(4,3)eK(3)£(3) dt; dt, 
If {(3) is a negative energy state, then it represents a positron of the future 


instead of an electron of the past and the process described by this ampli- 
tude is that of pair production. 


SCATTERING OF AN ELECTRON FROM A COULOMB POTENTIAL 


We shall make use of the theory just presented to calculate the scattering 
of an electron from an infinitely heavy nucleus of charge Ze. Suppose the 
incident electron has momentum in the x direction and the scattered elec- 
tron has momentum in the xy plane (see Fig. 16-4): 

By =e Ei - YxPix 


Bo = Yt E, — YxPe2x > VyPay 


FIG. 16-4 


The potential is that of a stationary charge Ze, 
¢ = Ze/r, A=0 K =, (Ze/r) 
The initial and final wave functions are plane waves: 


£(1) = uye~iP1°* g(2) =u,e'P2"* (four-component wave 
function) 


Thus, by Eq. (16-4), the first-order amplitude for transition from state f to 
state g (momentum p,; to momentum py») is 


=—-i f Tetrex (Ze?/r) yee d3x dt 
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Separating space and time dependence in the wave functions, this becomes 
= . : T . 
M= —i( Uy 7, Uy) [fete (Ze?/r)eiPy** atx [L e Ext eiEit at| 
0 


The first integral is just V(Q), a three-dimensional Fourier transform of 
the potential, which was evaluated in nonrelativistic scattering theory: 
et exp [i(E,— E,;)t] — 1 
M = -i(Uyy, 4) [VQ)] {ee ur Eu 3} (16-5) 
i(E) — E}) 


V(Q) = 47Ze’/Q?_ Q= py - p> 
The probability of transition per second is given by 


Trans. prob./sec = 2m (TIN)~!|M|? x (density of final states) 
(16-6) 


This is a result from time-dependent perturbation theory, the only new fac- 
tor is a normalizing factor (IIN)-! which takes account for the fact that the 
wave functions are not normalized to unity per unit volume. The IIN is a 
product of factors N one for each wave function, or particle in the initial 
state, and one for each final wave function, 


N= (yeu) (16-7) 


for each particle in question. In our normalization, then N = 2E. 
The reason for this factor is that wave functions are normalized to 


(uu) = 2m or (uy,u) = 2E 


where, as in the computation of transition probability, they should be nor- 
malized in the conventional nonrelativistic manner ¥*¥ =1 or (Uy,u) =1 
(so N =1 for that case). 

The matrix element M, as calculated in this manner, is relativistically 
invariant and in the future the chief interest will be in M. The transition 
probability, knowing M, can be computed from Eq. (16-6). 

Density of States, Cross Section. For the electron scattering problem 
under consideration, 


= -i(U27z Wy)(4 Ze?/Q?) 


so the transition probability is 


2 
Trans. Qn ~ 9 |41Ze?| Ep dQ 
prob./sec™ (2E,y(@by ("274 |" ar | “lags (16-8) 
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where the density of final states has been obtained in the following manner: 


d’pp pz’ dp, do 


Density of states = ——,-—*— = —-—_+~_. 
(27)° dE, = (2m) 3dE, 


st 
It 
— 


but E,” = p,” + m’, so dp,/dE, = E2/p) and 
Density of states = E,p,dQ /(27)3 
When the incoming plane wave is normalized to one particle per cubic cen- 
timeter, the cross section is given in terms of the transition probability per 
secondf as 
Trans. prob./sec =ovy, = o(p,/E,) 
or 
o = (E;/p;) X (trans. prob. /sec) 
The essential difference between the relativistic treatment of scattering 


and the nonrelativistic treatment is contained in the matrix element (Uy7_ U4). 
From Table 13-1, for a particle moving in the xy plane and s; = +1, s) = +1, 


|(Wgy, uy)? = 1/F Fel FoF y + py4Pe-l? 
where 
Fy = Fy» =E+m 


[E, = Ey, conservation of energy, follows from the nature of the time integral 
in Eq. (16-5)], and 


(magnitude of final momentum equal to magnitude of initial momentum fol- 
lows from E, = E,). 


Thus 


mv; mv? 


T = nama 2 = 
Pi ql ~v,2)12 P41 


ye, eee ee BO ee ee ee 
i Py” = (m*+py")vy" = Ey’vy 


Therefore, vy = p;/E,. 
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|( Uyy_ uy)? = (E + m)~? |(E +m)? + p’e 19)? 
= (E + m)~ {4E"(E +m)"[1 — (p’/E”) sin? (6/2)]} 
= (2E)" [1 — v? sin’ (6/2)] 


When sy =+1, S) =—1 or sj =—1, Ss, = +1, the matrix element of y, is 
zero. When sy =-—1, Ss, = —1, the absolute value of the matrix element is the 
same as for sj = +1, S)=+1. Thus spin does not change in scattering (in 
Born approximation) and the cross section is independent of spin, 


o = (4Z°e4E?/Q4)d9 [1 — v? sin? (6/2)] Q = 2p sin (6/2) 


The criterion for validity of the Born approximation, used in obtaining this 
result, is Ze?/fiv «1. In the extreme relativistic limit vc. This becomes 
Z << 137. Just as for the nonrelativistic case, the scattering can actually be 
calculated exactly (correct to all orders in the potential) for the Coulomb 
potential. This exact solution of the Dirac equation involves hypergeometric 
functions. It was first worked out by Mott and is called Mott scattering. For 
moderate energies (200 kev) there is some probability for change in spin. 
Polarized electrons could be produced in this manner. 


Problems: (1) Calculate the Rutherford scattering law for the 
Klein-Gordon equation (particle with no spin). Result: same formula 
as just given with 1 — v* sin® (6/2) replaced by 1. 

(2) Show that this scattering formula is also correct for positrons 
(use positron states in calculating matrix element). 


Seventeenth Lecture 


CALCULATION OF THE PROPAGATION KERNEL FOR A FREE 
PARTICLE 


As shown in a previous lecture, the propagation kernel, when there is no 
perturbing potential and the Hamiltonian of the system is constant in time, 
is 


K,(2,1) =D (Xo) Oa(X) exp[-iE, (ty — ty)] ty > ty 
= Qi tn (2) On(X4) EXp[-iE, (ty — ty)] ty < ty 


For a free particle, the eigenfunctions ¢, are 


Up eXp (ip °x) 
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and the sum over n becomes an integral over p. The u, is the spinor cor- 
responding to momentum p, positive or negative energy and spin up or down, 
as appropriate. Then the ae kernel for a free particle is, for ty.>t,, 


K (2,1) = z= se an te, U pil exp [ip + (xp —%4)] 


x exp[—iE, (tz — ty)] 


for E,= + (p? + m?)!?2 | The factor 1/(27)° is the density of states per 
unit volume of momentum space per cubic centimeter. The factor 1/2E, 
arises from the normalization uu = 2m or uy, U = = 2E, used More: The 


uy are those for positive energy. For negative siete E,= -(p? + m?2)!/?2, 
the u, are changed accordingly and K,(2,1) becomes, for to < ty 
(2,1) =—- ZS ent ae im u ll exp [ip *(X_ — X4)] 


x exp[iE,(t, — t,)] 


The calculation will be made first for the case of t, > ty. We first calcu- 
late upu p for positive energy, and p in the xy plane and spin up. Under 
these conditions 


E+m 
0 1 
ee 0 (E +m)!” 
Px + ipy 
~ 1 
Up = E+m 0 0 —Px + ipy (E +m)i2 


Note that u,u, is the opposite order to that usually encountered so that the 


product is a matrix, not a scalar. That is, 


(E +m)? 0 0 (E+m)(-p,tipy) 
0 0 0 0 
UpUy = 0 0 0 0 
(E+m)(p,+ipy) 0 0 (Pytipy)(—px +ipy) 


x 1/(E + m) 


by the usual rules for matrix multiplication. But 


(p, + ipy)(—p, +ipy) = —p? = -E? +m? 


and the matrix becomes 
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E+m 0 O =p, + ipy 
u Q 0 ° (spin up) 
as al 0 0 0 0 er 
P, + ipy 0 0 -E+m 
By the same process, the result in the spin down case is 
0 
ook E+m 1 
Wy P, — ipy (E+ m)!”? 
0 
0 0 0 0 
~ _ {0 E+m —P, — ipy 0 F 
UpUp = 0 noe ipy -E em 0 (spin down) 
0 0 0 0 


It may be verified easily that the sum of these matrices for spin up and spin 
down is represented by 


EY_ — PxYx — Py Vy +m 


In the general case when p is in any direction, it is clear that the only 
change is an additional term —p,y,. So, in general, 


(U,U)spin up + (Up Up) spin down = EY, — P*¥+M = p+m 


The sign of the energy was not used in obtaining this result so it is the same 
for either sign. 


Now put tp — t; =t and x, — x; =x. For t>0, the propagation kernel be- 
comes 


K (2,1) = J(E,y_ — p-y + m)ld’p/(2n)"|(1/2E,) 
x exp[-i(E,t — p-x)] 


The appearance of p in the form E, = (p? + m41/2 in the time part of the 
exponential makes this a difficult integral. Note that it may also be written 
in the form 


OY et Se. SOS oly a0 
K (2,1) = (ive BE + i%x By + My gy tie gy tm) 
3 


d 
x S eave, exp [—i(E,t — p-x)] 


= i(i¥ + m) I, (t,x) 
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where 
d’ p . 
I, (t,x) =—i J eatae exp[-i(E,t — p*x)]} 
P 


In this form only one integral instead of four need be done. It may be veri- 
fied as an exercise that for t < 0 the result is the same except that the sign 
of tis changed, so that putting |t| in place of t in the formula for I,(t,x) 
makes it good for all t. 

This integral has been carried out with the following result: 


1, (t,x) = —(41)~! 6(s?) + (m/8ms)H; (ms) 


where s = +(t? - x2)1/2 for t > x, and -i(x? - t2)1/2 for t< x. 5(s?) is a 
delta function and H, (ms) is a Hankel function.f Another expression for 
the foregoing is 


I,(t,x) = -(1/81%) J™ da exp {-(/2)[(m?/a) + a(t? — x*)}} 


Both of these forms are too complicated to be of much practical use. It will 
be shown shortly that a tremendous simplification results from transforma- 
tion to momentum representation. 

Note that I,(t,x) actually depends only on |x|, not on its direction. In the 
time-space diagram (Fig. 17-1) the space axis represents |x| and the diag- 
onal lines represent the surface of a light cone including the t axis, that is, 
the accessible region of t — |x| space in the ordinary sense. It can be shown 
that the asymptotic form of I, (t,x) for large s is proportional to e7ims, 
When one’s region of accessibility is limited to the inside of the light cone, 
large s implies t? >> |x|’, so that the region of the asymptotic approxima- 
tion lies roughly within the dotted cone around the t axis and is 


t 
| 
regions of x weiss of light 
| 


| 
eae \ SE cone (here I, is 
approximation | singular) 
i Ba 
| 


Pe Sees x 


FIG. 17-1 
{See Phys. Rev., 76, 749 (1949); included in this volume. 
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1, (t,x) — e7i™S = exp{—iml[t — (x?/2t)]} * e~imt 


The first form is seen to be essentially the same as the propagation kernel 
for a free particle used in nonrelativistic theory. If, as in the new theory, 
possible ‘‘trajectories’’ are not limited to regions within the light cone, an- 
other region included in this asymptotic approximation is that within the 
dotted cone along the |x| axis where large s implies |x|? >>t?. Hence 


1/2 -m|x| 


I,(t,x) — e7i™5 = exp[-im(x?-t?)'/7] = e 


It is seen that the distance along |x| in which this becomes small is roughly 
the Compton wavelength (recall that m— mc/fis when it represents a length7! 
as here), so that in reality not much of the t — |x| space outside the light 
cone is accessible. 

The transformation to momentum representation will now be made. This 
is facilitated by use of the integral formula 


fai eee ee eh cece 
an 0 “PA pe -E,’ + ie -= Earn iE, [tN 


The ie term in the denominator is introduced solely to ensure passage around 
the proper Side of the singularities at Py = E, along the path of integration. 
Passage on the wrong side will reverse the sign in the exponential on the 
right. 


Problem: Work out the integral above by contour integration or 
otherwise. 


Using the integral relation above, I,(t,x) becomes 


d’p exp (—ip4t) exp (+ ip» x) 
I (t,x) = dpyy >? 
4(t,X) Jf (an)! P4 Dee = E, fae 
But E, =p? +m? so this is 


d‘p exp [-i(p*x)] 
TOR Some ples! tie. 

where p is now a four-vector so that d‘p = dp, dp; dp. dp3, and p?= 

Py Py: Hereafter the ie term will be omitted. Its effect can be included 
simply by imagining that m has an infinitesimal negative imaginary part. In 
this form the transformation to momentum representation is easily accom- 
plished as follows (we actually take Fourier transform of both space and 
time, so this is really a momentum-energy representation): 
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Mi I, (t,x) exp [+i(p -x)] d‘x 


d‘z d’x exp [-i(é — p)* x] 
= i (2m) 2 


é°“-m 


i, (p) 


where the dummy variable has been substituted for p in the p integral. 
But 


a : 4 4 
J exp {-ilg — p)- x) d4x = (2m)46(E —p) 
Hence the é integration gives the result 
i,(p) = 1/(p? - m?) 


Finally, applying the operator i(i¥ + m) to I,(t,x) gives the propagation ker- 
nel (here X = X2 — Xj) 


exp [—i(p + x)] 
rr ara 


K ,(2,1) — 


i(iv + m)I,(t,x) = ial (i + m) 


= fee J = exp [—i(p - x)] 


recalling that iV operating on exp[-i(p~-x)] is the same as multiplying by 
p. From the identity 


| ae p+m p+m 
s-m $-m p+m p-m? 


the kernel can also be written 


4 sin. 
sea as f 22, exetup- 2} 


By the same process used for I,(t,x), the transform of K,(2,1) in momen- 
tum representation is seen to be 


k(p) = J K,(2,1) exp[+i(p-x)] dx = i[1/(p - m)] 
This is the result which was sought. 
Actually this transformation could have been obtained in an elegant man- 
ner. For K(2,1) is the Green’s function of (1” —m), that is, 


(iV — m)K(2,1) = i6(2,1) (17-1) 


and it is known that iY is # in momentum representation and 6(2,1) is unity. 
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Therefore the transform of this equation can be written down immedi- 
ately: 


(p — m)k(p) =i 
or 
k(p) = i/(p — m) (17-2) 


as before. 

The fact that Eq. (17-1) for K(2,1) has more than one solution is re- 
flected in Eq. (17-2) inthe fact that (g — m)~! is singular if p* = m’. We 
shall have to say just how we are to handle poles arising from this source 
in integrals. The rule that selects the particular form we want is that m be 
considered as having an infinitesimal negative imaginary part. 


Eighteenth: Lecture 


MOMENTUM REPRESENTATION 


Since the propagation kernel for a free particle is so simply expressed in 
momentum representation, 


k(p) = i/(B — m) 


it will be convenient to convert all our equations to this representation. It is 
especially useful for problems involving free, fast, moving particles. This 
requires four-dimensional Fourier transforms. To convert the potential, 
define 


dia) = f X(xexp (iq- x) d'x (18-1) 
Then the inverse transform is 
K(x) = (1/2m)4 J dla) exp (—iq - x) d‘q (18-2) 


The function a(q) is interpreted as the amplitude that the potential con- 
tains the momentum (q). AS an example, consider the Coulomb potential, 
given by A =0, y= Ze/r. 

Substituting into Eq. (18-1) gives 


A(q) = 4mZe/(Q: Q)6 (qa) 7; 


Here the vector Q is the space part of the momentum. The delta func- 
tion 6(q4) arises from the time dependence of (x). 
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Matrix Elements. An advantage of momentum representation is the sim- 
plicity of computing matrix elements. Recall that in space representation 
the first-order perturbation matrix element is given by the integral 


M = ~i Jf H(2)eX(2)81) dre 
For the free particle, this becomes 

M=-i if Uy exp (ip) * x2)eX(2)uy exp (—ip, x) dT, (18-3) 
In momentum representation, this is simply 

M = i( dyed (q)u,) (18-3’) 
where g is defined analogously to the three-vector gq, 

A= Bo - By 

The second-order matrix element in space representation is given by 
— ff e2)eK(2)K (2, Ve K(1)E(1) dry dry 


Substituting for a free particle and also expressing the potential functions as 
their Fourier transforms by means of Eq. (18-2), this becomes 


- SJ Wz exp (ipa x,)ed(qa) exp(—iag - X2)K,(2,1)ed (qu) 
x exp (—iqy-X1) wy exp (—ipy + Xy)d74 dry + d’qy/(2m)4 
x d4qo/(2m)4 (18-4) 
If Eq. (18-2) is used for K,(2,1), this kernel can be written 
K (2,1) = J i/(s- m) exp [ip - (x2— x)] d'p/(2m)! 
Writing the factors that depend on 7,, this part of the integral is 
Jf exp (ip +X) exp (—iqy + X,) exp (—ip, + x;,) dt, 
= (2n)*6"(p — ay — Pi) (18-5) 
where the function 64(x) is to be interpreted as 6(t,)6(x2)6(y3)6(z4). Then 


the integral over tT; is zero for all ~ except # = pf; + g;. So the integral 
over p reduces Eq. (18-4) to 
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- Sf fr exp (ip, : X)ed(q2) exp (—ip2 - X2) exp[—i(Py + 44) * Xa] 
x i(B, + fy —m) “ted (qyuy dt, d4qy/(27)4 d4q,/(2m)4 


Integrating over 7) results in another 6 function [similar to Eq. (18-5)], 
which differs from zero only when 


Bo — do = Br t+ At 
Then integrating over d‘q, gives finally 
(ii SG, ed(an)(By + fy —m)ed(ayu, d'ay /(2n)4 (18-6) 


These results can be written down immediately by inspection of a diagram 
of the interaction (see Fig. 18-1). The electron enters the region at 1 with 


Bo = Bit di +e 


ed (q2) 


do At 


ed (a1) 


FIG. 18-1 


wave function u,; and moves from 1 to 3 as a free particle of momentum 4. 
At point 3, it is scattered by a photon of momentum 4, [under the action of 
the potential —ied(q,)]. Having absorbed the momentum of the photon it then 
moves from 3 to 4 as a free particle of momentum #; + 4; by conservation 
of momentum. At point 4, it is scattered by a second photon of momentum 

Ao [under the action of the potential —ied(q,) absorbing the additional momen- 
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tum ¢)). Finally, it moves from 4 to 2 as a free particle with wave func- 
tion uy and momentum fo = fy + 4, + Ag. It is also clear from the diagram 
that the integral need be taken over q, only, because when py; and py are 
given, q, is determined by go = by — By —Ai- The law of conservation of en- 
ergy requires py" =m‘, py’ =m‘; but, since the intermediate state is a vir- 
tual state, it is not necessary that (py + Ay)" =m’. Since the operator 

1/(p, + Ay —m) may be resolved as (py + Ay + m)/[(By + 41)? —m?], the impor- 
tance of a virtual state is inversely proportional to the degree to which the 
conservation law is violated. 

The results given in Eqs.(18-3’) and (18-6) may be summarized by the 
following list of handy rulest for computing the matrix element M = (U,Nu,): 

1. An electron in a virtual state of momentum # contributes the ampli- 
tude i/(f — m) to N. 

2. A potential containing the momentum q contributes the amplitude 
—ied(q) to N. 

3. All indeterminate momenta q; are summed over d‘q,/(27)4. 

Remember, in computing the integral, the value of the integral is desired, 
with the path of integration passing the singularities in a definite manner. 
Thus replace m by m — ie in the integrand; then in the solution take the 
limit as € — 0. 

For relativistic work, only a few terms in the perturbation series are 
necessary for computation. To assume that fast electrons (and positrons) 
interact with a potential only once (Born approximation) is often sufficiently 
accurate. 

After the matrix element is determined, the probability of transition per 
second is given by 


P = 2n/(I N)|M|? x (density of final states) 


where IIN is the normalization factor defined in Lecture 16. 


+See Summary of numerical factors for transition probabilities, R. P. 
Feynman, An Operator Calculus, Phys. Rev., 84, 123 (1951); included in 


this volume. 


Relativistic Treatment 
of the Interaction 
of Particles with Light 


Nineteenth Lecture 


In Lecture 2 the rules governing nonrelativistic interaction of particles 
with light were given. The rules stated what potentials were to be used in 
the calculation of transition probabilities by perturbation theory. Those po- 
tentials are also applicable to the relativistic theory if the matrix elements 
are computed as described in Lecture 18. For absorption of a photon, the 
potential used in nonrelativistic theory was 


Ww 
A, = (4ne*)'? (2u) 71? e, exp(ikex) 4 K+ K = 0 (19-1) 
h=c 


For emission of a photon, the complex conjugate of this expression is used. 
These potentials are normalized to one photon per cubic centimeter and 
hence the normalization is not invariant under Lorentz transformations. In 
a manner similar to that for the normalization of electron wave functions, 
photon potentials will, in the future, be normalized to 2w photons per cubic 
centimeter by dropping the (2w)~!/? factor in Eq. (19-1), giving 


Ay = (4ne)!” @ exp (ik + x) (19-1’) 


This makes any matrix element computed with these potentials invariant, 
but to obtain the correct transition probability in a given coordinate system, 
it is necessary to reinsert a factor (2w) 7! for each photon in the initial and 
final states. This becomes part of the normalization factor IIN, which con- 
tains a similar factor for each electron in the initial and final states. 
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In momentum representation, the amplitude to absorb (emit) a photon of 


polarization en is ~i(4me2)1/2¢, The polarization vector ey is a unit vector 


perpendicular to the propagation vector. Hence e:e =~l1 and e-q=0. 
RADIATION FROM ATOMS 
The transition probability per second is 
Trans. prob./sec = 2r |H|? x (density of final states) 
where H is the matrix element of the relativistic Hamiltonian, 
H=a-(-iv-—eA) S.R. 
between initial and final states. That is, 
<t|H|i> = (4re4)'/? fu, *la-e exp (ik -x)] 4 d vol (19-2) 


Problem: Show that in the nonrelativistic limit, Eq. (19-2) reduces 
to 


1/2m J v-*le-p exp (ik: x) +exp (ik: x)p-e + e-(o Xk) 
x exp (ik: x)] WY, d vol 


This is the same result as was obtained from the Pauli equation. 


SCATTERING OF GAMMA RAYS BY ATOMIC ELECTRONS 


A relativistic treatment of scattering of photons from electrons will now 
be given. As an approximation, consider the electrons to be free (energies 
at which a relativistic treatment is necessary are, generally, much greater 
than atomic binding energies). This will lead to the Klein-Nishina formula 
for the Compton-effect cross section. 


photon 2 (outgoing) 


photon 1 (incoming) 


recoil electron 


FIG. 19-1 
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For the incoming photon take as a potential Aty = €4,, €Xp (—iq, +x) and for 
the outgoing photon take A), = €2,, EXP (-iqo: x). The light is polarized per- 
pendicular to the direction of propagation (see Fig. 19-1). Thus, 


€1° 4, =9 €2 ° qd, =0 
also 

41 - 4; =a)? =0 and G2 2 = 42" = 0 (19-3) 
As initial and final state electron wave functions, choose 

Wy, =uy exp (—ip,: x) 

We =U, exp (—ip2: x) 
where Uy, Up, Py, and py satisfy 

Buy = muy Bou, = mug 

Py* Py =m? P2*P2 =m? (19-4) 
Conservation of energy and momentum (four equations) is written 

By + At = Bo + Ae (19-5) 


If the coordinate system is chosen so that electron number 1 is at rest, 


By = my; (19-6a) 
Be = Ezy, — Pz cos oy, + pa sin pyy (19-6b) 
Ar = @1(% - Yx) (19-6c) 
Ao = wl, — Vy CoS O — Yy sin 6) (19-6d) 


The latter two equations follow from the fact that, for a photon, the energy 
and momentum are both equal to the frequency (in units in which c = 1). The 
momentum has been resolved into components. The incoming photon beam 
can be resolved into two types of polarization, which will be designated type 
A and type B: 


(A) ¢1 =z (B) 21 = Vy 


Type A has the electric vector in the z direction and type B has the elec- 
tric vector inthe y direction. Similarly the outgoing photon beam can be 
resolved into two types of polarization: 
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(A’) ¢2 =, (B’) ¢2 =Yy cos 8 — y, sin 8 


Conservation of energy of momentum dictates that either the angle of the 
recoil electron ¢ or the angle at which the scattered photon comes off 0 
completely determines the remaining quantities. If the electron direction is 
unimportant, its momentum can be eliminated by solving Eq. (19-5) for po 
and squaring the resulting equation: 


Bo = Bi + Ar — Ae 
p)” = m? = (fy + fy — Aad (By + ht — od 


py? + gy? + qe” + 2py- ay — 2Py° G2 — 2qy- ap 
=m? +0+0 +2mw 4 — 2mW — 2W1W» (1 — cos 4) 


where the last line was obtained from the preceding line by using Eqs. (19-3), 
(19-4), and (19-6a, c,d). This can be written 


M(wW, — W») = Wyw (1 —cos 4) 
or 
(m/w») — (m/w) = 1 —- cos 8 (19-7) 


This is the well-known formula for the Compton shift in wavelength (or fre- 
quency). 


DIGRESSION ON THE DENSITY OF FINAL STATES 


By the method discussed in the earlier part of the course, the following 
final state densities (per unit energy interval) can be obtained. When a sys- 
tem of total energy E and total linear momentum p disintegrates into a two- 
particle final state, 


‘ 3 pi? dQ, 
Density of states = (27)~° E,;E, Ep (D-1) 
1 


2 E,(p°P) 


where Ey, = energy of particle 1; E, = energy of particle 2; py = momentum 
of particle 1; dQ, = solid angle, into which particle 1 comes out; m, = mass 
of particle 1; m, = mass of particle 2; and E; + E,=E, p; + py =P. 

Another useful formula is in terms of the final energy of particle 1 and its 
azimuth ¢, (instead of 6, ¢,). It is 


Density of states = (27)~° (EyE2/|p|) dE, d¢y (D-2) 
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Special cases: (a) When my=° (E,=% E=®); 
Density of states = (27)~* E,|p,| dQ, (D-3) 
(b) In center-of-mass system p = 0: 
Density of states = (27)-3 [E,E, dQ, /(E;+E2)] (D-4) 
When a system disintegrates into a three-particle final state, 


p> py? dp, dQ; dQ, 
po’ (E — Ey) — Eg Py + (P— Py) 
(D-5) 


Density of states = (27m)7® E3E, 


Special case: When m3 = ~: 
Density of states = (2m)"®E> |p| dQ2p,? dp, dQ, (D-6) 


The Compton effect has a two-particle final state: taking particle 1 to be 
photon 2 and particle 2 to be electron 2, from Eq. (D-1), 


w dQ, 


Density of states = (27) w E> (a 20s wwe, cos 0) 


COMPTON RADIATION 


Calculation of |M|?. Using the Compton relation Eq. (19-7) to eliminate 
6, this becomes 


Density of states = (21)-3 (E2w,' dQ ,,/mw4) 
The probability of transition per second is given by 
Trans. prob./sec =ac = (27/2E 2E2w 12w 9) |M|? 


x (20)-3(E_w,? d®,,/mw)) 
or 


o = [we dQ,,/(2m)?16m?w,7] |M|? 


In working out the matrix element M, there are two ways in which the scat- 
tering can happen: (R) the incoming photon is absorbed by the electron and 
then the electron emits the outgoing photon; (S) the electron emits a photon 
and subsequently absorbs the incident photon. These two processes are 
shown diagrammatically in Fig. 19-2. 
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In momentum representation, the matrix element M for the first proc- 
ess R is 


i[-il4m e2)!/2 )° {Tigo [1/UBy + dy — m)] 4, uy} 


Reading from right to left the factors in the matrix element are interpreted 
as follows: (a) The initial electron enters with amplitude u,; (b) the elec- 
tron is first scattered by a potential (i.e., absorbs a photon); (c) having re- 


Bo do 


Be 
#. 
A> 
Bi * ay Pp Bi — de 
ca 
i) 
A 
At 
R Bi S a 
FIG. 19-2 


ceived momentum 4; from the potential the electron travels as a free elec- 
tron with momentum 4, + q; (d) the electron emits a photon of polarization 
¢o; and (e) we now ask for the amplitude, that the electron is ina state ug. 


Exercise: Write down the matrix element for the second process 
S. The total matrix element is the sum of these two. Rationalize 


these matrix elements and, using the table of matrix elements 
(Table 13-1) work out |M|?, 


Twentieth Lecture 
For the R diagram, M was found to be 
~idme*{Up¢>[1/(By +d, — m)]¢,u,} = -i47 e? (U,Ru,) 


and as an exercise the matrix element for the S diagram was found to be 
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-id4me?{ Un ¢sl1/(B, —do—m)) ¢2uy} = —i47e?( Uy Suy) 


The complete matrix element is the sum of these, so that the cross section 
becomes 


o = (e4/4m)(w9?/wy") dQ, | u(R+S)u4|" 


The problem now is actually to compute the matrix elements for R and S. 
First R willbe considered. Using the identity 


1/(p - m) = (6+m)/(p’ — m’) 
the matrices may be removed from the denominator of R giving 


” fo(b, + Ay + m) Ky 7 22.(B1 +41 + m)¢4 


(61 +1) —m 2mw 
The denominator is seen to be 2mw, from the following relations: 


(By + As)? — m? = py? + 2py-ay +94? — m? 


2_ 
Py =m 


ay’ = 0 
2p14°d1 = 2mw, 
The matrix elements for the various spin and polarization combinations can 


be calculated straightforwardly from this point. But certain preliminary 
manipulations will reduce the labor involved. Using the identity 


db = 2a-b — BA 


it is seen that 


éoB1¢1= ¢2(2p1 -e4) — £081 By 


But p,; has only a time component and e,; only a space component so 
Py'e, = 0. Recalling that ~yu, = muy, it is seen that 


Ur dob dU = —Uréod By wy = (Uy go ¢4uy)m 


and this is the matrix element of the first term of R. It is also the negative 
of the matrix element of the last term of R, so R may be replaced by the 
equivalent 


R = 624161 /2mw 4 
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By an exactly similar manipulation, the S matrix is equivalent to 


S = ¢1f2¢2/2mw, 


Substituting 4; =w4(¥, —Y,) and d2 =wAy; — Y, cos 8 — Yy sin 6) and trans- 
posing the 2m factor, the complete matrix may be written 


2m(R+S8) = 2(¥_ — Vy) 21 +81(¥%_ — Vx COS 9 —Yy Sin 6) ¢> 


A still more useful form is obtained by noting that ¢; anticommutes with 
dy (ey °q, = 0) and ¢» with q» and that ¢o¢; = 2e,°e;, — ¢1¢>. Thus, 


2m(R+8) = —¢24¢1(¥_— Vx) — F1 Bal¥t— Vx + Vx — Vx COS 9 — Vy Sin 8) 
= —2(e2° 1) (¥, — Vx) — £1 #217, (1 — cos 9) —y, sin 6] 
Using this form of the matrix, the matrix elements may be computed easily. 
For example, consider the case for polarization: ¢; = y,, ¢2= Yy cos 8 — Y, 
sin 8. This corresponds to cases (A) and (B’) of Lecture 19 and will be de- 
noted by (AB’). The matrix is 
2m(R+S8) =—y,(¥, cos 6-—y, sin 6)[y,(1— cos 9) — Yy sin 6] 
since e2,°e, = 0. Expanded this becomes 
2m(R+S8) = —Y21%yVx COs 6(1 cos 6) + cos 9 sin@ + sin (1 — cos 6) 
+ VxVy sin? 6) 
= —V2(VxVy — YxVyCos 6 + sin 8) = —7xVy¥z(1— cos 6) 
-— 7, sin 0 
where the anticommutation of the y’s has been used. In the case of spin- 
up for the incoming particle and spin down for the outgoing particle (s; = —1), 
S. =-—1), the matrix elements 
—2m (FyF2)"/? (Wer, % % Wi) = iF 2Pi4 — iF Pos 
—2m (FyF,)' (Wey, uy) = + Pry Fe — pay Fy 
may be found by reference to Table 13-1. But note that inthis problem p,, 


=P, + ipy;=0 since particle 1 is at rest. Hence the final matrix element 
for this case, polarization (AB’), spin s; = +1, sy = —1, is 
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2m (F,F,)!/? (G(R +S)uy) = -(1 - cos 6)iFyp2, -sin® Po, Fy 


The results for the other combinations of polarization and spin are obtained 
in the same manner and will only be presented in tabular form (Table 20-1). 
They may be verified as an exercise. 

For any one of the polarization cases listed, |M|’ is the sum of the square 
amplitudes of the matrix elements for outgoing spin states averaged over in- 
coming spin states. But this is seen to be simply the square magnitude of 
the nonzero matrix element listed under the appropriate polarization case. 
For example, in case (AA’), 


[M|? = |U(R+S)uy|? = (1/4m?F, F,) |2F, Fy — (1 +cos 6) Fypo- 
—isin@ Fypo, 
By employing the relation 
Po~ = Pi- + Gi- — Go = Gi_ — Qe = Wy — W2 cos + iw, sin# 
and 
(m/w) — (m/w) = 1 — cos 8 
the square magnitudes of the matrix elements for the various cases reduce, 


after considerable amount of algebra, to the expressions given in Table 
20-2. 


TABLE 20-2 
Polarization |M|? 
AA’ [wy — @2)"/wywe)] +4 
AB’ [(w1 — w2)*/w yw] 
BA! [wy — &2)?/wywe] 
BB’ [(wy — w»)"/ww] +4 cos’ 6 


It is clear that all four of these formulas may be written’simultaneously in 
the form 


[M|? = [(wy — w2)?/wywo] + 4(e,° e2)” 


Note that these formulas are not adequate for circular polarization. That is, 
if ¢, were, for example, 1/V2 (iy, + Yy), it is seen that because of the phas- 
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ing represented by the imaginary part of ¢;, all the calculations must be 
carried out before squaring the matrix elements in order to get the proper 
interference. 

Finally the cross section for scattering with prescribed plane polariza- 
tion of the incoming and outgoing photons is 


o = (e4/4m?) (wW9?/w 42) AQwWe [(w_/w4) + (wy/w2) — 2 + 4(e4- 2)? ] 
This is the Klein-Nishinaformula for polarized light. For unpolarized light 


this cross section must be averaged over all polarizations. 
It is noted that diagram cases such as Fig. 20-1 have been included in 


Be 
do 


Bi a 
FIG. 20-1 FIG. 20-2 


the previous derivation as a result of the generality in the transformation of 
of K,(2,1) to momentum representation. In fact, all diagram cases have been 
included except higher-order effects to be discussed later. (They corre- 
spond to emission and reabsorption of a third photon by the electron, suchas 
in Fig. 20-2.) 


Twenty-first Lecture 
Discussion of the Klein-Nishina Formula. In the ‘‘Thompson limit,’’ 
Ww, <<m. Tnen the electron picks up very little energy in recoil, and a; *w». 
This can be seen from the relation 
Mw, — MW» = wy We (1 — cos 6) (21-1) 


In tais limit, the Klein-Nishina formula gives 


a = (e4/m?)(e;: ey)? d2.,, (21-2) 
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which is the Rayleigh-Thompson scattering cross section. Note that w is 
still very large compared to the eigenvalues of an atom, in accordance with 
our original assumptions for Compton scattering. 

The same result is obtained by a classical picture. Under the action of 
the electric field of the photon E = Ej e; exp (iwt), the electron is given the 
acceleration 


a = (e/m)E) e; exp (iwt) 


Classically, an accelerated charge radiates to give the scattered radia- 
tion 
e (retarded acceleration projected on plane 1 to 


E,=- R_ line of sight) 


The scattered radiation polarized in the direction e, is determined by 
the component of the acceleration in this direction. The intensity of the scat- 
tered radiation of polarization e, is then (times R’ per unit solid angle and 
per unit incident intensity) 


= (e4/m?)(e;- 2)” (21-2') 


The customary fi’s and c’s may be replaced in Eq. (21-1) as follows 
(o is an area or lengthsquared): 


ef = (e’)’ = (e’/fic)’ 
m? = (mc/hi)? = length squared 
e4/m? = (e?/mc?)? = rp? & 8 x 10778 cm? 


Averaging over Polarizations. It is often desired to have the scattering 
cross section for a beam regardless of the incoming or outgoing polariza- 
tion. This can be obtained by summing the probabilities over the polariza- 
tions of tae outgoing beam and averaging over the incoming beam. Thus, 
suppose the incoming beam has polarization of type A. The probabilities 
(or cross sections) for tne two possible types of outgoing polarization, A’ 
and B’ can be symbolized as AA’ and AB’. The total probability for scat- 
tering a photon of either polarization is AA’ + AB’. Then suppose the incom- 
ing beam is equally likely to be polarized as type A or type B. The result- 
ing probability can be obtained as the sum 1/2 (probability if type A) + 
1/2 (probability if type B). This is the situation for unpolarized incoming 
beam, and gives 


o (averaged over = (1/2XAA’ + AB’) + (1/2XBA’ + BB’) 


polarizations) ; 
4 fw w w 
=~, (22) dn (= + — - sin? a) (21-3) 
W2\u, We 
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If, on the other hand, the polarization of the outgoing beam is measured 
(still with an unpolarized incoming beam), its dependence on frequency and 
scattering angle is given by the ratio 


Probability of polarization type A’ és (1/2)[AA’ + BA‘’] 
Probability of polarization type B’  (1/2)[AB’ + BB’) 


= (we/w4) + (w/w) 
Se yaaa PE A 
(w./w4) + (w/w) -—2sin* 8 
The forward radiation (9 = 0) remains unpolarized, but a certain degree of 
polarization will be found in light scattered through any nonzero angle. In 
the low-frequency limit (w; © w,), the polarization is complete at 6=7/2. 
Thus an unpolarized beam becomes plane-polarized when scattered through 
90°.T 
Total Scattering Cross Section. If the cross section (averaged over polar- 
izations) given in Eq. (21-3) is integrated over the solid angle 
dQ = 27 d(cos 6) = (27m/w,") dw» 


the total cross section for scattering through any angle is obtained. So, from 
Eq. (21-1), 


cos 6 = 1 — m/w, + m/u, (21-1') 


and the variable w, goes between the limits mw ,/(2w; +m) and w ; as 
cos @ goes from - 1 to +1. Equation (21-3) can be written 


doy = (e4/2m?)(27/w42)m dw» (we/wi+ w/w, —2M/w, + 2m/wy 
+ m/w? + m2/w? — 2m?/w4wW2) 


where the last five terms replace —sin? 6 = cos’@ - 1 using Eq. (21-1’). 
Simple integrations yieldt 


or = te4/m? [(m/w, — 2m?/w,? — 2m3/w,*) log (2w;/m + 1) 
+ m/2w, + 4m?/w,? — m*/2w,(2w;, + m)*] 
In the high-frequency limit (w,;— ©) 
oT ~ (1/w 3) log w;— 0 
t Cf. Walter Heitler, ‘‘Quantum Theory of Radiation,’’ 3rd ed., Oxford, 1954; 


and B. Rossi and K. Greissen, Phys. Rev., 61, 121 (1942). 
1 Cf. Heitler, op. cit., p. 53. 
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Thus Compton scattering is a negligible effect at high frequencies, where 
pair production becomes the important effect. 


TWO-PHOTON PAIR ANNIHILATION 


From the quantum-electrodynamical point of view, another phenomenon 
completely analogous to Compton scattering is two-photon pair annihilation. 
Two photons are necessary (in the outgoing radiation) to maintain conser- 
vation of momentum and energy when pair annihilation takes place in the 
absence of an external potential. The interaction can be diagrammed as 
shown in Fig. 21-1. This figure should be compared to that for Compton 
scattering (Lecture 20). The only differences are that the direction of pho- 
ton g; is reversed, and, since particle 2 is a positron, p) = —(momentum of 
positron). So write 


Bi = (E_¥_e — P-* Y) 


Bo = —(ExVe — Pat ¥) 


FIG. 21-1 


where the energies E_ and E, of the electron and positron are both posi- 
tive numbers. The conservation law gives 


Bo = By — di — Ae (21-4) 


(just as for Compton scattering, but the direction of qj reversed), so the 
matrix element for this interaction is 


M, = -i 4re? (o> (py = At > m)7? ral uy) 


The second possibility, indistinguishable from the first by any measure- 
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ment, is obtained from the first by interchanging the two photons (see Fig. 
21-2); again note similarity to Compton scattering. 
Immediately, the matrix element is 


My = —i4me? (Uy ¢4(6, — dp — m)7! dp uy) 


do a1 
Bi — Ap 


Bt Be 


FIG. 21-2 


The sum of the two matrix elements and the density of final states gives 
the cross section 


a * (velocity of positron) = 27/(2E_* 2E,°2w,* 2w») -|M,+M)]* 
x (density of states) 


in a system where the electron is at rest and the positron is moving. The 
density of final states is 


wyw/ (2m)? wy? dQ y/(wow, — Q2* Qi) 


Since particle 2 is a positron, ~. = —p,, so the conservation law, Eq. (21-4), 
gives 


Bit Bs = dit do 
Then 

m? + 2(py* py) + m* = 0 + 2qi- a2 + 0 
This reduces to 


2m? + 2mE, = 2wyw, — 2Q;'Q, 
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Taking the velocity of the positron as |p4|/E,, the cross section is 
o = (2m) wy" d24/[2E_ +2 |p,| 427)? - m(E, + m)] x |My + My]? 


= ors dQ; |M, + M,/ 
64n? m?|p,| (m + E,) 


From a comparison of the diagrams, it is clear that the matrix elements 
for pair annihilation are the same as the matrix elements for the Compton 
effect if the sign of g; is changed. In the cross section, this amounts to 
changing the sign of w;. Then the cross section is 


o =e! wy? d2,/l4m(E, +m)|ps|][(w2/w;) + (w/w) + 2 
— 4(e -e,)*] 


in analogy with the Klein-Nishina formula. 


Twenty-second Lecture 


POSITRON ANNIHILATION FROM REST 


The formula for positron-electron annihilation derived in Lecture 21 di- 
verges as the positron velocity approaches zero (o ~ 1/v; this is true for 
other cross sections when a process involves absorption of the incoming 
particle, and is the well-known 1/v law). To calculate the positron lifetime 
in an electron density p (recall that the preceding cross section was for an 
electron density of one per cubic centimeter) as v,— 0, we use 


Trans. prob./sec = av,p 


plus the fact that, as v,—0, E,—>m and uw; — w2—>m (when the electron 
and positron are both approximately at rest, momentum and energy can be 
conserved only with two photons of momenta equal in magnitude but opposite 
in direction). Thus 


Trans. prob./sec =0V4p = (e1/2m2) p dQ (sin? @) (22-1) 


where = angle between directions of polarization of two photons (cos @ 
=e,°e,). The sin? 6 dependence indicates that the two photons have their 
polarizations at right angles. To get the probability of transition per second 
for any photon direction and any polarization, it is necessary to sum over 
solid angle ( [dQ = 47) and average over polarizations (sin? 6 = 1/2), giving 


Total trans. prob./sec = 1/7 = (me4/m?) p 
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(factors of c and fi reinserted where required), where rp = classical elec- 
tron radius, and tT = mean lifetime. 


Problems: (1) Obtain the preceding result directly by using matrix 
elements for an electron and positron at rest. Show that only the sin- 
glet state (spins antiparallel) can disintegrate into two photons. The 
triplet state disintegrates into three photons and has a longer lifetime 
(see the next problem). 

(2) Find the mean time required for a positron and electron to dis- 
integrate into three photons (spins must be parallel). The following 
procedure is suggested: (1) set up formula for rate of disintegration; 
(2) write M in the simplest possible form; (3) make a table of matrix 
elements (same as Table 13-1 but with p; = my;, pp = —my;); (4) find 
the matrix element of M for eight polarization cases; (5) find the rate 
of disintegration for each case; (6) sum the disintegration rate over 
polarizations; (7) obtain the photon spectrum; (8) obtain the total dis- 
integration rate by integrating over photon spectrum and angle; and 
(9) compare with Orr and Powel.ft 

(3) It is known that the matrix elements should be independent of a 
gauge transformation ¢ = ¢ + ad, where a is an arbitrary constant 
and gq is the momentum of a photon whose polarization is ¢ or ¢’. 
Show that substituting g for ¢ in the matrix elements for the Comp- 
ton effect gives m = 0. 


BREMSSTRAHLUNG 


When an electron passes through the Coulomb field of a nucleus it is de- 
flected. Associated with this deflection is an acceleration which, according 
to the classical theory, results in radiation. According to quantum electro- 
dynamics, there is a certain probability that the incident electron will make 
a transition to a different electron state with a photon emitted, while in the 
field of the nucleus. Interaction with the field of the nucleus is necessary to 
satisfy conservation of energy and momentum. That is, the electron cannot 
emit a photon and make a transition to a different electron state while trav- 
eling along in a vacuum. Figure 22-1 shows the process and defines angles 
that arise later. 

The Coulomb potential of the nucleus will be considered to act only once 
(Born approximation). The validity of this approximation was discussed in 
Lecture 16. There are two (indistinguishable) orders in which the brems- 
strahlung process can occur: (a) the electron interacts with the Coulomb 
field and subsequently emits a photon, or (b) the electron first emits a pho- 
ton and then interacts with the Coulomb field. The diagrams for these proc- 


tA. Ore and J. L. Powell, Phys. Rev., 75, 1696 (1949). 
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esses are shown in Fig. 22-2. The interaction with the nucleus gives mo- 
mentum Q to the electron. Conservation of energy and momentum requires 


Bit+Q=pot+d or Q=w- w+ 


electron 2 


electron 1 


Coulomb field 
of the nucleus 
photon 


FIG. 22-1 


VQ) 


(a) (b) 
FIG. 22-2 


In Lecture 18 it was shown that the Fourier transform of.the Coulomb poten- 
tial was proportional to 6(Q,), since tae potential is independent of time. 
This means that only transitions for which Q, = 0 occur, or energy must be 
conserved among the incident electron, final electron, and photon. Thus 

E, = E, + w. The transition probability is given by 


Trans. prob./sec = ov, = (27/2E; 2E, 2w) ||? x D 
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Since the nucleus is to be considered infinitely neavy, 
D = (2m)~® E,p, dQyw* dw dQ, 


Notice that there is a spectrum of photons; that is, the photon energy is not 
determined (as it was in the Compton effect, for example). Letting = 
(a, Muy), 


a 21/2 ee es 
M = (-i)(47e?) E me mooam 


(22-3) 


1 —. 
oem ¥(Q) + ¥(Q) 


where the first term comes from Fig. 22-2a and the second term from Fig. 
22-2b. The explanation of the factors in the first term, for example, is, 
reading from right to left, that an electron initially in state u, is scattered 
by the Coulomb potential acquiring an additional momentum Q, the electron 
moves as a free particle with momentum #;, + ® until it emits a photon of 
polarization ¢. We then ask: Is the electron in state u,? For the Coulomb 
potential 


¥(Q) = (47Ze?/Q?) 5(Qy) ¥¢ = VQ) 6Q)t 


(see Momentum Representation, Lecture 18) in a coordinate system in which 
the nucleus does not move. [For potential other than Coulomb, use appro- 
priate v(Q), the Fourier transform of the space dependence of the potential.] 
Rationalizing the denominator of the matrix, ¢ 


bi1+Q+m : atm] 
—2p1'Q-Q? Yet Ve 2P> -Q- Q? 
(22-4) 


M = (-i)(4me’)'/2 v(Qy E 


The outgoing photon can be polarized in either of two directions, and the in- 
coming and outgoing electron each have two possible spin states. The vari- 
ous matrix elements can be worked out using Table 13-1 exactly as was 
done in deriving the Klein-Nishina cross section in Lecture 20. Nothing new 
is involved, so we omit the details. After (1) summing over photon polari- 
zations, (2) summing over outgoing electron spin states, and (3) averaging 
over incoming electron spin states, the following differential cross section 
is obtained: 


t (6, +Q — m)(p, + + m) = p? + 2p,-Q + Q? — m? = 2p,-Q t+ Q? 


—2p;'Q+Q? 
= 2p1'Q - Q’ Q,=0 
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2\2 
do = (Z¢- e? WH P2 oi 6, dO, sin 0; dO, de 
WwW Pt 


«(ee sin? 6, (4E;" ~ Q’) , py’ sin® 9 (4E,’ ~Q) 
(Ey — py cos 92)" (Ey — py cos 64)? 


_ 2pip2 sin 6; sin®, cos ¢ (4E;E, —Q?+ 2w*) — 2w* (pp’ sin? 0.+ p,? sin? “2 
(Ey — Pp Cos 99)(Ey — py cos 94) 
(22-5) 


An approximate expression with a simple interpretation in terms of the 
Coulomb elastic scattering cross section can be obtained when the photon 
energy is small (small compared to rest mass of electron but large com- 
pared to electron binding energies). Writing the matrix (22-3) in terms of 
g instead of Q, 


M= (~iy(are?)'2 |g W(Q) + ¥Q) Fon = ¢ | 


Be Te m 
-q+ 
= (-i)(4me%)1/2 E ae - VQ) +¥@Q) eae | 


using the relationships ¢f, = —po¢ + 2e° po, pif = —#h1 + 2e- py, and neglecting 
gd in the numerator, since it is small, this becomes 


M ® (-i)(4me2)!2 y(Q) | tala + 2e pare + mere 
2p2°q 
_ —ieEB1 + 2pr eve + mE Ye 


5 
—2pi'q4 | Qd 


Pi Pe 


qa: P; q- se | 1e0(@0) 


= (-i)(4ne? 2 oo) bas 


where use is made of the fact that 1 the matrix element of M between states 


uy and u, is to be calculated and a Bo = Tym, Buy = muy. 
The cross section for photon emission can then be written 


Eop2 dQ e dw: -dQ Poe Pi°e 

do = |v(qy|? —22_Ga2 | |S SO" Oye" _ Pa’ 
Vv vi oe (27) Tw a a 

P2° ms Pi w 


The first bracket is the probability of transition for elastic scattering (see 
Lecture 16), so the last bracket may be interpreted as the probability of 
photon emission in frequency interval dw and solid angle dQ, if there is 
elastic scattering from momentum p, to pp». 
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Problem: Calculate the amplitude for emission of two low-energy 
photons by the foregoing method. Neglect q’s in the numerator but 
not in the denominator. 

Answer: Another factor, similar to that in the preceding equations, 
is obtained for the extra photon. 


PAIR PRODUCTION 


It is easily shown that a single photon of energy greater than 2m cannot 
create an electron positron pair without the presence of some other means 
of conserving momentum and energy. Two photons could get together and 
create a pair, but the photon density is so low that this process is extremely 
unlikely. A photon can, however, create a pair with the aid of a field, such 
as that of a nucleus, to which it can impart some momentum. As with brems- 
strahlung, there are two indistinguishable ways in which this can happen: 

(a) The incoming photon creates a pair and subsequently the electron inter- 
acts with the field of the nucleus; or (b) the photon creates a pair and the 

positron interacts with the field of the nucleus. The diagrams for these al- 
ternatives are shown in Fig. 22-3. The arrows in the diagram indicate that 


Bi Bo 1 po 
0) 
¥(Q) 
d ¥(Q) f 
d d 
(a) (b) 
FIG. 22-3 


#1 is the positron momentum and #, is the electron momentum. Notice that, 
with respect to the directions that the arrows point (and without regard to 
direction of increasing time), these diagrams look exactly like those for the 
bremsstrahlung process: Starting with p, in case (a), the particle is first 
scattered by the Coulomb potential and then by the photon; in case (b) the 
order of the events is reversed. The difference between pair production and 
bremsstrahlung, when the direction of time is taken into account, is (1) p; is 
a positron state (an electron traveling backward in time), and (2) the photon 
gd is absorbed rather than emitted. As a result, the bremsstrahlung matrix 
elements can be used for this process if ~, is replaced by —p, and ¢ by —q. 
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The p, is then the positron momentum and g is the momentum of the ab- 
sorbed photon. The density of final states is different, of course, since the 
particles in the final state are now a positron and electron. Thus 


do = (1/27)(Ze?/Q’)’ e? (pyp_ sin@,d6, sin@_ d@_ dd/w*) 
x{ } (22-6) 


where the braces are the same as for bremsstrahlung, Eq. (22-5), except 
for the following substitutions: 


p_ for py —6_ for 4, E_ for E, 
—p, for py —6, for 0_ -E, for E, 
-w for w 


Figure 22-4 defines the angles (¢= angle between electron-photon plane and 
positron-photon plane). 


positron 


electron 


Twenty-third Lecture 


A METHOD OF SUMMING MATRIX ELEMENTS OVER SPIN STATES 


By using current methods of computing cross sections, one first arrives 
at a cross section for ‘‘polarized’’ electrons, that is, electrons with definite 
incoming and outgoing spin states. In practice it is common that the incom- 
ing beam will be ‘‘unpolarized’’ and the spins of the outgoing particles will 
be unobserved. In this case, one needs the cross section obtained from that 
for ‘‘polarized’’ electrons by summing probabilities over final spin states 
and averaging this sum over initial spin states. This is the correct process 
since the final spin states do not interfere and there is.equal probability of 
initial spin in either direction. Formally, if 


o ~|(u,Mu,)|? 
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one needs 


o~> DD, Mamay/? (23-1) 


spins 1 spins 2 


where 2 means the sum over final spin states for only one sign of the 
spins 2 
the energy, that is, over only two of the four possible eigenstates. Similarly, 


a is the sum over initial spins for one sign of the energy. The purpose 
spins l 
now is to develop a simple method for obtaining these sums. 


In accordance with the usual rule for matrix multiplication, the following 
is true: 


>) (d,Au,)(a,Buy) = 2m(u,A Buy) (23-2) 
all u, 
where A and B are any operators or matrices, the 2m factor on the right 
arises from the normalization Tu = 2m, and the sum is over ail eigenstates 
represented by u;. But the states u, which we want in Eq. (23-1) are notall 
states, just those satisfying ~,u, = mu;. That is, they belong to the eigen- 
value +m of the operator p,. Since pi? =m, ~; also has the eigenvalue —m, 
that is, there are two more solutions of ~yu = —mu which, together with the 
two we wish in Eq. (23-1) bring the total to four. Let us call the latter 
‘negative eigenvalue’’ states. 
Now, if in Eq. (23-2) the matrix elements of B were zero in negative 
eigenvalue states, this would be the same as > , that is, just over posi- 
tive eigenvalue states. So consider spins | 


DD (UpAu,) (46, + m)Bu,) = (a2 A(p, +m)Buy)2m 


allu, 


But 
Uy (J;+m) = 0 for negative eigenvalue states 
= u,(2m) for positive eigenvalue states 
so the preceding sum also equals 


> (a Auy)2m(vy Bug) 


spins 1 


Cancelling the 2m factors, this gives 


Dd (a, Auy) (ay Buy) = (2, A, + m)Buy) 


spins 1 


(J; + m) is called a projection operator for obvious reasons. Similarly it 
follows that 
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DY (U2 Xuy) = »D (1/2m)(‘U2(2 + m)Xuy) 


spins 2 a 
where X is again any matrix. Remembering the normalization Uy uy = 2m, 
it is seen that the last sum is just the trace or spur of the matrix (f,+m)X. 
Note that the order of X and p. + m is immaterial. 

Finally, when one wants 


DP, Dy, | (dy Mu,)|? 


spins 1 spins 2 


collection and specialization of the previous results is seen to give 


1/2 DD, Dy [up Mu,|? = 1/2 DD > (a;Mu,)(0,Mu,) 


spins 1 spins 2 spins 1 spins 2 


= 1/2 Spl(é.+m)M(6, +m) M] 
(23-3) 


where the last notation means the spur of the matrix in the brackets. It is 


true whether ;, J) represent electrons or positrons. 
The following list of the spurs of several frequently encountered matrices 


may be verified easily: 
Spl1] = 4 Sply,,] = 0 Splxy] = Splyx] 
Splx+y] = Splx] + Sply] 
Sply,7v,] = 0 if ws 
=+4 if w=v=4 
= —4 ifu=ve=1, 2,3 
Spld] = 1/2 Spldb + WA] = Spla-b] = 4a-b 


SplAB¢] = 0 


It is also true that the spur of the product of any odd number of daggered 
operators is zero. 


Spl(p, + mz) (Bo — m2)] = Splpyp2] + Splm yp. —.~ym2 — mymy] 
= 4(p1 “pz — mym») (23-4) 
Sp[(p; + my) (%2 — mg) (3 + m3) (By — m4)] 


= 4(p;* Po — mym )(p3 *p4— M3gmMy) — 4(P1* ps — MymMg) 


x (p2* Pa — mgmy) + 4(py* pa— MymM4)(P2* Pz —MymM3) (23-5) 
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As an example, the case of Coulomb scattering will be ‘‘treated’’ using 
this technique. The cross section for polarized electrons was previously 
found to be 


o = (Z7e4/Q') | (G27, 44)? 


Therefore, since Yt =y,, the cross section for unpolarized electrons is, by 
Eq. (23-3), 


Sunpor = 1/2 (Z’e*/Q*) Spl@. + m)ye (i + m) ¥¢] 


The spur can be evaluated immediately from Eq. (23-5) with my = my, = 0 and 
Bo = By =¥_- Another way is: Since y,p; = 2E; — 6, Y;, it is seen that 


(Bp + m) ¥¢ (Bt + m)¥_ = (Bo + m)(2EyY, — fy + m) 


Using a few of the formulas listed previously, the spur of this matrix is 
seen to be 


—4p,°p2 + 8EyE, + 4m? 
But py py = E,E2 — py" Pp, Py*P2= p’ cos 6, and Ey = Ey, so this is 
4E? + 4m? + 4p? cos 0 


Also m?= E? — p so that finally the cross section becomes 


o 1/2 (Z?e4/Q‘) [8E? + 4p? (cos 6 — 1)] 


unpol 


(4Z7e4/Q') E2(1 - v? sin? (6/2)] 


where v? = p*/E”. This is the same cross section obtained previously by 
other methods. 


EFFECTS OF SCREENING OF THE COULOMB FIELD IN ATOMS 


The cross sections for the pair production and bremsstrahlung processes 
contained the factor [V(Q)]*, where V(Q) is the momentum representation 
of the potential; that is, 


VQ) = JV(R) exp (-iQ°R) @R 
which for a Coulomb potential is 
V(Q)= 41Ze?/Q? 


where Q is the momentum transferred to the nucleus or p; — p2 — q. 
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Clearly V(Q) gets large as Q gets small. The minimum value of Q oc- 
curs when all three momenta are lined up (Fig. 23-1): 


Pi Pa 
a 
Sener 
q 
FIG. 23-1 


1Q inl =Pi-Pe-q 
= pil — [pel — (Ey — E,) 
For very high energies E> m, 
E-p®m’/2E 
so that in this case 
Qin = (m?/2)[(1/Eq) — (1/E,)] © mq/2E, Ey 


From this it is seen that Q,,,—7 0 as E;—* ©. This shows clearly why the 
cross sections for pair production and bremsstrahlung go up with energy. 

From the integral expression for V(Q) it is seen that the main contribu- 
tion to the integral comes when R ~1/Q. So as Q becomes small the im- 
portant range of R gets large. It is in this way that screening of the Cou- 
lomb field becomes effective. The value of 1/Q,,,, for a contemplated proc- 
ess can be estimated from the foregoing formula. The atomic radius is 
given roughly by az, where ag is the Bohr radius. Thus if 


Rett = WQpin? 9277 
or, what is the same, 

E,E>/q > 1/2 (137) mz 
then screening effect will be important, and vice versa for the opposite in- 
equalities. If from this estimate screening would appear to be important, 
one should use the screened Coulomb potential. It gives the result 

VQ) = (47e7/Q*)[Z — FQ) 
where F(Q) is the atomic structure factor given by 

F(Q) = J n(R) exp (-iQ-R) BR 


and n(R) is the electron density as a function of R. 
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Twenty-fourth Lecture 


Problem: In discussing bremsstrahlung it was found that the cross 
section for emission of a low-energy photon can be approximated as 


T= 0 e? 4r dQ (dw/tw)[po° e/Do *(q/w) — Py -e/py (q/w)]? 
(24-1) 


where gp is the scattering cross section (neglecting emission). Now 
consider an energetic Compton scattering in which a third, weak 
photon is emitted. The three diagrams are shown in Fig. 24-1. 


(weak) 


(weak) (weak) 


FIG. 24-1 


Show that the cross section for this effect is given by Eq. (24-1), with 
the Klein-Nishina formula replacing oy). (Remember to assume q 
small.) 


ew 


potential 
region 


FIG. 24-2 FIG. 24-3 


Interaction of 
Several Electrons 


Even though the Dirac equation describes the motion of one particle only, 
we can obtain the amplitude for the interaction of two or more particles 
from the principles of quantum electrodynamics (so long as nuclear forces 
are not involved). 

First consider two electrons moving through a region where a potential 
is present and assume that they do not interact with one another (see Fig. 
24-2). The amplitude for electron a moving from 1-3, while electron b 
moves from 2->4 is given the symbol K(3,4;1,2). If it is assumed that no 
interaction between electrons takes place, then K can be written as the 
product of kernels K,§*)(3,1) K,°>)(4,2), where the superscript means that 
K, operates only on those variables describing particle a, and similarly 
for K,), 

A second type of interaction gives a result indistinguishable from the 
first by any measurement in accordance with the Pauli principle. This dif- 
fers from the first case by the interchange of particles between positions 3 
and 4 (see Fig. 24-3). Now the Pauli principle says that the wave function of 
a system composed of several electrons is such that the interchange of space 
variables for two particles results in a change of sign for the wave function. 
Thus the amplitude (including both possibilities) is K = K,‘) (3,1) K,">) (4,2) 
K,'2(4,1) K,((3,2). 

A similar situation arises in the following occurrence. Initially, one elec- 
tron moves into a region where a potential is present. The potential creates 
a pair. Finally one positron and two electrons emerge from the region. 
There are two possibilities for this occurrence, as shown in Fig. 24-4. 
Again, the total amplitude for the occurrence is the difference between the 
amplitudes for the two possibilities. 
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FIG. 24-4 


The probability of this occurrence, or the previous, or any other similar 
occurrence is given by the absolute square of the amplitude times the num- 
ber Py. The Py is actually the probability that a vacuum remains a vac- 
uum; because of the possibility of pair production, it is not unity. The Py 
can be computed by making a table of the probabilities of starting with noth- 
ing and ending with various numbers of pairs, as is shown in Table 24-1. 


TABLE 24-1 
Final number 
of pairs Pr obability 
0 Py 1? 
1 Py |K,(2,1)|? 
2 Py |K,(3,1) K,(4,2) -K,(4,1) K,(3,2) |? 
3 etc. 


etc. 


The sum of all these probabilities must equal unity, and Py is determined 
from this equation. The magnitude of P,, depends on the potential present. 
So the ‘‘probabilities’’ taken as merely the squares of amplitudes (that is, 
omitting the Py factor) are actually relative probabilities for various oc- 
currences in a given potential. 

Use of 6, (s’). For the present, the existence of more than one possibility 
for an occurrence (the Pauli principle) will be neglected. The total ampli- 
tude can always be derived from one by interchanging the proper space var- 
iables, making the corresponding changes in sign, and summing all the am- 
plitudes so obtained. 
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The nonrelativistic Born approximation to the amplitude for an interac- 
tion is 


K(3,4; 1,2) = K® + K® 
where, from earlier lectures, 
K) = Ko'#) (3,1) Kg‘? (4,2) 
and 
KY = -i [K (3,4:5,6) V(5,6) K® (5,6; 1,2) dX, dX, dts 


Note that ts = tg since a nonrelativistic interaction affects both particles 
simultaneously. The potential for the interaction is the Coulomb potential 


V(5,6) = e7/rs ¢ 


Separate variables may be used for ts and tg, if the function 6(t; — tg is 
included as a factor. Then 


K® = ~i f [Ky (8,5) Ky (4,6)(e2/r5, 6) (ts — te) Ko (5, 1) Ky (6,2) 
x dts dt, 


where the differential dt includes both space and time variables. It is con- 
ceivable that the relativistic kernel could be obtained by substituting K, for 
Ky, and introducing the idea of a retarded potential by replacing 6(ts — te) 
by d(ts — tg —Y5,¢). However this 6 function is not quite right. Its Fourier 
transform contains both positive and negative frequencies, whereas a photon 
has only positive energy. Thus 


foe) 
6(X) = J, exp (-iwX) dw/2n 
To correct this, define the function 
foe} 
6, (X) = if; exp (—iwX) dw/m 


which contains only positive energy. The value. of the function is determined 
by the integral. Thus, 


6, (X) pee (1/mi)(X — ie) 


= 6(X) + (1/mi)(principal value 1/X) 


Abbreviating ts; — tg =t andrs =r, and taking account of the fact that both 
ts; =tg and t; = tg are possible, the retarded potential is 
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V(5,6) = (e?/2r)[6,(t—r) +6,(-t — r)] 
Exercises: (1) Show that 


(1/2r)[6,(t — r) +6,(-t — r)] = 6, (2 - r’) 


Detining t?- x’ as S5, ‘ , a relativistic invariant, the potential is 
e776 +(S5, moe Another term which must be included is the magnetic in- 
teraction, proportional to —V,-V,. In the notation used for the Dirac 
equation, this product is -a,-a,. It will be found convenient to ex- 
press this in the equivalent form —(Ba@), : (B@),, and in this notation 
the retarded Coulomb potential is proportional to B,8,. These B’s 
come from the use of the relativistic kernel. Thus the complete po- 
tential for the interaction becomes 


©6 4 (85,¢ Ba “By — (BQ) * (Ba), ] = e75(S5 6”) ¥, ¥, 
and then the first-order kernel is 
1 5 Baer Say} 
K! ) (3,451, 2) =~-ie JS fK,(3,5) K, (4,6) yy, 
x 6,(85,.6°) K,'?)(5,1) K,© (6,2) dts dt¢ 
= ie? ff IK, (3,5) yK. (5,14 64 (85,62) 
x [K, (4,6) v, K,(6,2)], dts d7¢ (24-2) 
Here the superscript on Yu indicates on which set of variables the 
matrix operates, just as for the superscripts on K, 
The occurrence represented by this kernel can be diagrammed as 


in Fig. 24-5. This represents the exchange of a virtual photon be- 


3 4 


FIG. 24-5 
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tween the electrons. The virtual photon can be polarized in any one of 
the four directions, t, x, y, z. Summation over these four possibilities 
is indicated by the repeated index of Yu VYy. The integral expression for 
the kernel, Eq. (24-2), implies that the amplitude for a photon to go 
from 5-6 (or from 6 — 5 depending on timing) is 5 (85, 6”). Equation 
(24-2) can be taken as another statement of the fundamental laws of 
quantum electrodynamics. 
(2) Show that 


6, (s’) =-4rf [exp (-ik- X)] d4k/(k? + ie) (27)4 
Thus, in momentum space, 


6, (s*) > —4n/k? 


Twenty-fifth Lecture 


DERIVATION OF THE ‘‘RULES’’ OF QUANTUM ELECTRODYNAMICS 


From the results of the last lecture, it is evident that the laws of electro- 
dynamics could be stated as follows: (1) The amplitude to emit (or absorb) 
a proton is ey,» and (2) the amplitude for a photon to go from 1 to 2 is 
64(S1,2 2), where 
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ns 
oO 
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54(84,2°) = (25-1) 


—40/(k? + ic) 


in momentum Fepreneutevon: It is interesting to note that 6, (s 2 ?) is the 
same as I, (sj,2 2), the quantity appearing in the derivation of. the propagation 
kernel of a free particle, with m, the particle mass, set equal to zero. A 
more direct connection with the Maxwell equations can be seen by writing 
the wave equation, O7A, = 47 Jy in momentum representation, 


-k’a, = 47}, or ay = —(40/k’)j, (25-2) 


We now consider the connection with the ‘‘rules’’ of quantum electrody- 
namics given in the second lecture. The amplitude for a to emit a photon 
which b absorbs will now be calculated according to those rules (see Fig. 
25-1). The amplitude that electron a goes from 1 to 5, emits a photon of 
polarization ¢ and direction K, then goes from 5 to 8 is given by 


[K,(3,5) ¢ v (4me?/2K) exp (-iK* rs) exp (iKts) K,(5,1)], 
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FIG. 25-1 


whereas the amplitude that b goes from 2 to 6, absorbs a photon of polari- 
zation ¢ and direction K at 6, then goes from 6 to 4 is given by 


[K, (4,6) ¢ v (47e2/2K) exp (iK* rg) exp (—iKtg) K, (6,2)], 


The amplitude that both these processes occur, which is equivalent to b ab- 
sorbing a’s photon if tg > t; is just the product of the individual amplitudes. 
If a absorbs b’s photon, the signs of all the exponentials in the preceding 
amplitudes are changed and tg must be less than ts. 

To obtain the amplitude that any photon is exchanged between a and b, it 
is necessary to integrate over photon direction, sum over possible photon 
polarizations, and integrate over ts; and tg, subject to the aforementioned 
restrictions. In summing over polarizations, ¢ will be replaced by Yn and 
a summation over yp will be taken. This amounts to summing over four di- 
rections of polarization, something that will be explained later. Thus 


Amp. for 
photon 
ab 


4ne? 2 J exp[-iK « (r5 — r¢)] exp [iK(ts — te)] 
m7 
x [K(3,5) % K4(5,1)] , ([K4(4,6) ¥, K,(6,2)], 


x (1/2K)[d?K/(2m)3] dt; dt, tg > ts 


N 


Ane? D, J exp [iK- (r5 — Yg¢)] exp[—iK(ts5 — tg)] 
im 


x [K,(3,5)%, Ky (5,1)] 4 [K4(4,6) YyK4(6,2)]p 


x (1/2K)[d°K/(27)3] dt; dt, te<t; (25-3) 
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Comparing this with the result of the last lecture, it must be that 
5, (85,6°) = 4m ip exp [—iK - (r5 — r¢)] exp [iK(ts— tg) (1/2K) 
x [d®K/(27m)3] ts > ts 
= 4m | exp[iK*(r5—1¢)] exp [-iK(ts— te)] (1/2K) 
x [d? K/(27)° ] te < ts 


This can be written in a form which makes the space-time symmetry evi- 
dent by using the Fourier transform 


exp (-iK|t|) =, [2iK/(w? —K?+ ie)] exp (-iwt) dw/2m 


so that the foregoing equation becomes 


e —jk- = a! 
64(S5.¢°) =—40 if Se al = (25-4) 
? ky - K:K+ie (27) 
and comparing this with the result of the last problem of Lecture 24 estab- 
lishes that the rules given in Lecture 2 are consistent with relativistic elec- 
trodynamics developed in the last lecture. 


ELECTRON-ELECTRON SCATTERING 


The theory will now be used to obtain the electron-electron scattering 
cross section. The diagrams for the two indistinguishable processes are 
shown in Fig. 25-2. 


Bs Bi Bs By 
A 
Yu Yu 
Bi Bo Bi Bo 
d= Br — Bs = Ba — Be A = By — Bs = Ba — Bt 
R ) 


FIG. 25-2 
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The amplitude expressed in momentum representation is obtained as 
follows: Write Eq. (25-3) [with the aid of Eq. (25-4)] as 


a 4 
FZ SK. 8.5% 646.0) ry [K+4,6) Wy Ki6,2)p en ! 
m —_" 


x dts dt, 


Since electron state 1 is a plane wave of momentum jy, and electron state 3 
is a plane wave of momentum #3, it is clear that in momentum representa- 
tion the spinor part of the first bracket will become (ug Vy uy) and the spinor 
part of the second bracket will become (u4¥, U2). Integration over 7; and 7, 
produces the conservation laws given at the bottom of the diagrams. Drop- 
ping the integration over q puts the photon propagation in momentum repre- 
sentation directly. Thus the matrix element can be written 


(Tgp Up)(Tz¥, 44) — (Uy Yy U4) (Ts Yy Ug) 
hie enti ut a ems Yaa 
eee (By — #3)” (4 — Bo)? 


The first term comes from diagram R, the second from diagram S, and the 
summation over p is implied. In the center-of-mass system, the probability 
of transition per second is 


E’p? dQ 


20 EY pe dst 
(21)? 2Ep? 


(2E)4 |M [? 


Trans. prob./sec = ov; = 


(see Density of Final States, Lecture 19). The method of Lecture 23 can be 
used to average over initial spin states and sum over final spin states. For 
example, the sums over spin states that result from R by R matrices and 
R by S plus R by S$ matrices are 


es Sp [(By + m)¥y,(B2 + m) Yy] Sp [(B3 + m)¥ (641 +m)Y¥, | 
RR-> Ev} 
(1 — Bs)“] 


= - Sp [(4 + m) ¥, (; + m) ¥,, (3 + m)¥, (Bo + M) Vy] 
_, _ Sp l@s + m)¥ i + m) %y M3 + m)%, 2 + mM) Yu) 
aie (1 — Bs)” (By — By)? 


By judicious use of the spur relations given in Lecture 23 the following dif- 
ferential cross section is obtained (alternatively, Table 13-1 could be used 
to calculate M directly): 


ag= 2e! p dQ E& 8x cos 6+ 2(1 — cos? 6) + 4 cos 0 
BE? (1 — cos 6) 


is 4x? — 8xcos@+2(1—cos?6)-4cos@  __4(1 + x)(x — 3) | 


(1+ cos 6)? (1—cos 6)(1+ cos 6) 


126 QUANTUM ELECTRODYNAMICS 


E,p 


FIG. 25-3 


where x = E”/p’. This is called Méller scattering (see Fig. 25-3). 


Problems: (1) Calculate positron-electron scattering by the pre- 
ceding method. 

(2) Find the cross section for a uw meson to produce a knock-on 
electron. Assume that the uw meson satisfies the Dirac equation with 
S = 1/2 and no anomalous moment. Remember that the particles are 
distinguishable and hence there is no interchange of particles. 

(3) Calculate the expected electron-proton scattering cross section 
assuming the proton has no structure but does have an anomalous 
moment. The Dirac equation for a proton is (see page 54) 


(iv + M -eX ~(u/4M)¥,¥, Fy) ¥ = OF 

Thus the perturbing potential can be taken as (see page 54) 
eX + (eu/4M) ¥,V, (Vi Ay - VyAy) 

and the coupling with a photon is 


e¢ + (eu/4M)(d¢-¢d) or ey, + (eu/4M) AY, - YA) 


The Sum over Four Polarizations. In classical electrodynamics, longitu- 
dinal waves can always be eliminated in favor of transverse waves and an 
instantaneous Coulomb interaction. This is the approach used by Fermi (see 
Lecture 1), and it will now be demonstrated that the sum over four polariza- 
tions is also equivalent to transverse waves but plus an instantaneous Cou- 
lomb interaction. If instead of choosing space directions x, y, z, one direc- 
tion parallel to Q (photon momentum) and two directions transverse to Q 
are taken, the matrix element can be written 


¢ For the proton p = 1.7896. 
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M/—i4me® = (1474 Ug)(1/a2)(Ug¥¢ 44) — (Ug ¥Q Ug) (1/a2) (Ug Yq Uy) 


— DY (ag Ver a2) (1/q2) (05 Ven UY) 


2 tr. direc. 


where Yo is the y matrix for the Q directions and 7, represents the y ma- 
trix in either of the transverse directions. The matrix element of g = qu 
—QYq is zero in general (from the argument for gauge invariance). ¢ Thus 
Yq can be replaced by (q4/Q)y_ with the result 


M = 1 a \ ~ ~ lw 
=(u Uy) |l-za](u uy) — u U9) = (U u 
ae 4Vt 2) G2 af) 3 Yt U4) 21 | 4Ytr U2) q? 3 Ytr U4) 


re Ne As ee 
= ~(U4¥eU2) 02 (ugy¢U4) — Dy (UY er U2) 92 (U3 Y¢r U4) 
1,2 


Now 1/Q? represents a Coulomb field in momentum space and y; is the 
fourth component of the current density or charge, so that the first term 
represents a Coulomb interaction while the second term contains the inter- 
action through transverse waves. 


+ In our special case, it is easy to see directly, for example, 
(ug Ate) = (Uy (Bz —By)u2) = (Ug Bog) — (Ug Bg U2) 


= m(U4 U2) — m(U4 Ug) =0 


Discussion 
and Interpretation 


of Various 
“Correction” Terms 


Twenty-sixth Lecture 


In many processes the behavior of electrons in the quantum -electrody- 
namic theory turns out to be the same as predicted by simpler theories save 
for small ‘‘correction’’ terms. It is the purpose of the present lecture to 
point out and discuss a few such cases. 


ELECTRON-ELECTRON INTERACTION 


The simplest diagrams for the interaction are shown in Fig. 26-1. The 
amplitude for the process has been found to be proportional, in momentum 


B3 Ba Bs Ba 


FIG. 26-1 
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, 
representation, to 


(U3 7 y wy) (B47 y U2)/q? 


where q = (Q, q,) and Q is the momentum exchanged by the two electrons. 
Also, since g = p, — p3 it follows that 


(ug qty) = (us (fy — Bg)uy) = 0 
From this identity it was deduced in the last lecture that the amplitude for 
the process as just given is equivalent to 
[— (Ug ¥¢ 04) (U47¢ U2)/Q7I— D7 (Ug Ver U4 Yee Ue)/a? 
1,2 


’ 


By taking the Fourier transform of the first term, it can be seen that it is 
the momentum representation of a pure, instantaneous Coulomb potential. 
The second term then constitutes a correction to the simple Coulomb inter- 
action. In it yz, denotes the y’s for two directions transverse to the direc- 
tion of Q. 

For slow electrons, the correction to the Coulomb potential may be sim- 
plified and interpreted ina simple manner. Note that in this case 


Q=P; — Ps 
and 
qa = Ey — Ey © [m+ (p/2m)] — [m + (p3’/2m)] = (py? — ps’)/2m 
= [(pi+p3)/2m] (py — ps3) * v(Py — ps) 
so that ai ~ v’Q? and @ in the denominator can be replaced by -Q? with 


small error. (In the C.G. system, q, = 0 exactly.) The correction term be- 
comes 


+>) (Ug Yer uy) (U4 Yep up) / Q? 
1,2 


but 


(Ug Ytr Uy) = Us* Oy, UY 


It is recalled that u = Go) where u, is the large part and u, the small 
b 
part and that in the nonrelativistic approximation 


up © (1/2m)(o * Mu, 
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Also, since 


it follows that (taken between positive energy states) 


> arr: 
ust au, = ugtut(? 7) (M2) = (a* cunt utou 
Fert = Waal a of \uz/ ‘Usa Usb * Usb ta)er 


= 1/2m [u33 o (oeIl;) + (0° H3)o ya) 


In free space II=p, so the x component, for example, of the foregoing ma- 
trix is 


Oy (Ox Pix + Oy Piy + Oz Piz) + (Ox P3x + Oy Pay + Oz P3z) Ox 


= (Pi + P3)x + ilo, (Pi —P3)y — oy 1 - Ps)2] 


where the commutation relations for the o’s have been used. From this it 
is easily seen that the amplitude for the correction to the Coulomb potential 
may be written altogether in the form 


1 fis bites, 2X (pi P| } 
27 {ust 2m 1 2m Uja 


Petes _; 2X (p2— po] 
x {ual 2m 1 2m ze Ugg 


The first terms in each of the brackets represent currents due to motion of 
the electron transverse to Q and the second terms represent the transverse 
components of the magnetic dipole of each. So altogether it appears that the 
correction arises from current-current, current-dipole, and dipole-dipole 
interactions between the electrons. These interactions are expected even on 
the basis of classical theory and ‘were described by Breit before quantum 
electrodynamics, hence are referred to as the Breit interaction. 

Consider the dipole-dipole term arising in the correction factor. Since 
Q=Pi — P3 = P2 — Py it is 


» (01% Q)er (02 XQ)ty /Q? 


1,2 


But since o@X Q is zero when o and Q have the same direction, the sum 
could as well be over all three directions and then it is equivalent to a dot 
product. That is, this term of the correction is 


(0, x Q) - (0, * Q)/Q? 
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By taking the Fourier transform { this will be seen to be the momentum 
representation of the interaction between two dipoles as was stated. 

Note that the approximation q4y ~ (v/c)Q used above applies only between 
positive energy states. For, if one of the states represents a positron, then 


q4 = E; — Ep = 0 


2m 


However, 2m is very large, so the correction is still small. It is necessary 
to redo the analysis nevertheless. 


ELECTRON-POSITRON INTERACTION 


It would appear that, since the electron and positron are distinguishable, 
the Pauli principle would not require the interchange diagram, leaving as the 
only one Fig. 26-2. 


BY Bu 


Bs Be 
FIG. 26-2 


But it is still possible by the same phenomenological reasoning to con- 
ceive of the diagram in Fig. 26-3, which would represent virtual annihilation 
of the electron and positron with the photon later creating a new pair. It 
turns out that it is necessary to regard an electron-positron pair as exist- 
ing part of the time in the form of a virtual photon in order to obtain agree- 
ment with experiment. 


¢ Notice that (a; X Q)* (a, X Q) exp (—iQ* x), which will appear in trans- 
form integral, is the same as —(o; X V)* (a2 x V) exp (-iQ*x), where V is 
the grad operator. This device enables an integration by parts, whichgreatly 
simplifies the process and the result. Thus, since the transform of 1/Q? is 
1/r, the coupling is —(o, x V)-(o2* V)(1/r), which is the classical energy 
for interacting magnetic dipoles. 
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By Bs 


B3 Bo 
FIG. 26-3 


From the point of view that positrons are electrons moving backward in 
time, Fig. 26-3 differs from Fig. 26-2 only in the interchange of the ‘‘final’’ 
states 3, f,. The Pauli principle extended to this case continues to oper- 
ate; the amplitudes of the two diagrams must be subtracted, since they dif- 
fer only in which outgoing (in the sense of the arrows) particle is which. 


POSITRONIUM 


An electron and positron can exist for a short time in a hydrogenlike 
bound state known as the atom positronium. The ground state of positronium 
is an S state and may be singlet or triplet, depending on the spin arrange- 
ment. As has been indicated in assigned problems, the 1S state can anni- 
hilate only in two photons, whereas the °S state decays only by three-photon 
annihilation. The mean life for two-photon annihilation is 1/8 x 10° sec and 
for three photons it is 1/7 x 10° sec. 


Problem: Check the mean life 1/8 x 10° sec for two-photon anni- 
hilation using the cross section already computed and using hydrogen 
wave functions with the reduced mass for positronium. 


Figure 26-2 contributes the Coulomb potential holding the positronium 
together. The correction term (Breit’s interaction) arising from this same 
diagram contributes a dipole-dipole or spin-spin interaction that is different 
in the 35 and 'S states (the current-current and spin-current interactions 
are the same for both states). Thus this amounts to a fine-structure sepa- 
ration of the 3S and 'S states which can be shown to be 4.8 X 1074 ev. 

In view of the fact that a photon has spin 1, and the 1S state of positro- 
nium spin 0, conservation of angular momentum prohibits the process in Fig. 
26-3 from occurring in the 1S state. It does occur in the 3S state, however. 
The term arising from this diagram is small and, therefore, constitutes an- 
other fine-structure splitting of the 3S and 'S levels. It can be shown to 


‘*CORRECTION’’ TERMS 133 


amount to 3.7 x 1074 ev in the same direction as the spin-spin splitting. It 
is referred to as splitting due to the ‘‘new annihilation force.’’ 

In order to calculate the term arising from Fig. 26-3, one needs to com- 
pute 


— (Ug Yy U4) (Us %y U2)/a? 


In this case @ = 4m? (Q = 0 in the C.G. system), and all matrix elements 
are 1 or 0 (regarding particles as essentially at rest in the positronium), 
so the result is just a number. This means that taking the Fourier transform 
one gets a 6 function of the relative coordinate of the electron and positron 
for the interaction in real space. For this reason it is sometimes referred 
to as the ‘‘short-range”’ interaction of the electron and positron. 

The combined fine-structure splitting due to the effects already outlined 
turns out to be represented by 


(1/2) a? Rydberg (7/3) 
where a ‘is the fine-structure constant. This amounts to 2.044 x 10° Mc, 
using frequency as a measure of energy. 


There is still another correction, however, not yet mentioned, arising 
from diagrams, suchas Fig. 26-4, where the electron or positron may emit 


FIG. 26-4 


and reabsorb its own photon. Taking this into account, the fine-structure 
splitting in positronium is given by ¢ 


(1/2) a Rydberg {(7/3) — [(32/9)+ 2 In 2] (a/7)} 


+Phys. Rev., 87, 848 (1952). 
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having a value of 2.0337 x 10° Mc. The experimental value for the positro- 
nium fine structure is 2.035+0.003 Mc, so it is seen that this last correction, 
though of order @ smaller than the main terms, is necessary to obtain 
agreement with experiment. It is referred to both in positronium and in hy- 
drogen as the Lamb-shift correction because of its experimental observa- 
tion by Lamb as the source of the small splitting between the ’8/. and ?Pj, 
levels in hydrogen. In general, it comes under the heading of self-action of 
the electron, to be treated in more detail later. 


TWO-PHOTON EXCHANGE BETWEEN ELECTRONS AND/OR 
POSITRONS 


It is easy to imagine that processes, indicated by the diagrams in Fig. 
26-5, may occur where two photons instead of one are exchanged. Although 


FIG. 26-5 


it has not been necessary to consider such high-order processes to secure 
agreement with experiment, it may become necessary as experimental re- 
sults improve. The amplitudes for the processes may be written down easily 
but their calculation is difficult. The amplitude for case II in space-time 
representation is, for example, 


~e! SI ff 1K.8.7)y K4(7,5) KD) IK, 4,8) 7p K (8,6) 7, 
x K,(6,2)] 6 4(s77,6)54(8"5,8) A75 dt dty dts 
or in momentum representation it is 
—(anyret J( ON ESE ERAS as)(a ——_ us) 
(41 )*e J U3 y 4, -K —m " 1 4Yy o-k—m 7 2 


. d4 Ky 
ky? ky” (27)! 
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Bs 


FIG. 26-6 


where 
Bo — Ko + Ki = Ba or Ko = Bo + Ki — By 


(see Fig. 26-6). Thus it is possible to determine Ky and Ko in terms of each 
other but not independently; that is, the momentum may be shared in any 
ratio between the two photons. It is for this reason that the integral over Ki 
arises in the expression for the amplitude. 


Twenty-seventh Lecture 


SELF-ENERGY OF THE ELECTRON tf 


In Lecture 26 the following idea was introduced: An electron may emit 
and then absorb the same photon, as in Fig. 27-1. Then the propagation ker- 
nel for a free electron moving from point 1 to point 2 should include terms 
representing this possibility. Including only a first-order term (only one 
photon is emitted and absorbed), the resulting kernel is 


K(2,1) = K,(2,1) — ie? ff Ky (2,4) % K4(4,3) 7, K4 (8, 1) 64(84,3°) 
x dt dt; (27-1) 
The correction term in this equation is written down by an inspection of 


the diagram, following the usual procedure for scattering processes. In the 
present case, the initial and final momenta are identical. Therefore the 


7R. P. Feynman, Phys. Rev., 76, 769 (1949); included in this volume. 
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nondiagonal elements in the perturbation matrix will all be zero. A diagonal 
element is one in which the resulting wave functions of a particle remain 

in the same eigenstate. For time-independent perturbations, it was shown in 
the development of perturbation theory that the only effect on such wave func- 
tions is a change in phase, proportional to the time interval T over which 
the perturbation is applied. The resulting wave function is 


exp (-iE,T) exp[—i(AE)T] (27-2) 


Since the perturbation effect (AE)T is small, the second exponential can 
be expanded as 1 — i(AE)T + ::: and higher-order terms neglected. It is the 
second term of this expansion which is represented by the integral on the 
right side of Eq. (27-1). The representation is not yet an equality, since 
certain normalizing factors are different in the two expressions. 


FIG. 27-1 


To obtain the correct equation proceed as follows: First, itis clear that 
the probability of the occurrence depends only on the interval in space and 
time between points 3 and 4, and not at all on the absolute values of the 
space and time variables. So suppose a change of variable is made so that 
dt, represents the element of interval (in space and time) between 3 and 4. 
Then write the integral in Eq. (27-1) 


SS Fa) yy, K 44,3) yy 54 (64,59) £8) d7y xs dty (27-3) 


where it is clear that the operators K, and 6, depend only on the interval 
3-4, 

Second, expression (27-2) contains the time-dependent part of the wave 
function, exp (—-iE,t), because it was assumed that the wave functions used 
did not contain time factors. In Eq. (27-3), f(3), £(4) do already include the 
time-dependent part, so it should be omitted in Eq. (27-2). 
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Third, the normalization of wave functions is different for the two ap- 
proaches. For the development that led to Eq. (27-2), the normalization 


[wy av=1 
was used. For the present development the normalization is 

J u*u dv = (2E/cm’) -V (27-4) 
Thus, to establish an equality, expression (27-3) must be divided by the nor- 


malizing integral of Eq. (27-4). 
The resulting expression is 


. mie? {fF (4) yK+(4,3) 7,6 484,570 (8) dry dPxs dt 
-1 AET = —— 


The integral over d>x3 gives a V which cancels with the denominator, and 
the integral over dt; gives a T which cancels with the left-hand side, so 
finally “ 


2EAE=+e? f Uy, K4(4,3)%y5 454,394 dry (27-5) 
Note that the integral is relativistically invariant. Further, since p is 


the same before and after the perturbation and E? = m?+ p?, the change in E 
can be taken as a change in the mass of the electron, from 


2E AE=2m Am 


Using this expression, and transforming to momentum space, 


2 


_4ne? pw 1 dék 1 
BN omni J i (4 p—K—-m #]" (any! & 278) 


The integrand may be rewritten from 


1 Yy 6 —K+m)7y 2m + 2K 
Yu y—K—m f-2p-k+k’-m? ~~ k? -2p'k 


using su = mu and the relations of Lecture 10. Then Eq. (27-6) becomes 


Are? 2m + 2K d‘k 1 
=o — 27-6 
aa Lie a (any! ke? vo 


This integral is divergent, and this fact presented a major obstacle to 
quantum electrodynamics for 20 years. Its solution requires a change in the 
fundamental laws. Thus suppose that the propagation kernel for a photon is 
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(1/k*)c(k’) instead of just (1/k?), where c(k*) is so chosen that c(0) = 1 and 
c(k’) 0 as k2—*~, In space representation the modification takes the form 


5 484,22) £4(84,22) = JS 1/k2)c(k2) exp (—ik x) d’k/(2m)4 
(27-7) 


The new function f, differs significantly from 6, only for small inter- 
vals. This is clear from the fact that if the high-frequency components are 
removed from the Fourier expansion of a function, only the short-range de- 
tails are modified. In the present case the size of the interval over which 
the function is modified can be described roughly as follows: Consider a 
large number, »?, and suppose that so long as Rx rn, c(k’) = 1. Then (from 
the exponential term) differences will occur when the interval s?x1/)?. Call 


gage awe 


FIG. 27-2 


this value a’, and the general behavior of f, is shown by Fig. 27-2. Thus a? 
is sort of a ‘‘mean width” of f,. If a2« 1, as assumed, then when 


t?- yr? = a? t~r#a’/er (27-8) 


which is the size of the interval. The significance of the form of f,(s’) can 
be understood from the following. The original function, 6,(s”) differs from 
zero only when s? = t? — r’=0. That is to say, an electromagnetic signal can 
reach a point at distance r only at a time t such that t? — r°=Oort=r 
(i.e., the speed of light is 1). This is no longer true for f,(s?). The depar- 
ture is obtained by a measure of t — r. But, by Eq. (27-8), for all values of 
r >a this measure is negligible. Thus, depending on ”, the laws will be 
found unaffected over any practical distance. 
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Choosing A*>> m?, a practical (and general) representation of c(k’) is 
o(k2) =f G(A) da (-A2)(k2 — a2)7! 
and the simple form is suggested, 
c(k*) = -A2/(k? — A?) 
From this, obtain the propagation kernel as 
1/k2(-A2)(k? - A2)7! = 1/k? — 1/(k? —A?) 


The second term is that for the propagation of a photon of mass A; how- 
ever, the minus sign in front of the term has not been explained so far from 
this point of view. 

A convenient representation for this kernel is the integral 


2 
x 
-f dL/(k? — L)? (27-9) 
Introducing this kernel into Eq. (27-6’) in place of 1/k° gives 


f 2m+ 2K dtk (_—n? 
k2 -2p:k k? k?2 <= r2 (27-10) 


which can be written as the sum of two integrals, which differ only by having 
m or K in the numerator, thatis, m or k, (since K= ko¥o)- 


METHOD OF INTEGRATION OF INTEGRALS APPEARING IN 
QUANTUM ELECTRODYNAMICS 


We shall need to do many integrals of a form similar to the preceding 
one. A method has been worked out to do these fairly efficiently. We now 
stop to describe this method of integration. 

Everything will be based on the following two integrals: + 


© (Likg)dtk speek 
Ie (ame + ie — Lys ~ 82m iL)” (10) (27-11) 


1 
if [ax + b(1—x)]~? dx = 1/ab (27-12) 
In Eq. (27-11), to write a little more compactly, we use the notation (1;k,) 
to mean that either 1 or ky is in the numerator, in which case, on the right- 


hand side the (1;0) is 1 or 0, respectively. To prove the first of these, note 


+R. P. Feynman, Phys. Rev., 76, 769 (1949); included in this volume. Note 
that in the article d‘k is equivalent to 4n*[ dé k/(27)*} in our notation. 
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that, if k, is in the numerator, the integrand is an odd function. Thus the 
integral is zero. With 1 in the numerator, contour integration is employed. 
Write the integral 


LISLE Sle? + ie - (U4 B17 aw ae 


Then for €« L+k*, there are poles at w=+I[(L+ k2)1/2 — ie], and contour 
integration of w gives 


i fw + ie — (L +k) J” dw = 2mi[ -2(L + k2)-12] 7 
with the contour in the upper half-plane. Two differentiations with respect 
to L give ’ 
Fr tu? + ie — (L+k’)] > dw = (61/161)(L + ee? 
Then the remaining integral is 
SLES cern? Bie= am [i+ ey? be dk 
= 4n (k3/3L(L+ k2)3? | I; = 4n/3L 


which proves Eq. (27-11). If k—p is substituted for the variable of integra- 
tion in Eq. (27-11), the result is 


ipa NE 2 i(p? + Ay] 72 (1; 27-13 
-o (anyike — 2p°k Ay? o2™ iP ) Pg) ( ) 
By differentiating both sides of Eq. (27-13) with respect to A or with respect 
to p;, there follows directly 
sr (sk osk kj )d’k [1;Po PoPj — (1/2)59j (p* + A)I 
—-0O 


(2m)! (k? — 2p -k—A)! 967? i(p’ + A)” 


Further differentiations give directly successive integrals including more k 
factors in the numerator and higher powers of (k? - 2p -k —A) in the de- 
nominator. 


Twenty-eighth Lecture 


SELF-ENERGY INTEGRAL WITH AN EXTERNAL POTENTIAL 


Last time it was found that the self-energy of the electron is equivalent 
to a change in mass 
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4ne? ¢ u(2m+t2K)u —r? 1 d‘k 
Mies nip = Zi 2 ( 2_ 2) 2 (ont (28-1) 
2m k* — 2p -k \k AS] k* (27) 


and that this could also be expressed in terms of integrals, 


i f (1;k,) d‘ 
rg, OE (k? — 2p: k)(k? — L)? (27)4 ee) 


It was also found that 
+, 
i (ik) d 4 


a i (28-3) 


Using the definite integral 


1 2 
Sk fee Oe (28-4) 
0 | 


ab? ax + b(1 — x)]° 


the denominator of the integrand of Eq. (28-2) may be expressed as 


1 = ie 2(1 — x) dx 
(k? — 2p °k)(k®-— L)? “0 [k? — 2xp - kk — L(L — x)? 


so that Eq. (28-2) becomes 


2 d*k (1;k,) 2(1 - x) dx 
I=-f aL Sf [k? — 2xp- k — L( — x)]° (2m)! ere) 


The integral over k can be done by using Eq. (28-3) with the substitutions 
xp for p and L(1 — x) for A, giving 
(1;p,) 2(1 — x) dx 


“es oe = 
Ae p qb J) [sont Eep + LU x)] ee 


The integral over L is elementary and gives 


1 
I = —2(32n? i)! J dx (1;xp¢) In [(1 —x)2 + m?x?2/m? x?] 


When A? > m?, it is legitimate to neglect m? x? in the numerator [it is true 
that when x1, (1 - x)A? is not much larger than m? x, but the interval 
over which this is true is so small, for n2 >> m?, that the error is small], 


so that, when the x integration is performed, ft 


1 1 
tf mnik®Q- 9) dx=1 fx Infx?(1 - 9] dx = -1/4 
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I © — (32m? iy-!{ 2[InQ?/m?)+ 2]; pglln(A?/m?2) — 1/2]} 


X>>m? 
The change in mass is [from Eq. (28-1)] 
Am= (4n?/2mi) (-32n7i)7! (a {2m[2 In (A2/m2) + 2] 
+ 2p [In (A?/m?) — (1/2)]}u) 
Since fu = mu and (uu) = 2m, this can be simplified to 
Am/m = (e?/2m) [3 In (A/m) + (3/4)] (28-6) 


Now (e2/27) is about 107%, so that even if A is many times m, the fraction 
change in mass will not be large. The interpretation of this result is as fol- 
lows. There is a shift in mass which depends on A and hence cannot be de- 
termined theoretically. One can imagine an experimental mass and a theo- 
retical mass which are related by 


M exp= Mt, + Am (28-7) 


All our measurements are of Mexp > that is, self-action is included, and m,, 
the mass without self-action, cannot be determined. More accurately stated, 


a theory using Mexp, plus 
e*/fic self-action minus 
Am as computed for a 
free particle 


{22 theory using m4, and 


2? Mie self-action } is equivalent to 


When the electron is free, the e2/tic self-action term exactly cancels the 
Am term and a theory using Mexp is exactly correct. When the electron is 
not free, e?/fic self-action is not quite equal to the Am term and there is 
a small correction to a theory using Mexyp. This effect leads to the Lamb 
shift in the hydrogen atom, and, in order to calculate such effects, we shall 
now consider the effect of self-action on the scattering of an electron by an 
external potential. ° 


SCATTERING IN AN EXTERNAL POTENTIAL 


The diagram for scattering in an external potential is shown in Fig. 28-1, 
and the relationships for this process, excluding the possibility of self- 
action, are as follows: 

Potential: d(q) = ¥¢ (47Ze/Q?) 6(q4) | for Coulomb potential 

Matrix element: M = —ie(U)du;) 

Conservation relation: p, = p, + 
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By 
FIG. 28-1 


First-order self-action will produce the diagrams shown in Fig. 28-2. The 
amplitude for process is obtained in the usual manner. For example, dia- 
gram I gives 


s 4ne? 7: Sti hen ee Sd 2) +4 -4 44 
I, = i S(t to —-K —m dopo Wes) (e) (27) dk 
Rationalizing the denominators and inserting the convergence factor, this 
becomes 


: _ re? (U2%y (bp —K+ ml] dlpy-K+m) yur) -a? 
A (k? — 2p» ° k)(k? — 2p; * k) k? — A? 


d‘k 


x (20)~4 ae (28-8) 


This expression also happens to diverge for small photon momenta (k) (a 
result which has been called the ‘‘infrared catastrophe,’’ but which has a 


po Be 
Y 
Be -k K 
d iw 
1 
II 


FIG. 28-2 
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clear physical interpretation, discussed later). Temporarily the k? under 
d‘k will be replaced by (k? — A? min ), where Neen <«< m?, to make the inte- 
gral convergent. This is equivalent to cutting off the integral somewhere 
near k=) min, and the physical interpretation is left to Lectures 29 and 30. 
To facilitate the integration over k, the following identity is used: 


2 
2 (CL hae SS 
Renin ak a CR eT: 


= Aeniné » a = 


1 


a eee 
k? — dX min 


since A2>> m? > Mae . This substitution produces integrals of the form 


x (13k ikgk,)(27)~4 d'k 
2 dL J 2 2 2. : 2_7\2 
min (k" — 2p; * k)(k" — 2p2 * k)(k" —L) 


To evaluate these integrals, we make use of the identity 
; 2 
(aby = [ dy/[ay + b(1 - y)] 


so that 


1 “ f dy 
(k? — 2p; + k)(k? - 2p.°k) “0 (k? — 29, * ky? 


where py = yp1 + (1 — y)p2. Performing integrations in the order, k, L, y, 
and using the appropriate integrals in Eq. (28-6) gives as the matrix to be 
taken between states uy, and uy, 


2 
e m 20 4 
M = = _- + + 
1” 20 E (im d min i)(1 tan 53) dices aes TT 


6 
al q@ tan a aa] 4 


2 
+ ales dd ~ dey Pe + va | (28-9) 


sin 20 
where r = In(A/m) + 9/4 — 2 In(m/Amin) and 4m? sin? 9 = q’. 
It is shown in Lecture 30 that diagrams II and III (Fig. 28-2) produce a 
contribution M, + M3 = —(e?/2m)rd , which just cancels a similar term in M3. 


When q is small, 0 (q2)'2/2m, and the sum M, + M, + M3 can be approxi- 
mated by 
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noe (isd 4g? m__ 3 
Me 4 E (dd — dd) +30 a (in = 5) (28-10) 


X min 


The (fd — dd) can be written out 
idd — dd) = Yup (Qpay i Ay dy) 


But Gp is the gradient operator so this can be written, in coordinate repre- 
sentation, 


VuVy (YAY — Vy Ap) = + Wy PF yy 


[see Eq. (7-1)]. Reference to page 54 shows that the effect of a particle’s 
having an anomalous magnetic moment is to subtract a potential p YM Fu 
from the ordinary potential 4 =, A, appearing in the Dirac equation. Since 
this is precisely what the first term of Eq. (28-10) does, one can say that 
this part of the self-action correction looks like a correction to the elec- 
tron’s magnetic moment, so that 


elec = (e/2m)[1 + (e?/27)] 


Note that this result [and (28-9) and (28-10)] does not depend on the cutoff 
A, and hence A can now be taken to be infinity. 


Twenty-ninth Lecture 


It has been shown that when a particle is scattered by a potential, the pri- 
mary effect is that of 4, and that for diagram I (Fig. 28-2) a correction term 
arises which is 


FIG. 28-2 


+R. P. Feynman, Phys. Rev., 76, 769 (1949); included in this volume. 
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2 
e m 20 4 
21 E (in A min 1) (2 tan =) aud tan 20 


2 
20 eed 


sin 20 20 


F) 2 
x ff a tana] d+ aes Od ~ at) 


It remains to show that the combined effect of diagrams II and III (Fig. 28-2), 


Bo Be 
Y, 
d uf Be -k K 
Bi d Yu 
Bi-K K 
Z ll 4, III 
FIG. 28-2 


when considered along with the effect of the mass currection, is another 
correction term, 


—(e?/2m)rd 


just canceling the last term in the preceding expression. It is recalled that 
the necessity for considering the effect of the mass correction together with 
the self-action represented in diagrams I, II, and III is that the theory being 
developed must contain the experimental mass rather than the ‘‘theoretical’’ 
mass. 

Suppose that in the Dirac equation 


(iv — my)¥ = eAY 


my, , the theoretical mass, is replaced by m — Am, where m is the experi- 
mental mass; then 


(iv — mt = e(A +Am)v 


The mass correction Am is just a number, so that in momentum represen- 
tation it is a 6 function of momentum. Hence from the form of the foregoing 
equation, it is seen to behave like a potential with zero momentum and in- 
volves no matrices. Diagrammatically its effect may be represented as in 
Fig. 29-1. The minus sign is used because the effect of the mass correction 
Am is to be subtracted from the results obtained from diagrams I, II, and 
III (Fig. 28-2) alone. For diagram II the amplitude would appear to be 
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-Am 
dA 
-Am 
I’ III’ 
FIG. 29-1 
~ 1 (Az 1 1 d‘k -A ) 
Une Sat d J $1-K—m KA, (2m)! k? — 22 


and for diagram II’ (Fig. 29-1), 


—u 4 [1/(6,- m)] (Am)uy 


But the part of the amplitude for diagram II (Fig 28-2) contained in the pa- 
rentheses is just Amu, so that II and II’ seem to cancel. A similar result 
applied for diagrams III and III’. This is an error, however, arising from 
the fact that both of these amplitudes are infinite, owing to the factor 6—m 
in the denominator. Hence their difference is indeterminate. But by sub- 
tracting them properly it will be found that their difference does not vanish. 

The method proposed to accomplish this subtraction will, in fact, give 
the combined effect of the self-action and mass correction of both diagrams 
IIand I and I’ and III’. It is based on the fact that an electron is never 
actually free. An electron’s history will have always involved a series of 
scatterings, as will its future. These scatterings will be considered as oc- 
curring at long but finite time intervals. It will be sufficient to calculate the 
effect of self-action and the mass correction between any two of these scat- 
terings, since the result will evidently be the same between each pair of 
them. :Then, the effect will be accounted for simply by regarding a correc- 
tion, equal to that calculated for one of the intervals between scatterings, 
as being associated with the potential at each scattering (number of inter- 
vals equals number of scatterings). Then, considering a single scattering 
event as here, this correction to the potential represents all the effects of 
diagrams J, III, I’, and III’. 

For an electron which is not quite free, p =m? exactly, but instead 


Pp = m?*(1 + e)? 


where 
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me = hi/T 


by the uncertainty principle, and T is the interval between scatterings. 
Since T is large, € is a small quantity. Let p = (1+ €)y, where fy is the 
momentum of a free electron. 

If d and # are the momentum representatives of the scattering poten- 
tials at a and b (any two scatterings), then the matrix of the amplitude to 
go from the initial state at a to the final state at b without any perturba- 
tions is 


Bot de Bem a = Be 


~-m 2m’ e€ 


up to terms of order €. With the perturbations of self-action and mass cor- 
rection, this matrix is 


d‘k —) 
warn? ce pe ee A ere od op OK 2, As 
von JB p—K—m *# eg Cee Kd? 


1 
Be OO oan 
b b 
K 
Am 
A 4 
(a) Without perturbation (b) With perturbation of self-action 
and mass correction 
FIG. 29-2 


It is the value of this matrix compared to that of the unperturbed matrix 
which gives the desired correction term (see Fig. 29-2). 


Problem: Show that for two noncommuting (or commuting) oper- 
ators A and B, the following expansion is true: 


fe 
AtB A 


Using the result of the preceding problem, one can write 
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ee ig ream ee ie eet tee ore eee Sey 
b-K-m poteh-K-m p~yo-K-m  pfy-K-m 


xe + 
Bo p —-K-m 
so that the foregoing matrix becomes 
1 pt d‘k -r? 
2 aa oe eo OKA, 
tee ie Ze Yu ¥y)—k—m “# 2m’e re # ain Ke -M 


Sia 1 1 dtk 
mee Seine Ze %H fy —k—m © fy —k—m in 


awe 


k? — 2? 2me 


The first and last terms are identical, up to terms of order €, hence may be 
canceled. The integral in the second term has already been done essentially 
in computing diagram I (Fig. 28-2), except here py replaces 4, py, and po, 
so that ¢g = pf, — fy = 0 in this case and gives the result 


oy btm y, bem y 


2m*%e 2m? 


To this order in € the p’s in the numerator may be replaced by fyo’s. It is 
also noted that since pou = mu, 


(By +m) Bo (J + m) = 2m?(p + m) 


so that the foregoing result may be written 


2m’? 


This is just —(e?/2mn)r times the matrix for no perturbation. Hence the cor- 
rection term due to diagrams II, III, II’, and III’ is obtained simply by re- 
placing the scattering potential ¢ by —(e*/27)rd, as was stated earlier. 

It should be noted that the difficulty in obtaining the proper subtraction of 
the self-action and mass corrections just clarified does not represent a 
‘‘divergence’’ problem of quantum electrodynamics. It is a typical problem 
which could as well arise in nonrelativistic quantum mechanics if, for ex- 
ample, one chose some nonzero value as a reference of potential, that is, 
regarded a free electron as moving in a uniform nonzero potential. It may 
be easily verified that this would give rise to an ‘‘energy correction’’ for 
the free electron analogous to the mass correction involved here. Then in 
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computing the amplitude for a scattering process where one uSed a ‘‘theo- 
retical energy’’ and subtracted the effect of the ‘‘energy correction,’’ the 
difference of infinite terms would appear if one used free-electron wave 
functions. In this simple case the infinite term would, indeed, cancel upon 
proper subtraction but in principle the problem is the same as the present 
one. 

Finally, the complete correction term arising from self-action and mass 
correction is 


8 2 
e 20 
x J a tan a ca | a+ Sah (dd — dd) Sin 20 
RESOLUTION OF THE FICTITIOUS ‘‘INFRARED CATASTROPHE’”’ 


From the correction term just determined, it is seen that, to order e’, 


the cross section for scattering of an electron with the emission of no pho- 


tons is 
terms not 
2 
e m 26 
= - - = + 
o=0)<1 on 2(In en 1) (1 . x) (serene 


on Amin 


where gp is the cross section for the potential ad only. This cross section 
diverges logarithmically as Amin — 0, and it is this divergence which was 
formerly referred to as the ‘‘infrared catastrophe.’’ 

This result, however, arises from the physical fact that it is impossible 
to scatter an electron with the emission of xo photons. When the electron is 
scattered, the electromagnetic field must change from that of a charge mov- 
ing with momentum p, to that for momentum py». This change of the field is 
necessarily accompanied by radiation. 

In the theory of brehmsstrahlung, it was shown that the cross section for 
emission of one low-energy photon is 

_, & dy (2 e epee dw 
a0 = 09 
m 41 Pi° P2°4 w 


Problem: Show that the integral over all directions and the sum 
over polarizations of the foregoing cross section is ~ 


o = g (2e2/m)[1 — (20/tan 20)] dw/w 


where sin? 6 = —(f) — #,)*/4m?. Thus the probability of emitting any photon 
between k= 0 and k= K,, is 


‘*CORRECTION’’ TERMS 151 


2e? (1 - on dw goee ( ss) a 
i — = —= {1- In 
T = 206/°0 w T tan 26 X min 


which diverges logarithmically. 

Therefore, the dilemma of the diverging scattering cross section actually 
arises from asking an improper question: What is the chance of scattering 
with the emission of no photons? Instead, one should ask: What is the chance 
of scattering with the emission of no photon of energy greater than K,, ? 
For there will always be some very soft photons emitted. 

Then, effectively, what is sought in answer to the last question is the 
chance of scattering and emitting no photon, the chance of emitting one pho- 
ton of energy below K,,, and the chance of two and more photons below K,, 
(but these terms are of order e’ and higher and hence are neglected). 

Each of these terms is infinite, actually, but is kept finite temporarily 
by the artifice of the Amin. Their sum, however, does not diverge, as may 
be seen by gathering the previous results and by writing 


Chance of scattering and emitting no photon of energy > K,, 
2 
e m 20 
1-— 1/211 = 7) (1-= + i = 
of . : ( n re ) ( ate a) (terms inde 


2e” 20 Kin 
pendent of rain)| } i (1 = | In Vee + (terms 


of order e!) 


terms independent 


2 
e m 20 
2s Mm _ o . 
ol (1 - 2 1n Kn )(a fan zi) ae of 


This does not depend on Agi, and hence resolves the ‘‘infrared catastrophe.’’ 
It has been shown by Bloch and Nordsieck that the same idea applies to all 
orders. f 

It is interesting that the largest term in the quantum-electrodynamic 
corrections to the scattering cross section, namely, 


—(2e?/m) [1 — (26/tan 26)] In (m/K,p) 


may be obtained from classical electrodynamics, since such long wave- 
lengths are involved. The other terms have small effects. To date, the scat- 
tering experiments have been accurate enough to verify the existence of the 
large term but not accurate enough to verify the exact contributions of the 
smaller terms. Hence they do not provide a nontrivial test of quantum elec- 
trodynamics. 

These same considerations apply in any process involving the deflection 


+ F. Bloch and A. Nordsieck, Phys. Rev., 52, 54 (1937). 
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of free electrons. The best way to handle the problem is to calculate every- 
thing in terms of the A,,;, and then to ask only questions which can have a 
sensible answer as verified by the eventual elimination of the Amin. 
Problem: Prepare diagrams and integrals needed for the radia- 

tive corrections (of order e*) to the Klein-Nishina formula. Do as 

much as possible and compare results with those of L. Brown and 

R. P. Feynman. f 
Thirtieth Lecture 


ANOTHER APPROACH TO THE INFRARED DIFFICULTY 
Instead of introducing an artificial mass, assume no weak photons con- 
tribute. Thus we must subtract from the previous results the contributions 
of all photons with momentum magnitude less than some number kg >A. 
The previous result is 
A {1+ (e?/2m)[2 In (M/Apin — 1)(1 — 20/tan 26)] + 6 tan 6 
) 
+ (4/tan 20) i) y tan y dyl} (30-1) 
The term to be subtracted is 
2 xo 2 1 
(c2/2m) J yy (Dy — K+ m)(k? ~ 2py *ky)* Ah — K+ m) 
x(k? = 2py-ky) 7! yy d’k/(k? - hin) (30-2) 


We assume kg < p; or py, and neglect both K and the first two k? in this 
integral. Then using BiYy = 2Py — Yp #1, the integral is approximately 


2 

2 4 

. eed | Pas - Pu] co Bes (30-3) 
2m 2 Po'k Py 'k k — Minin 


Then 
= e?/2m{{1 — (20/tan 2 6)] [2 In (2ky)/Amin— 1)] + [46/tan 26] 
26 
x (1/20) J (y/tan y) dy — 11} (30-4) 


This is the term to be subtracted from expression (30-1). 
Using sin? 9 = q?/4m’, for small q, Eq. (30-4) becomes 


x = (e2/27) (2q?/3m”)[In (2k9/Amin) — (5/6)] 


ft Phys. Rev., 85, 231 (1952). 
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Subtracting this from Eq. (30-1), also with q small, gives 
d {1 + (e?/4m)(4q’/3m’)[In M/Amin) — (8/8) — In (2kp/A min) 
+ (5/6)]} (30-5) 
The last term is [In (M/2k)) + (11/24)]. 


EFFECT ON AN ATOMIC ELECTRON 


Consider the hydrogen atom with a potential V = e*/r and a wave func- 
tion do(R) exp (—iE jt) = po(x,). Take the wave function to be normalized in 
the conventional manner. The effect of the self-energy of the electron is to 
shift the energy level by an amount 


AE= e J Bo (x2.t2) Yy K, (2,1) 5+ (S427) o(X1, ty) d’x, dx, dt, 
—Am J $(x,t) (x,t) dx (30-6) 


The first integral is written down from Fig. 30-1. The second is the free- 
particle effect as noted in previous lectures. The kernel K,Y is not well 


2 

Vv 
1 
FIG. 30-1 


enough determined to make exact calculation of this integral possible. An 
approximate calculation can be made with the form 


K (2,1) = D) exp[-iEg (tp—t,)] Gn(Xa)bn(%1) ty >ty 


+m 


— similar sum over negative energies for ty, < t, 


The photon propagation kernel can be expanded as 
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64 (81,27) = 4m Jexp [-iklty—ty) + ik(x,—x,)] k/2k(2m)? 


> i 


=4n f exp [+ ik(ty —t,) + ik@—x)] dk/2k(2n) 7 


ty < ty 
Using these expressions, Eq. (30-6) becomes 
AE = > Sta, exp (-iK-R)]on (Ey + K — Ey) [ay exp GK *R)]q0 
n 
x dk/4mk — > fle, exp (IK *R)Joq (Eql+ w+ Ep)! 
-n 
x [a, exp (KK -R)],9 d?k/47k — (Am term) (30-7) 


This form implies the use of $* instead of o and a4 = 1, Q1,9,3 = @. 

Another approach to the motion of an electron in a hydrogen atom is the 
following. Consider the electron as a free particle intermittently scattered 
by the Coulomb potential. The scatterings cause a phase shift in the wave 
function of the order of (Rydberg/h ). Thus the period between scatterings 
is of the order T = h/Rydberg. Take the lower limit ky of the momentum of 
the ‘‘self-action’’ photons as very large compared to the Rydberg. Then it 
is very probable that an emitted photon will be reabsorbed before two inter- 
actions between the electron and the potential have taken place; it is very 
improbable for two or more scatterings to take place between emission and 
absorption (see Fig. 30-2). Then the correction to the potential is that com- 
puted in Eq. (30-5) for small q (plus anomalous moment correction). This 
is 


(e?/4)(4q?/3m’)(In m/2ky + 11/24) ¥ 
in momentum space. To transform to ordinary space, use 

a’ ¥ =a’ - Q?)w — (8°/at? - Vv’) V 
Thus the correction is 

—(e?/3mm?) (log M/2ky + 11/24) V? V (30-7') 
This correction is of greatest importance for the s state, since with a Cou- 


lomb potential V?V = 47Ze’6(R), and only in the s states is g(R) different 
from 0 at R=0. 


The choice of ky is determined by the inequalities m >> ky > Rydberg. A 
satisfactory value is ky = 137 Ryd. With such a kp, the effect of photons of 
k < ky must be included. This will be done by separating the effect into the 
sum of three contributing effects. It will be seen that two of these effects 
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ky > Rydberg 
probable improbable 


FIG. 30-2 


are independent of the potential V and thus are canceled by similar terms 
in the Am correction for a free particle. Thus for only one situation must 
the effect be computed. In all cases, since k is small, the nonrelativistic 
approximation to expression (30-7) may be used. 

(1) The contribution of negative energy states: Neglecting k with respect 
to m gives 


([E,,| +k + Ey) * 2m 


The matrix element for a, is very small, and only the elements for @ need 
be considered. Then the sum over negative states is 


Sy {U@on) © (@y9)/2m) 2 dk/k 


If this sum is continued for +n, a negligible term of order v’/c? is added. 
Thus the sum is approximately 


— yy J leon) * (eno)/2m] k? dk/k = (a * @)o9 k? dk/2mk 
all states 
= 3ky?/4m 
This is independent of V, and thus is canceled by a similar quantity in the 
Am term. 


(2) Longitudinal positive energy states (a, —a-k/k): As an exercise 
the reader may show 


a@- k exp (ik: R) = H exp(ik:R) — exp (ik: R)H 
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Then 
[(a@ -k/k) exp (ik R)]ao = (En — Eo)/k [exp (ik - R) Jno 
and the contribution of these terms summed over positive energy states gives 


J (1 - (Ey — Ey)?/k?] exp (ik R)o, exp (-ik-R)n9 (En + k — Ep)! d3k/4mk 


J (Eq — Eo + k) exp (ik R)g, exp (-ik* R) np d?k/4mk3 


sit: exp (ik*R) — exp (ik *R)H] 9, [exp — (ik * R)] no a k/4nk3 
Writing H= p?/2m (V commutes with the exponent), this becomes 

ft + k)?/2m — p*/2m + k] d?k/k® 
This term is independent of V, and thus is also canceled by the Am correc- 
tion. 

(3) Transverse positive energy states: Since ky is large compared to the 
size of the atom, the dipole approximation can be used.+ The general term 
in the sum of Eq. (30-7) becomes 

J (es )on (ee no (En + k — Eq)“ dk /k (30-8) 
Writing 

(E,+ k—E,)7! = 1/k — (Ey — Eo)/(E, + k — Ep)k 
the term in 1/k can be split off from the rest of the integral as a quantity 
independent of V and thus canceled by the Am correction. Further, by 
averaging over directions, 

(tr Jon (Qtr) no = 2/3(Q)on . (Q)no = (2/3m?) (P)on : (P)no 
in the nonrelativistic approximation. Thus the integral of Eq. (30-8) is 

(2/3m7)(P)on * (P)no (En ~ Eq) log (kp + En ~ Ep)/(En ~ Eq) 


Using the relation 


Pno(En— Eo) = (PH ~ HP)no = (VV)no 


+Cf. H. Bethe, Phys. Rev., 72, 339 (1947). 
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and the fact that ky > E, — Ep, one part of the sum over transverse positive 
energy States is 


In ko) Pon (VV)no = 1/2 In kal? V)oo 
This cancels with the In ky of Eq.(30-7'), leaving the final correction as 
(2e?/31m’) 2y Po" Pon(En Eq) { log [M/2(E,, ~ Eq)] + (11/24)} 
n 
+ anomalous moment correction 


This sum has been carried out numerically to be compared with the observed 
Lamb shift. 


Thirty-first Lecture 


CLOSED-LOOP PROCESSES, VACUUM POLARIZATION 


Another process which is still of first order in e” has not been consid - 
ered in the scattering by a potential. Instead of the potential scattering the 
particle directly, it can do so by first creating a pair which subsequently 
annihilates, creating a photon which does the scattering. Diagram I (Fig. 
31-1) applies to this process; diagram II applies to a similar process, with 
the order in time changed slightly. The amplitude for these processes is 


~ 1 ~ 1 1 

i4me? DD) (Ug Vy Wy) vl SEEN) EH eee, du)(2n)* d‘p 

H - H = 
spin states q b cs B+ ae 

of u (31-1) 


where u is the spinor part of the closed-loop wave function. The first pa- 
renthesis is the amplitude for the electron to be scattered by the photon; 
1/q? is the photon propagation factor; and the second parenthesis is the am- 
plitude for the closed-loop process which produces the photon. The expres- 
sion is integrated over p because the amplitude for a positron of any mo- 
menta is desired. In the sum over four spin states of u, two states take 
care of the processes of diagram I and two states take care of the proc- 
esses of diagram II. No projection operators are required, so the method of 
spurs may be used directly to give 


: ~ 1 1 1 S 
idme? (up, Uy) 23 J sp| 7 Vi Fog e ‘ (2m) d'p (31-2) 


a form which contains both I and II (so as usual it is not necessary to make 
separate diagrams for processes whose only difference is the order in time). 
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This integral also diverges, but a photon convergence factor, as used in the 
previous lectures, is of no value because now the integral is over p, the mo- 
mentum of the positron in the intermediate step. The method which has been 
used to circumvent the divergence difficulty is to subtract from this integral, 
a similar integral with m replaced by M. M is taken to be much larger 


Bo = Bi 74 
closed 
loop 
A(q) 
I 
Bo =B1-A 
dia) +e 


| 


Bi 


II 
FIG. 31-1 


than m, and this results in a type of cutoff in the integral over p. When 
this is done, the amplitude is found to be f 


(Uy ¥y Uy)ap (e2/m) [— (1/3) In (M/m)? — (1 — 6/tan 6) 
x (4m? + 2q?)/3q2 + 1/9] (31-3) 


+See R. P. Feynman, Phys. Rev., 76, 769 (1949); included in this volume. 
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where q? = 4m? sin? 6, which, for small q, becomes 
(Ug ¥yUy)ay (e?/m) [~ (1/3) In (M/m)? + 2q°/15] (31-4) 


Notice that (a, Vy) = (Uy du;), so that, considering only the divergent part 
of the correction, the effective potential is 


d {1 + (e*/m)[— (1/3) ln (M/m)*]} (31-5) 


The 1 comes from the theory without radiative corrections, while the e 
term is the correction due to processes of the type just described. Thus 

the correction can be interpreted as a small reduction in the effect of all 
potentials, and one can introduce an experimental charge exp and a theo- 
retical charge ey related by 


Cexp = eth t Ae (31-6) 


where A(e?) = —(e?/3m7) In (M/m)*, in a manner analogous to the mass cor- 
rection described in Lecture 28. This is referred to as ‘‘charge renormal- 
ization.’’ The other term, 


(2/15) (e2/m)q°d 


is more interesting, since it represents a perturbation 2e*/157 (v7? V). This 
correction is responsible for 27 Mc in the Lamb shift and the {ln [m/2(E,— Ep)] 
+ (11/24)} term in(30-7’) is replaced by {In [m/2(E,, — Eo)] + (11/24) — (1/5)}. 
The 1/5 term is due to the ‘‘polarization of the vacuum.’’ 


SCATTERING OF LIGHT BY A POTENTIAL 


One possible process for the scattering of light, and an indistinguishable 
alternative, is indicated by the diagrams in Fig. 31-2. The second diagram 
differs from the first only in the direction of the arrows of the electron lines. 
Reversing such a direction is equivalent to changing an electron to a posi- 
tron. Thus the coupling with each potential would change sign. Since there 
are three such couplings, the amplitude for the second process is the nega- 
tive of that for the first. Since the amplitudes add, the net amplitude is zero. 
In general, any closed-loop process of this type involving an odd number of 
couplings to a potential (including photon), has zero net amplitude. 


Problem: Set up the integrals for each of the two diagrams in Fig. 
31-2 and show that they are equal and opposite in sign. 


However, the higher-order processes shown in Fig. 31-3 can take place. 
The amplitude for the process is 
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Ke Kp 


Ky 
4(q) d(a) pe 


FIG. 31-3 
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—(4me?)? J Sp [¢ (b — m)~! ¢o(b1 — dy — m)~! 4506 — dg — dg - nm) 
x ¢4(b +d, —m)7!] (27)74 d’k 


plus five similar terms resulting from permuting the order of photons. This 
integral appears to diverge logarithmically. But when all six alternatives 
are taken into account, the sum leaves no divergent term. More complicated 
closed-loop processes are convergent. 


Pauli Principle 
and the Dirac Equation 


In Lecture 24 the probability of a vacuum remaining a vacuum under the 
influence of a potential was calculated. The potential can create and anni- 
hilate pairs (a closed-loop process) between times t; and t>. The amplitude 
for the creation and annihilation of one pair is (to first nonvanishing order) 


L~ f {Sp [K,(,2)4@)K42,1)d()] dry dry 


The amplitude for the creation and annihilation for two pairs is a factor L 
for each, but, to avoid counting each twice when integrating over all dt, and 
dt», it is L?/2. For three pairs the amplitude is L?/3!. The total amplitude 
for a vacuum to remain a vacuum is, then, 


c,=1—L+ L?/2! - 13/3!+---=et (31-7) 


where the 1 comes from the amplitude to remain a vacuum with nothing 
happening. The use of minus signs for the amplitude for an odd number of 
pairs can be given the following justification in terms of the Pauli principle. 
Suppose the diagram for t < t, is as shown in Fig. 31-4. The completion of 
this process can occur in two ways, however (see Fig. 31-5). The second 
way can be thought of as obtained by the interchange of the two electrons, 
hence the amplitude of the second must be subtracted from that of the first, 


aan a LG lien 


FIG. 31-4 
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FIG. 31-5 


according to the Pauli principle. But the second process is a one-loop proc- 
ess, whereas the first process is a two-loop process, so it can be concluded 
that amplitudes for an odd number of loops must be subtracted. The prob- 
ability for a vacuum to remain a vacuum is 


Pyac-vac = le,|? = exp (—2 real part of L) 


The real part of L (R.P. of L) may be shown to be positive, so it is clear 
that terms of the series must alternate in sign in order that this probability 
be not greater than unity. 

We have, therefore, two arguments as to why the expression must be 
el. One involves the sign of the real part, a property just of K, and the 
Dirac equation. The second involves the Pauli principle. We see, therefore, 
that it could not be consistent to interpret the Dirac equation as we do un- 
less the electrons obey Fermi-Dirac statistics. There is, therefore, some 
connection between the relativistic Dirac equation and the exclusion princi- 
ple. Pauli has given a more elaborate proof of the necessity for the exclu- 
sion principle but this argument makes it plausible. 

This question of the connection between the exclusion principle and the 
Dirac equation is so interesting that we shall try to give another argument 
that does not involve closed loops. We shall prove that it is inconsistent to 
assume that electrons are completely independent and wave functions for 
several electrons are simply products of individual wave functions (even 
though we neglect their interaction). For if we assume this, then 


Probability of vacuum] _ Pp 
remaining a vacuum « 


Probability of vacuum 
. f= Py PD [Ky pairl? 


to 1 pair all pairs 


Probability of vacuum 
|= Py” >: [Ripaiel® Ripanl? 


to 2 pairs all pairs 
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Now, the sum of these probabilities is the probability of a vacuum becoming 
any thing and this must be unity. Thus 


1 = Py [1 + (prob. of 1 pair) + (prob. of 2 pairs) + ---] (31-8) 


The probability that an electron goes from a to b and that nothing else hap- 
pens is P,|K, (b,a)|?. The probability that the electron goes from a to b 
and one pair is produced is P,|K4(b,a)|?|K(1 pair)|?, and the probability that 
the electron goes from a to b with two pairs produced is P,|K,(b,a) |? 

x |K(2 pair)|?. Thus the probability for an electron to go from a to b with 
any number of pairs produced is 


Py|K,(b,a)|?[1 + |K(1 pair)|? + |K(2 pairs)|?+--- = |K,(b,a)|? 
(31-9) 


{see Eq. (31-8)]. Now since the electron must go somewhere, 
SK .0,a)|? ab = 1 
However, it is a property of the Dirac kernel that 
J \K.(,)|? db > 1 (31-10) 


and an inconsistency results. The inconsistency can be eliminated by assum- 
ing that electrons obey Fermi-Dirac statistics and are not independent. Un- 
der these circumstances the original electron and the electron of the pair 
are not independent and 


leas oie of electron from 


< 21K(1 pair)? 
a to b plus 1 pair produced [K,(b,a)|"|K(1 pair)| 


(31-11) 


because we should not allow the case that the electron in the pair is in the 
same State as the electron at b. 

For the kernel of the Klein-Gordon equation, it turns out that the sign of 
the inequality in Eq. (31-10) is reversed. Therefore, for a spin-zero parti- 
cle neither Fermi-Dirac statistics nor independent particles are possible. 
If the wave functions are taken symmetric (charges reversed add ampli- 
tudes, Einstein-Bose statistics), the inequality Eq. (31-11) is also reversed. 
In symmetrical statistics the presence of a particle in a state (say 6) en- 
hances the chance that another is created in the same state. So the Klein- 
Gordon equation requires Bose statistics. 

It would be interesting to try to sharpen these arguments to show that the 
difference between J \K.(b,)|? db and 1 is quantitatively exactly compen- 
sated for by the exclusion principle. Such a fundamental relation ought to 
have a clear and simple exposition. 
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AN OPERATOR CALCULUS 


10. SUMMARY OF NUMERICAL FACTORS FOR 
TRANSITION PROBABILITIES 


The exact values of the numerical factors appearing 
in the rules of II for computing transition probabilities 
are not clearly stated there, so we give a brief summary 
here.” 

The probability of transition per second from an 
initial state of energy £ to a final state of the same total 
eriergy (assumed to be in a continuum) is given by 


(h=c=1), 
Prob. trans/sec=2rN-'|91t|2p(E), 


where p(Z) is the density of final states per unit energy 
range at energy E and |91|? is the square of the matrix 
element taken between the initial and final state of the 
transition matrix SW appropriate to the problem. V is a 
normalizing constant. For bound states conventionally 
normalized it is 1. For free particle states it is a product 
of a factor N; for each particle in the initial and for 
each in the final energy state. N; depends on the 
normalization of the wave functions of the particles 
(photons are considered as particles) which is used in 
computing the matrix element of SW. The simplest rule 
(which does not..destroy the apparent covariance of 
Mt), is?! NV ;=2e;, where ¢; is the energy of the particle. 
This corresponds to choosing in momentum space, plane 
waves for photons of unit vector potential, e?=—1. 
For electrons it corresponds to using (zu) = 2m (so that, 
for example, if an electron is deviated from initial p, to 
final p2, the sum over all initial and final spin states of 
Jor? is Sp[(po+m)on(p:+-m)5t]). Choice of norma- 
lization (a#y.“)=1 results in N’=1 for electrons. The 
matrix SM is evaluated by making the diagrams and 
following the rules of II, but with the following defini- 
tion of numerical factors. (We give them here for the 
special case that the initial, final, and intermediate 


In I and II the unfortunate convention was made that d*k 
means dk dkidkedk3(2x) for momentum space integrals. The 
confusing factor (27) here serves no useful purpose, so the con- 
vention will be abandoned. In this section d‘k has its usual meaning, 
dkdkdhod ks. 


21In general, N; is the particle density. It is Ni=(#y:u) for. 
spin one-half fields and i[(¢*0¢/dt) — ¢9¢*/dt] for scalar fields. 
The latter is 2e; if the field amplitude ¢ is taken as unity. 
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states consist of free particles. The momentum space 
representation is then most convenient.) 

First, write down the matrix directly without 
numerical factors. Thus, electron propagation factor 
is (p—m)-, virtual photon factor is k~? with couplings 
‘Yu'**7. A real photon of polarization vector e, con- 
tributes factor e. A potential (times the electron charge, 
e) A,(x) contributes momentum gq with amplitude a(q), 
where a,(qg)= /A,(1) exp(ig:x1)d'x1. (Note: On_ this 
point we deviate from the definition of @ in I which is 
there (27)-? times as large.) A spur is taken on the 
matrices of a closed loop. Because of the Pauli principle 
the sign is altered on contributions corresponding to an 
exchange of electron identity, and for each closed loop. 
One multiplies by (27)—d'p=(2r)-‘dp.dp.dp,dp. and 
integrates over all values of any undetermined mo- 
mentum variable p. (Note: On this point we again 
differ.?°) 

The correct numerical value of SW is then obtained 
by multiplication by the following factors. (1) A factor 
(4m)'e for each coupling of an electron to a photon. 
Thus, a virtual photon, having two such couplings, 
contributes 47re?. (In the units here, e= 1/137 approxi- 
mately and (4:)%e is just the charge on an electron in 
heaviside units.) (2) Afurtherfactor —7 foreach virtual 
photon. 

For meson theories the changes discussed in II, 
Sec. 10 are made in writing SW, then further factors are 
(1) (4)!g for each meson-nucleon coupling and (2) a 
factor —1 for each virtual spin one meson, but +7 for 
each virtual spin zero meson. 

This suffices for transition probabilities, in which 
only the absolute square of IM is required. To get 
to be the actual phase shift per unit volume and time, 
additional factors of 7 for each virtual electron propa- 
gation, and —: for each potential or photon interaction, 
are necessary. Then, for energy perturbation problems 
the energy shift is the expected value of 19M for the 
unperturbed state in question divided by the normal- 
ization constant NV, belonging to each particle compris- 
ing the unperturbed state. 

The author has profited from discussions with 
M. Peshkin and L. Brown. 
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The problem of the behavior of positrons and electrons in given 
external potentials, neglecting their mutual interaction, is analyzed 
by replacing the theory of holes by a reinterpretation of the,solu- 
tions of the Dirac equation. It is possible to write down a complete 
solution of the problem in terms of boundary conditions on the 
wave function, and this solution contains automatically all the 
possibilities of virtual (and real) pair formation and annihilation 
together with the ordinary scattering processes, including the 
correct relative signs of the various terms. 

In this solution, the “negative energy states” appear in a form 
which may be pictured (as by Stiickelberg) in space-time as waves 
traveling away from the external potential backwards in time. 
Experimentally, such a wave corresponds to a positron approach- 
ing the potential and annihilating the electron. A particle moving 
forward in time (electron) in a potential may be scattered forward 
in time (ordinary scattering) or backward (pair annihilation). 
When moving backward (positron) it may be scattered backward 


1. INTRODUCTION 


HIS is the first of a set of papers dealing with the 
solution of problems in quantum electrodynamics. 
The main principle is to deal directly with the solutions 
to the Hamiltonian differential equations rather than 
with these equations themselves. Here we treat simply 
the motion of electrons and positrons in given external 
potentials. Ina second paper we consider the interactions 
of these particles, that is, quantum electrodynamics. 

The problem of charges in a fixed potential is usually 
treated by the method of second quantization of the 
electron field, using the ideas of the theory of holes. 
Instead we show that by a suitable choice and inter- 
pretation of the solutions of Dirac’s equation the prob- 
lem may be equally well treated in a manner which is 
fundamentally no more complicated than Schrédinger’s 
method of dealing with one or more particles. The vari- 
ous creation and annihilation operators in the conven- 
tional electron field view are required because the 
number of particles is not conserved, i.e., pairs may be 
created or destroyed. On the other hand charge is 
conserved which suggests that if we follow the charge, 
not the particle, the results can be simplified. 

In the approximation of classical relativistic theory 
the creation of an electron pair (electron A, positron B) 
might be represented by the start of two world lines 
from the point of creation, 1. The world lines of the 
positron will then continue until it annihilates another 
electron, C, at a world point 2. Between the times 4, 
and ¢2 there are then three world lines, before and after 
only one. However, the world lines of C, B, and A 
together form one continuous line albeit the “positron 
part” B of this continuous line is directed backwards 
in time. Following the charge rather than the particles 
corresponds to considering this continuous world line 


in time (positron scattering) or forward (pair production). For 
such a particle the amplitude for transition from an initial to a 
final state is analyzed to any order in the potential by considering 
it to undergo a sequence of such scatterings. 

The amplitude for a process involving many such particles is 
the product of the transition amplitudes for each particle. The 
exclusion principle requires that antisymmetric combinations of 
amplitudes be chosen for those complete processes which differ 
only by exchange of particles. It seems that a consistent interpre- 
tation is only possible if the exclusion principle is adopted. The 
exclusion principle need not be taken into account in intermediate 
states. Vacuum problems do not arise for charges which do not 
interact with one another, but these are analyzed nevertheless in 
anticipation of application to quantum electrodynamics. 

The results are also expressed in momentum-energy variables. 
Equivalence to the second quantization theory of holes is proved 
in an appendix. 


as a whole rather than breaking it up into its pieces. 
It is as though a bombardier flying low over a road 
suddenly sees three roads and it is only when two of 
them come together and disappearagain that he realizes 
that he has simply passed over a long switchback in a 
single road. 

This over-all space-time point of view leads to con- 
siderable simplification in many problems. One can take 
into account at the same time processes which ordi- 
narily would have to be considered separately. For 
example, when considering the scattering of an electron 
by a potential one automatically takes into account the 
effects of virtual pair productions. The same equation, 
Dirac’s, which describes the deflection of the world line 
of an electron in a field, can also describe the deflection 
(and in just as simple a manner) when it is large enough 
to reverse the time-sense of the world line, and thereby 
correspond to pair annihilation. Quantum mechanically 
the direction of the world lines is replaced by the 
direction of propagation of waves. 

This view is quite different from that of the Hamil- 
tonian method which considers the future as developing 
continuously from out of the past. Here we imagine the 
entire space-time history laid out, and that we just 
become aware of increasing portions of it successively. 
In a scattering problem this over-all view of the com- 
plete scattering process is similar to the S-matrix view- 
point of Heisenberg. The temporal order of events dur- 
ing the scattering, which is analyzed in such detail by 
the Hamiltonian differential equation, is irrelevant. The 
relation of these viewpoints will be discussed much more 
fully in the introduction to the second paper, in which 
the more complicated interactions are analyzed. 

The development stemmed from the idea that in non- 
relativistic quantum mechanics the amplitude for a 
given process can be considered as the sum of an ampli- 
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tude for each space-time path available.! In view of the 
fact that in classical physics positrons could be viewed 
as electrons proceeding along world lines toward the 
past (reference 7) the attempt was made to remove, in 
the relativistic case, the restriction that the paths must 
proceed always in one direction in time. It was dis- 
covered that the results could be even more easily 
understood from a more familiar physical viewpoint, 
that of scattered waves. This viewpoint is the one used 
in this paper. After the equations were worked out 
physically the proof of the equivalence to the second 
quantization theory was found.? 

First we discuss the relation of the Hamiltonian 
differential equation to its solution, using for an example 
the Schrédinger equation. Next we deal in an analogous 
way with the Dirac equation and show how the solu- 
tions may be interpreted to apply to positrons. The 
interpretation seems not to be consistent unless the 
electrons obey the exclusion principle. (Charges obeying 
the Klein-Gordon equations can be described in an 
analogous manner, but here consistency apparently 
requires Bose statistics.)? A representation in momen- 
tum and energy variables which is useful for the calcu- 
lation of matrix elements is described. A proof of the 
equivalence of the method to the theory of holes in 
second quantization is given in the Appendix. 


2. GREEN’S FUNCTION TREATMENT OF 
SCHRODINGER’S EQUATION 

We begin by a brief discussion of the relation of the 
non-relativistic wave equation to its solution. The ideas 
will then be extended to relativistic particles, satisfying 
Dirac’s equation, and finally in the succeeding paper to 
interacting relativistic particles, that is, quantum 
electrodynamics. 

The Schrédinger equation 


idy/dt= Hy, (1) 


describes the change in the wave function y in an 
infinitesimal time A¢ as due to the operation of an 
operator exp(—iHAt). One can ask also, if ¥(x1, 41) is 
the wave function at x; at time 4;, what is the wave 
function at time ¢2>¢,? It can always be written as 


Hox. ts) = f K(xy to3 x1, hV(, td, (2) 


where K is a Green’s function for the linear Eq. (1). 
(We have limited ourselves to a single particle of co- 
ordinate x, but the equations are obviously of greater 
generality.) If H is a constant operator having eigen- 
values E,, eigenfunctions ¢, so that ¥(x, 4) can be ex- 
panded as }on Cagn(x), then ¥(x, t2)=exp(—7En(te—t1)) 
XCagn(x). Since Ca= Sbn*(x1)¥(x1, t1)d°%1, one finds 

'R. P. Feynman, Rev. Mod. Phys. 20, 367 (1948). 

2 The equivalence of the entire procedure (including photon 
interactions) with the work of Schwinger and Tomonaga has been 
demonstrated by F. J. Dyson, Phys. Rev. 75, 486 (1949). 


3 These are special examples of the general relation of spin and 
statistics deduced by W. Pauli, Phys. Rev. 58, 716 (1940). 
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(where we write 1 for x1, 4; and 2 for Xe, ¢2) in this case 


K(2, 1) =X ba(Ke)bn*(x1) exp(—7Ea(te—h1)), (3) 


for t2>;. We shall find it convenient for t2<¢, to define 
K(2, 1)=0 (Eq. (2) is then not valid for é<é1). It is 
then readily shown that in general K can be defined by 
that solution of 
(40/0t2—H»)K(2, 1)=76(2, 1), (4) 

which is zero for t2<¢i, where 5(2, 1)= 6(t2—41)6(x2—21) 
X6(y2—y1)6(z2—21) and the subscript 2 on H2 means 
that the operator acts on the variables of 2 of K(2, 1). 
When JH is not constant, (2) and (4) are valid but K is 
less easy to evaluate than (3).4 

We can call K(2, 1) the total amplitude for arrival 
at X, ¢2 starting from x, 4. (It results from adding an 
amplitude, expzS,for each space time path between these 
points, where S is the action along the path.') The 
‘transition amplitude for finding a particle in state 
x (Xe, te) at time fo, if at 4) it was in ¥(m, 41), is 


f x*(2)K (2, Io) axa. (5) 


A quantum mechanical system is described equally well 
by specifying the function K, or by specifying the 
Hamiltonian H from which it results. For some purposes 
the specification in terms of K is easier to use and 
visualize. We desire eventually to discuss quantum 
electrodynamics from this point of view. 

To gain a greater familiarity with the A function and 
the point of view it suggests, we consider a simple 
perturbation problem. Imagine we have a particle in 
a weak potential U(x, ¢), a function of position and 
time. We wish to calculate K(2, 1) if U differs from 
zero only for ¢ between ¢; and ¢2. We shall expand K in 
increasing powers of U: 

K(2, 1)=K,(2, 1)+-K(2, 1)+K(2, 1)+- “oes (6) 
To zero order in U, K is that fora free particle, Ko(2, 1).4 
To study the first order correction K“!)(2, 1), first con- 
sider the case that U differs from zero only for the 
infinitesimal time interval At; between some time és 
and t3+ Ats(ti<3< te). Then if (1) is the wave function 
at x1, f1, the wave function at Xs, ¢3 is 


v(3)= ui Ki(3, Dv(L)ex, (7) 


since from ¢; to ¢3 the particle is free. For the short 
interval A‘s we solve (1) as 
W(x, t3-+ Als) = exp(—iHAls)Y(x, ts) ; 
= (1-iHpAts—iU Mts) W(x, fs), 

‘For a non-relativistic free particle, where ¢,.=exp(ip-x), 
E,=p?/2m, (3) gives, asis well known 

Ko(2,1)= f° expl— (ép-x1=ip-x2) —ip'—h)/2m 2x)? 

= (2rim7"(t2—th))—3 exp(4im(x2—x1)2(t2—h)-9) 

for f2>¢:, and Ko=0 for é2<h.. 
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where we put H=H,+ U, H> being the Hamiltonian 
of a free particle. Thus (x, ts+As;) differs from 
what it would be if the potential were zero (namely 
(1—7HoAls)(x, f3)) by the extra piece 


Ay = —iU (xs, ts) W(Xs, t3)Abs, (8) 


which we shall call the amplitude scattered by the 
potential. The wave function at 2 is given by 


V(x, i= f Kole ta; Xa, s+ Als) W(X3, tat Ats) dx, 


since after ¢s+ At; the particle is again free. Therefore 
the change in the wave function at 2 brought about by 
the potential is (substitute (7) into (8) and (8) into 
the equation for ¥(Xs, f2)): 


Ay(2)= -if Ku, 3)U (3) Ko(3, 1)¥(1)d*xid®x3Als. 


In the case that the potential exists for an extended 
time, it may be looked upon as a sum of effects from 
each interval A‘; so that the total effect is obtained by 
integrating over /3 as well as x3. From the definition (2) 
of K then, we find 


K®(2,1)=—-i f Ko(2, 3)U (3) Ko(3, 1)drs, (9) 


where the integral can now be extended over all space 
and time, dr3=d°x3dt3. Automatically there will be no 
contribution if ¢3 is outside the range /; to /2 because of 
our definition, Ko(2, 1)=0 for fa<4.. A 

We can understand the result (6), (9) this way. We 
can imagine that a particle travels as a free particle 
from point to point, but is scattered by the potential U. 
Thus the total amplitude for arrival at 2 from 1 can 
be considered as the sum of the amplitudes for various 
alternative routes. It may go directly from 1 to 2 
(amplitude K (2, 1), giving the zero order term in (6)). 
Or (see Fig. 1(a)) it may go from 1 to 3 (amplitude 
K.(3, 1)), get scattered there by the potential (scatter- 
ing amplitude —iU(3) per unit volume and time) and 
then go from 3 to 2 (amplitude Ko(2,3)). This may 
occur for any point 3 so that summing over these 
alternatives gives (9). 

Again, it may be scattered twice by the potential 
(Fig. 1(b)). It goes from 1 to 3 (Ko(3, 1)), gets scattered 
there (—iU(3)) then proceeds to some other point, 4, 
in space time (amplitude K0(4, 3)) is scattered again 
(—iU(4)) and then proceeds to 2 (Ko(2, 4)). Summing 
over all possible places and times for 3, 4 find that the 
second order contribution to the total amplitude 
K(2, 1) is 
af [Ke 9ueKus, 9 

X U(3)Ko(3, 1)dradr4. (10) 


This can be readily verified directly from (1) just as (9) 
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Fic. 1. The Schrédinger (and Dirac) equation can be visualized 
as describing the fact that plane waves are scattered successively 
y a Potential. Figure 1 (a) illustrates the situation in first order. 

o(2, 3) is the amplitude for a free particle starting at point 3 
to arrive at 2. The shaded region indicates the presence of the 
potential A which scatters at 3 with amplitude —#zA(3) per 
cm'sec. (Eq. (9)). In (b) is illustrated the second order process 
(Eq. (10)), the waves scattered at 3 are scattered again at 4. How- 
ever, in Dirac one-electron theory Ko(4, 3) would represent elec- 
trons both of positive and of negative energies proceeding from 
3 to 4. This is remedied by choosing a different scattering kernel 
K,(4, 3), Fig. 2. 


was. One can in this way obviously write down any of 
the terms of the expansion (6).§ 


3. TREATMENT OF THE DIRAC EQUATION 


We shall now extend the method of the last section 
to apply to the Dirac equation. All that would seem 
to be necessary in the previous equations is to consider 
H as the Dirac Hamiltonian, y as a symbol with four 
indices (for each particle). Then Ko can still be defined 
by (3) or (4) and is now a 4—4 matrix which operating 
on the initial wave function, gives the final wave func- 
tion. In (10), U(3) can be generalized to A4(3)—a-A(3) 
where A4, Aarethescalar and vector potential (times e, 
the electron charge) and @ are Dirac matrices. 

To discuss this we shall define a convenient rela- 
tivistic notation. We represent four-vectors like x, ¢ by 
a symbol x,, where p= 1, 2, 3, 4. and x4=¢ is real. Thus 
the vector and scalar potential (times e) A, Ay is A,. 
The four matrices Be, 8 can be considered as transform- 
ing as a four vector y, (our ¥, differs from Pauli’s by a 
factor 7 for w= 1, 2, 3). We use the summation conven- 
tion @46,= @4b4— 1b; —a2b2—a3b3=a-b. In particular if 
a, is any four vector (but not a matrix) we write 
a=a,7, So that @ is a matrix associated with a vector 
(a@ will often be used in place of a, as a symbol for the 
vector). The y, satisfy yu7.+ Y-Yu= 26,, where d44=+ 1, 
611= d22= 533= —1, and the other 5,, are zero. As a 
consequence of our summation convention 5,,¢,=¢, 
and 6,,=4. Note that ab+ ba=2a-b and that a?=a,a, 
=a-a is a pure number. The symbol 9/dx, will mean 
0/at for w=4, and —d/dx, —d/dy, —d/dz for n.=1, 
2, 3. Call V=7,0/dx,= Bd/dt+ Ba: V. We shall imagine 

5 We are simply solving by successive approximations an integral 
equation (deducible directly from (1) with H=Hot+U and (4) 
with H=Hp), 

¥(2) =— if Ko(2, 3)U(3)¥(3)drat f'Kol2, 1)y(1)dx, 


where the first integral extends over all space and all times ¢s 
greater than the ¢,; appearing in the second term, and t2>4. 
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(e) FIRST ORDER, E Q(/3) 


4) 
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CONTAINS” f POS. E. 


v 
(b) VIRTUAL SCATTERING (¢) VIRTUAL PAIR 
fa>ts facts 

SECOND ORDER, EQ. (14) 


Fic. 2. The Dirac equation permits another solution K,(2, 1) 
if one considers that waves scattered by the potential can proceed 
backwards in time as in Fig. 2 (a). This is interpreted in the second 
order processes (b), (c), by noting that there is now the possi- 
bility (c) of virtual pair production at 4, the positron going to 3 
to be annihilated. This can be pictured as similar to ordinary 
scattering (b) except that the electron is scattered backwards in 
time from 3 to 4. The waves scattered from 3 to 2’ in (a) represent 
the possibility of a positron arriving at 3 from 2’ and annihilating 
the electron from 1. This view is proved equivalent to hole theory: 
electrons traveling backwards in time are recognized as Positrons. 


hereafter, purely for relativistic convenience, that ¢n* 
in (3) is replaced by its adjoint ¢.=¢,*8. 

Thus the Dirac equation for a particle, mass ™, in an 
external field A=A yy, is 


(iv—m)y= Ay, (11) 


and Eq. (4) determining the propagation of a free 
particle becomes 

(iV2—m)K (2, 1)=18(2, 1), (12) 
the index 2 on V2 indicating differentiation with respect 
to the coordinates x2, which are represented as 2 in 
K,4(2, 1) and 8(2, 1). 

The function K,(2, 1) is defined in the absence of a 
field. If a potential A is acting a similar function, say 
K44)(2, 1) can be defined. It differs from K4(2, 1) bya 
first order correction given by the analogue of (9) 
namely 


K,Q, 1)=-if Ksl2,3)AG)KG, drs, (13) 
representing the amplitude to go from 1 to 3 as a free 
particle, get scattered there by the potential (now the 


matrix A(3) instead of U(3)) and continue to 2 as free. 
The second order correction, analogous to (10) is 


K,9@,1)=— f fK.2,9)4@) 


x K4(4, 3)A(3)K4(3, 1)dradra, (14) 
and so on. In general K,“) satisfies 
(iV2— A(2)—m) K4(2, 1)=78(2, 1), (15) 


and the successive terms (13), (14) are the power series 
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expansion of the integral equation 


K40(2, 1)=K4(2, 1) 
= if K,(2, 3)A(3)K4(3, 1)drs, (16) 


which it also satisfies. 

We would now expect to choose, for the special solu- 
tion of (12), Ky=Ko where K,(2, 1) vanishes for t2<t 
and for t2>t; is given by (3) where ¢, and E, are the 
eigenfunctions and energy values of a particle satis- 
fying Dirac’s equation, and ¢,* is replaced by $n. 

The formulas arising from this choice, however, suffer 
from the drawback that they apply to the one electron 
theory of Dirac rather than to the hole theory of the 
positron. For example, consider as in Fig. 1(a) an 
electron after being scattered by a potential in a small 
region 3 of space time. The one electron theory says 
(as does (3) with K;= Ko) that the scattered amplitude 
at another point 2 will proceed toward positive times 
with both positive and negative energies, that is with 
both positive and negative rates of change of phase. No 
wave is scattered to times previous to the time of 
scattering. These are just the properties of Ko(2, 3). 

On the other hand, according to the positron theory 
negative energy states are not available to the electron 
after the scattering. Therefore the choice Ky=Ko is 
unsatisfactory. But there are other solutions of (12). 
We shall choose the solution defining K+(2, 1) so that 
K4(2, 1) for t2>t, is the sum of (3) over positive energy 
states only. Now this new solution must satisfy (12) for 
all times in order that the representation be complete. 
It must therefore differ from the old solution Ko by a 
solution of the homogeneous Dirac equation. It is clear 
from the definition that the difference Ko— K, is the 
sum of (3) over all negative energy states, as long as 
t2>t:. But this difference must be a solution of the 
homogeneous Dirac equation for all times and must 
therefore be represented by the same sum over negative 
energy states also for t2<t. Since Ko=0 in this case, 
it follows that our new kernel, K,(2, 1), for t2<ti is the 
negative of the sum (3) over negative energy states. That is, 


K4(2,1)=SXpos gy ¢n(2)¢a(1) 
Xexp(—i£x(tea—h)) for 


= ~Lyec En $n(2)$n(1) 
Xexp(— 7B n(te—¢1)) for t<t. 


by>t 
2> ly (17) 


With this choice of K; our equations such as (13) and 
(14) will now give results equivalent to those of the 
positron hole theory. 

That (14), for example, is the correct second order 
expression for finding at 2 an electron originally at 1 
according to the positron theory may be seen as follows 
(Fig. 2). Assume as a special example that f2>¢, and 
that the potential vanishes except in interval t2—: so 
that 4, and ¢3 both lie between /; and ¢2. 

First suppose t4>¢3 (Fig. 2(b)). Then (since ¢t3>t) 
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the electron assumed originally in a positive energy 
state propagates in that state (by K+(3, 1)) to position 
3 where it gets scattered (A(3)). It then proceeds to 4, 
which it must do as a positive energy electron. This is 
correctly described by (14) for K+(4, 3) contains only 
positive energy components in its expansion, as (4> 43. 
After being scattered at 4 it then proceeds on to 2, 
again necessarily in a positive energy state, as f2> ts. 

In positron theory there is an additional contribution 
due to the possibility of virtual pair production (Fig. 
2(c)). A pair could be created by the potential A(4) 
at 4, the electron of which is that found later at 2. The 
positron (or rather, the hole) proceeds to 3 where it 
annihilates the electron which has arrived there from 1. 

This alternative is already included in (14) as con- 
tributions for which 44<¢3, and its study will lead us to 
an interpretation of K,(4,3) for ts</3. The factor 
K (2, 4) describes the electron (after the pair produc- 
tion at 4) proceeding from 4 to 2. Likewise K+(3, 1) 
represents the electron proceeding from 1 to3. K,(4, 3) 
must therefore represent the propagation of the positron 
or hole from 4 to 3. That it does so is clear. The fact 
that in hole theory the hole proceeds in the manner of 
and electron of negative energy is reflected in the fact 
that K+(4,3) for t4<¢3 is (minus) the sum of only 
negative energy components. In hole theory the real 
energy of these intermediate states is, of course, 
positive. This is true here too, since in the phases 
exp(—7E,(t4—ta)) defining K ,(4, 3) in (17), E, is nega- 
tive but so is 4,—¢3. That is, the contributions vary with 
tg as exp(—z|Enl|(ts—¢,)) as they would if the energy 
of the intermediate state were | Z,|. The fact that the 
entire sum is taken as negative in computing K,(4, 3) 
is reflected in the fact that in hole theory the amplitude 
has its sign reversed in accordance with the Pauli 
principle and the fact that the electron arriving at 2 
has been exchanged with one in the sea.® To this, and 
to higher orders, all processes involving virtual pairs 
are correctly described in this way. 

The expressions such as (14) can still be described as 
a passage of the electron from 1 to 3 (K+(3, 1)), scatter- 
ing at 3 by A(3), proceeding to 4 (K4(4, 3)), scattering 
again, A(4), arriving finally at 2. The scatterings may, 
however, be toward both future and past times, an 
electron propagating backwards in time being recog- 
nized as a positron. 

This therefore suggests that negative energy com- 
ponents created by scattering in a potential be con- 
sidered as waves propagating from the scattering point 
toward the past, and that such waves represent the 
propagation of a positron annihilating the electron in 
the potential.” 


6 It has often been noted that the one-electron theory apparently 
gives the same matrix elements for this process as does hole theory. 
The problem is one of interpretation, especially in a way that will 
also give correct results for other processes, e.g., self-energy. 

7 The idea that positrons can be represented as electrons with 
proper time reversed relative to true time has been discussed b: 
the author and others, particularly by Stiickelberg. E. C. C. 
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With this interpretation real pair production is also 
described correctly (see Fig. 3). For example in (13) if 
t<ts3<t2 the equation gives the amplitude that if at 
time ¢; one electron is present at 1, then at time ¢2 just 
one electron will be present (having been scattered at 3) 
and it will be at 2. On the other hand if ¢2 is less than és, 
for example, if t2=!;<ts, the same expression gives the 
amplitude that a pair, electron at 1, positron at 2 will 
annihilate at 3, and subsequently no particles will be 
present. Likewise if t2 and ¢, exceed /; we have (minus) 
the amplitude for finding a single pair, electron at 2, 
positron at 1 created by A(3) from a vacuum. If 
ti>t3>te, (13) describes the scattering of a positron. 
All these amplitudes are relative to the amplitude that 
a vacuum will remain a vacuum, which is taken as 
unity. (This will be discussed more fully later.) 

The analogue of (2) can be easily worked out.? It is, 


W=fK.ADMOWMeN, — 18) 


where d*V, is the volume element of the closed 3- 
dimensional surface of a region of space time containing 


Fic. 3. Several different processes can be described by the same 
formula depending on the time relations of the variables é2, 1. 
Thus P,|K4(4(2, 1)|? is the probability that: (a) An electron at 
1 will be scattered at 2 (and no other pairs form in vacuum). 
(b) Electron at 1 and peiTon at 2 annihilate leaving nothing. 
(c) A single pair at 1 and 2 is created from vacuum. (d) A positron 
at 2 is scattered to 1. (K,‘4)(2, 1) is the sum of the effects of 
scattering in the potential to all orders. P, is a normalizing 
constant.) 


Stiickelberg, Helv. Phys. Acta 15, 23 (1942); R. P. Feynman, 
Phys. Rev. 74, 939 (1948). The fact that classically the action 
(proper time) increases continuously as one follows a trajectory 
is reflected in quantum mechanics in the fact that the phase, which 
is | En| |¢2—¢1|, always increases as the particle proceeds from one 
scattering point to the next. 

8 By multiplying (12) on the right by (—iVi—m) and noting 
that V,6(2, Pee 5(2, 1) show that K4(2,1) also satisfies 
K,4(2, 1)(—iVi—m) =78(2, 1), where the Vi operates on variable 
1 in K4(2, 1) but is written after that function to keep the correct 
order of the y matrices. Multiply this equation by ¥(1) and Eq. 
(11) (with A=0, calling the variables 1) by K,(2, 1), subtract 
and integrate over a region of space-time. The integral on the left- 
hand side can be transformed to an integral over the surface of 
the region. The right-hand side is y(2) if the point 2 lies within 
the region, and is zero otherwise. (What happens when the 3- 
surface contains a light line and hence has no unique normal need 
not concern us as these points can be made to occur so far away 
from 2 that their contribution vanishes.) 
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point 2, and N(1) is V,(1)y, where V,(1) is the inward 
drawn unit normal to the surface at the point 1. That 
is, the wave function (2) (in this case for a free par- 
ticle) is determined at any point inside a four-dimen- 
sional region if its values on the surface of that region 
are specified. 

To interpret this, consider the case that the 3-surface 
consists essentially of all space at some time say ¢-=0 
previous to #2, and of all space at the time T >to. The 
cylinder connecting these to complete the closure of the 
surface may be very distant from x2 so that it gives no 
appreciable contribution (as K,(2, 1) decreases expo- 
nentially in space-like directions). Hence, if ys4= 8, since 
the inward drawn normals N will be 8 and —8, 


y(2)= f K,02, BVI), 
= f K4(2, BY) Exy, (19) 


where 4,;=0, t:,=T. Only positive energy (electron) 
components in ¥(1) contribute to the first integral and 
only negative energy (positron) components of ¥(1’) to 
the second. That is, the amplitude for finding a charge 
at 2 is determined both by the amplitude for finding 
an electron previous to the measurement and by the 
amplitude for finding a positron after the measurement. 
This might be interpreted as meaning that even in a 
problem involving but one charge the amplitude for 
finding the charge at 2 is not determined when the only 
thing known in the amplitude for finding an electron 
(or a positron) at an earlier time. There may have been 
no electron present initially but a pair was created in 
the measurement (or also by other external fields). The 
amplitude for this contingency is specified by the 
amplitude for finding a positron in the future. 

We can also obtain expressions for transition ampli- 
tudes, like (5). For example if at ¢=0 we have an elec- 
tron present in a state with (positive energy) wave 
function f(x), what is the amplitude for finding it at 
t=T with the (positive energy) wave function g(x)? 
The amplitude for finding the electron anywhere after 
t=0 is given by (19) with ¥(1) replaced by f(x), the 
second integral vanishing. Hence, the transition ele- 
ment to find it in state g(x) is, in analogy to (5), just 
(t= T, 4=0) 


f oceneK,0, 1)Bf(x1)PxiB x0, (20) 


since g*= gf. 

If a potential acts somewhere in the interval between 
0 and 7, Kx is replaced by K4‘4). Thus the first order 
effect on the transition amplitude is, from (13), 


= f 9(x2)BK 4(2, 3A(3)K4(3, 1)8f(x:)dxd'xa, (21) 


Expressions such as this can be simplified and the 
3-surface integrals, which are inconvenient for rela- 
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tivistic calculations, can be removed as follows. Instead 
of defining a state by the wave function {(x), which it 
has at a given time ¢;=0, we define the state by the 
function f(1) of four variables x, 4 which is a solution 
of the free particle equation for all ¢; and is f(x:) for 
t,=0. The final state is likewise defined by a function 
g(2) over-all space-time. Then our surface integrals can 
be performed since /K,(3, 1)8f(x)d'x1=/(3) and 
S G(X2)BG*xX2K 4 (2, 3)=G(3). There results 

-if (A@/@ars, (22) 
the integral now being over-all space-time. The transi- 
tion amplitude to second order (from (14)) is 


= f f Q(2)A(2)K4(2, 1)A()f(L)eridra, (23) 


for the particle arriving at 1 with amplitude (1) is 
scattered (A(1)), progresses to 2, (K+(2, 1)), and is 
scattered again (A(2)), and we thenask for the ampli- 
tude that it is in state g(2). If g(2) is a negative energy 
state we are solving a problem of annihilation of elec- 
tron in f(1), positron in g(2), etc. 

We have been emphasizing scattering problems, but 
obviously the motion in a fixed potential V, say in a 
hydrogen atom, can also be dealt with. If it is first 
viewed as a scattering problem we can ask for the 
amplitude, ¢,(1), that an electron with original free 
wave function was scattered & times in the potential V 
either forward or backward in time to arrive at 1. Then 
the amplitude after one more scattering is 


bask f K,Q2,1)V()pe()drr. (24) 


An equation for the total amplitude 
WA)=2 pe(1) 
= 


for arriving at 1 either directly or after any number of 
scatterings is obtained by summing (24) over all & from 
0 to ~; 


¥2)=40(2)-i [ KC, IV(A)Y(I)dr. (25) 


Viewed as a steady state problem we may wish, for 
example, to find that initial condition ¢p (or better just 
the y) which leads to a periodic motion of y. This is 
most practically done, of course, by solving the Dirac 
equation, 


(iV—m)¥(1) = V(1)y(1), (26) 


deduced from (25) by operating on both sides by iV.—m, 
thereby eliminating the ¢o, and using (12). This illus- 
trates the relation between the points of view. 

For many problems the total potential A+ V may be 
split conveniently into a fixed one, V, and another, A, 
considered as a perturbation. If K,‘" is defined as in 
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(16) with V for A, expressions such as (23) are valid 
and useful with K, replaced by K,™ and the functions 
f(1), g(2) replaced by solutions for all space and time 
of the Dirac Eq. (26) in the potential V (rather than 
free particle wave functions). 


4. PROBLEMS INVOLVING SEVERAL CHARGES 


We wish next to consider the case that there are two 
(or more) distinct charges (in addition to pairs they may 
produce in virtual states). In a succeeding paper we 
discuss the interaction between such charges. Here we 
assume that they do not interact. In this case each 
particle behaves independently of the other. We can 
expect that if we have two particles @ and 6, the ampli- 
tude that particle a goes from x; at 4, to x3 at ¢3 while 
6 goes from Xz at t to x4 at ¢4 is the product 


K(3, 4; 1, 2)= K+a(3, 1) K40(4, 2). 


The symbols a, } simply indicate that the matrices 
appearing in the K, apply to the Dirac four component 
spinors corresponding to particle @ or b respectively (the 
wave function now having 16 indices). In a potential 
K4. and Ky. become Ky. and K4s‘4 where K+.) 
is defined and calculated as for a single particle. They 
commute. Hereafter the a, 6 can be omitted; the space 
time variable appearing in the kernels suffice to define 
on what they operate. 

The particles are identical however and satisfy the 
exclusion principle. The principle requires only that one 
calculate K(3, 4; 1,2)—K(4,3;1,2) to get the net 
amplitude for arrival of charges at 3, 4. (It is normalized 
assuming that when an integral is performed over points 
3 and 4, for example, since the electrons represented are 
identical, one divides by 2.) This expression is correct 
for positrons also (Fig. 4). For example the amplitude 
that an electron and a positron found initially at x; and 
x4 (say ¢:=¢,) are later found at x3 and x2 (with 
t= (3> t,) is given by the same expression 


Ki (3, IK, 2)—K4(4, IK (3, 2). (27) 


The first term represents the amplitude that the electron 
proceeds from 1 to 3 and the positron from 4 to 2 (Fig. 
4(c)), while the second term represents the interfering 
amplitude that the pair at 1, 4 annihilate and what is 
found at 3, 2 is a pair newly created in the potential. 
The generalization to several particles is clear. There is 
an additional factor K,™ for each particle, and anti- 
symmetric combinations are always taken. 

No account need be taken of the exclusion principle 
in intermediate states. As an example consider again 
expression (14) for 2>¢, and suppose f4</é3 so that the 
situation represented (Fig. 2(c)) is that a pair is made 
at 4 with the electron proceeding to 2, and the positron 
to 3 where it annihilates the electron arriving from 1. 
It may be objected that if it happens that the electron 
created at 4 is in the same state as the one coming from 
1, then the process cannot occur because of the exclusion 
principle and we should not have included it in our 
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Fic. 4. Some problems involving two distinct charges (in addi- 
tion to virtual pairs they may produce) : P»| K4(4)(3, 1).K4‘4(4, 2) 
—K,{4(4, 1)K4'4(3, 2)|? is the probability that: (a) Electrons 
at 1 and 2 are scattered to 3,4 (and no pairs are formed). (b) 
Starting with an electron at 1 a single pair is formed, positron at 2, 
electrons at 3, 4. (c) Apairat 1, 4 is found at 3, 2, etc. The exclu- 
sion principle requires that the amplitudes for processes involving 
exchange of two electrons be subtracted. 


term (14). We shall see, however, that considering the 
exclusion principle also requires another change which 
reinstates the quantity. 

For we are computing amplitudes relative to the 
amplitude that a vacuum at ¢; will still be a vacuum at 
to. We are interested in the alteration in this amplitude 
due to the presence of an electron at 1. Now one process 
that can be visualized as occurring in the vacuum is the 
creation of a pair at 4 followed by a re-annihilation of 
the same pair at 3 (a process which we shall call a closed 
loop path). But if a real electron is present in a certain 
state 1, those pairs for which the electron was created 
in state 1 in the vacuum must now be excluded. We 
must therefore subtract from our relative amplitude the 
term corresponding to this process. But this just rein- 
states the quantity which it was argued should not 
have been included in (14), the necessary minus sign 
coming automatically from the definition of K4. It is 
obviously simpler to disregard the exclusion principle 
completely in the intermediate states. 

All the amplitudes are relative and their squares give 
the relative probabilities of the various phenomena. 
Absolute probabilities result if one multiplies each of 
the probabilities by P,, the true probability that if one 
has no particles present initially there will be none 
finally. This quantity P, can be calculated by normal- 
izing the relative probabilities such that the sum of the 
probabilities of all mutually exclusive alternatives is 
unity. (For example if one starts with a vacuum one can 
calculate the relative probability that there remains a 
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vacuum (unity), or one pair is created, or two pairs, etc. 
The sum is P,—!.) Put in this form the theory is com- 
plete and there are no divergence problems. Real proc- 
esses are completely independent of what goes on in 
the vacuum. 

When we come, in the succeeding paper, to deal with 
interactions between charges, however, the situation is 
not so simple. There is the possibility that virtual elec- 
trons in the vacuum may interact electromagnetically 
with the real electrons. For that reason processes occur- 
ing in the vacuum are analyzed in the next section, in 
which an independent method of obtaining P, is 
discussed. 


5. VACUUM PROBLEMS 


An alternative way of obtaining absolute amplitudes 
is to multiply all amplitudes by C,, the vacuum to 
vacuum amplitude, that is, the absolute amplitude that 
there be no particles both initially and finally. We can 
assume C,=1 if no potential is present during the 
interval, and otherwise we compute it as follows. It 
differs from unity because, for example, a pair could be 
created which eventually annihilates itself again. Such 
a path would appear as a closed loop on a space-time 
diagram. The sum of the amplitudes resulting from all 
such single closed loops we call L. To a first approxima- 
tion L is 


1 
Lm — f f SpLK4(2, 1)A(1) 


XK4(1, 2)A(2)]dridre. (28) 


For a pair could be created say at 1, the electron and 
positron could both go on to 2 and there annihilate. 
The spur, Sp, is taken since one has to sum over all 
possible spins for the pair. The factor 3 arises from the 
fact that the same loop could be considered as starting 
at either potential, and the minus sign results since the 
interactors are each —7A. The next order term would be® 


L=+0/3) f ff sex,0, 1)A(1) 
XK4(1, 3)A(3)K4(3, 2)A(2) eridredrs, 


etc. The sum of all such terms gives L.'° 


® This term actually vanishes as can be seen as follows. In any 
spur the sign of all y matrices may be reversed. Reversing the 
sign of y in K,(2, 1) changes it to the transpose of K,(1, 2) so 
that the order of all factors and variables is reversed. Since the 
integral is taken over all 7, 72, and 7a this has no effect and we are 
left with (—1)® from changing the sign of A. Thus the spur equals 
its negative. Loops with an odd number of potential interactors 
give zero. Physically this is because for each loop the electron can 
go around one way or in the opposite direction and we must add 
these amplitudes. But reversing the motion of an electron makes 
it behave like a positive charge thus changing the sign of each 
Potential interaction, so that the sum is zero if the number of 
interactions is odd. This theorem is due to W. H. Furry, Phys. 
Rev. 51, 125 (1937). 

10 A closed expression for L in terms of K4‘4) is hard to obtain 
because of the factor (1/n) in the mth term. However, the per- 
turbation in L, AL due to a small change in potential AA, is easy 
to express. The (1/7) is canceled by the fact that AA can appear 
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In addition to these single loops we have the possi- 
bility that two independent pairs may be created and 
each pair may annihilate itself again. That is, there may 
be formed in the vacuum two closed loops, and the 
contribution in amplitude from this alternative is just 
the product of the contribution from each of the loops 
considered singly. The total contribution from all such 
pairs of loops (it is still consistent to disregard the 
exclusion principle for these virtual states) is L?/2 for 
in LZ? we count every pair of loops twice. The total 
vacuum-vacuum amplitude is then 


Cy=1-L+ L?/2—L5/6+-++=exp(—L), (30) 


the successive terms representing the amplitude from 
zero, one, two, etc., loops. The fact that the contribu- 
tion to C, of single loops is —L is a consequence of the 
Pauli principle. For example, consider a situation in 
which two pairs of particles are created. Then these 
pairs later destroy themselves so that we have two 
loops. The electrons could, at a given time, be inter- 
changed forming a kind of figure eight which is a single 
loop. The fact that the interchange must change the 
sign of the contribution requires that the terms in C, 
appear with alternate signs. (The exclusion principle is 
also responsible in a similar way for the fact that the 
amplitude for a pair creation is — K, rather than + K,.) 
Symmetrical statistics would lead to 


Cy=1+L+ L?/2=exp(+L). 


The quantity Z has an infinite imaginary part (from 
L”, higher orders are finite). We will discuss this in 
connection with vacuum polarization in the succeeding 
paper. This has no effect on the normalization constant 
for the probability that a vacuum remain vacuum is 
given by 


P,= |C,|?=exp(—2-real part of L), 


from (30). This value agrees with the one calculated 
directly by renormalizing probabilities. The real part 
of Lappears to be positive as a consequence of the Dirac 
equation and properties of K; so that P, is less than 
one. Bose statistics gives C,=exp(+JL) and conse- 
quently a value of P, greater than unity which appears 
meaningless if the quantities are interpreted as we have 
done here. Our choice of Ky apparently requires the 
exclusion principle. 

Charges obeying the Klein-Gordon equation can be 
equally well treated by the methods which are dis- 
cussed here for the Dirac electrons. How this is done is 
discussed in more detail in the succeeding paper. The 
real part of L comes out negative for this equation so 
that in this case Bose statistics appear to be required 
for consistency.? 


in any of the x potentials. The result after summing over n by 
(13), (14) and using (16) is 
AL=—if SpU(K4 (1, 1)—K4(1, 1))AA(1) Jorn. (29) 


The term K4(1, 1) actually integrates to zero. 
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6. ENERGY-MOMENTUM REPRESENTATION 


The practical evaluation of the matrix elements in 
some problems is often simplified by working with 
momentum and energy variables rather than space and 
time. This is because the function K,(2, 1) is fairly 
complicated but we shall find that its Fourier transform 
is very simple, namely (i/47?)(p—m)— that is 


K,(2,1)= Gi/4x2) if (p—m)exp(—ip-rn)dp, (31) 


where p-X21= p*X2— p+%X1= PuXou— putin, P= PuYuy and 
d‘p means (27)*dpidpodp3d ps, the integral over all p. 
That this is true can be seen immediately from (12), 
for the representation of the operator 1V—m in energy 
(ps) and momentum (/1,2 3) space is —m and the trans- 
form of 6(2,1) is a constant. The reciprocal matrix 
(p—m)- can be interpreted as (p-++-m)(p?—m’)— for 
p?—?= (p—m)(p+m) is a pure number not involving 
matrices. Hence if one wishes one can write 


K,(2, 1) =2(V2+m)I4(2, 1), 
where 


1,(2,1)=(28)* if (2m) exp(—ip-zn)d'p, (32) 


is not a matrix operator but a function satisfying 
C774(2, 1)—m’*I,(2, 1) =6(2, 1), 


where —(_].?= (V2)? = (0/0%2u)(0/Ox2y). 

The integrals (31) and (32) are not yet completely 
defined for there are poles in the integrand when 
p?—m?=0. We can define how these poles are to be 
evaluated by the rule that m is considered lo have an 
infinitesimal negative imaginary part. That is m, is re- 
placed by m—16 and the limit taken as 50 from above. 
This can be seen by imagining that we calculate K; by 
integrating on jf, first. If we call E=+(m?+ $2 
+ p2?+);?)! then the integrals involve , essentially as 
S exp(—ipa(tea—t))dpa(p2—E)" which has poles at 
po=+E and p= —E. The replacement of m by m—16 
means that E has a small negative imaginary part; the 
first pole is below, the second above the real axis. Now 
if f—;>0 the contour can be completed around the 
semicircle below the real axis thus giving a residue from 
the pa=+E pole, or —(2E)— exp(—iE(t2—4:)). If 
t2—t1<O the upper semicircle must be used, and 
ps=—E at the pole, so that the function varies in each 
case as required by the other definition (17). 

Other solutions of (12) result from other prescrip- 
tions. For example if p, in the factor (p?—m?)— is con- 
sidered to have a positive imaginary part K, becomes 
replaced by Ko, the Dirac one-electron kernel, zero for 
to<t. Explicitly the function is" (x, ‘=xa1,) 


1,.(x, 1) = — (40)18(s?) + (m/8rs)H (ms), (34) 
where s=+ (#—x?)} for 2>x? and s=—i(x#2—£)! for 


1 I,(x, 0) is (2¢)-(D,(x, t)—¢D(x, t)) where D, and D are the 
functions defined by W. Pauli, Rev. Mod. Phys. 13, 203 (1941). 


(33) 
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P <x, H,® is the Hankel function and 6s?) is the 
Dirac delta function of s?. It behaves asymptotically 
as exp(—ims), decaying exponentially in space-like 
directions.” 

By means of such transforms the matrix elements 
like (22), (23) are easily worked out. A free particle 
wave function for an electron of momentum fy; is 
u, exp(—ip,-x) where ™ is a constant spinor satisfying 
the Dirac equation pi:4;=mu, so that pr=m?. The 
matrix element (22) for going from a state fi, #: to a 
state of momentum 2, spinor #2, is —4771(d,a(q)u) 
where we have imagined A expanded in a Fourier 
integral 


A(1)= f a(g) exp(—ig-x1)d*4, 


and we select the component of momentum g= p.— pr. 
The second order term (23) is the matrix element 
between m and 22 of 


— 493i f (a(p:—p:—@))(br-+q—m)a(q)d'q, (35) 


since the electron of momentum fp; may pick up q from 
the potential a(q), propagate with momentum /,+q 
(factor (f:+q—m)-") until it is scattered again by the 
potential, a(p2—f1—q), picking up the remaining mo- 
mentum, ~2—1—q, to bring the total to po. Since all 
values of g are possible, one integrates over q. 

These same matrices apply directly to positron prob- 
lems, for if the time component of, say, fp: is negative 
the state represents a positron of four-momentum — fi, 
and we are describing pair production if 2 is an elec- 
tron, i.e., has positive time component, etc. 

The probability of an event whose matrix element is 
(%2Mm) is proportional to the absolute square. This 
may also be written (%Mu)(a2Mu), where M is M 
with the operators written in opposite order and explicit 
appearance of i changed to wid is 8 times the complex 
conjugate transpose of 8M). For many problems we are 
not concerned about the spin of the final state. Then we 
can sum the probability over the two “2 corresponding 
to the two spin directions. This is not a complete set be- 
cause p2 has another eigenvalue, —m. To permit sum- 
ming over all states we can insert the projection operator 
(2m)-(p2+m) and so obtain (2m)—\(i,M (po+-m)M u) 
for the probability of transition from pi, %, to p2 with 
arbitrary spin. If the incident state is unpolarized we 
can sum on its spins too, and obtain 


(2m)*SpL(pitm)M (p.+m)M] (36) 


for (twice) the probability that an electron of arbitrary 
spin with momentum , will make transition to p2. The 
expressions are all valid for positrons when p’s with 


2 If the —76 is kept with m here too the function J, approaches 
zero for infinite positive and negative times. This may be useful 
in general analyses in avoiding complications from infinitely 
remote surfaces. 
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negative energies are inserted, and the situation inter- 
preted in accordance with the timing relations discussed 
above. (We have used functions normalized to (a@u)=1 
instead of the conventional (du) =(u*u)=1. On our 
scale (u%fu)=energy/m so the, probabilities must be 
corrected by the appropriate factors.) 

The author has many people to thank for fruitful 
conversations about this subject, particularly H. A. 
Bethe and F. J. Dyson. 


APPENDIX 
a. Deduction from Second Quantization 


In this section we shall show the equivalence of this theory with 
the hole theory of the positron.? According to the theory of second 
quantization of the electron field in a given potential," the state 
of this field at any time is represented by a wave function x 
satisfying 

i0x/dt=Hx, 


where H= f¥*(x)(@-(—iY—A)+Act+mB)¥(x)d°x and (x) is 
an operator annihilating an electron at position x, while ¥*(x) is 
the corresponding creation operator. We contemplate a situation 
in which at ¢=0 we have present some electrons in states repre- 
sented by ordinary spinor functions fi(x), f(x), -+- assumed 
orthogonal, and some positrons. These are described as holes in 
the negative energy sea, the electrons which would normally fill the 


holes having wave functions p(x), p2(x), :::. We ask, at time T 
what is the amplitude that we find electrons in states g,(x), 
&2(x), +++ and holes at gi(x), go(x), +++. If the initial and final state 


vectors representing this situation are x; and xy respectively, we 
wish to calculate the matrix element 


R= (x7 exp(—i Hat) xs) = Ou*Sxi). 


We assume that the potential A differs from zero only for times 
between 0 and T so that a vacuum can be defined at these times. 
If xo represents the vacuum state (that is, all negative energy 
states filled, all positive energies empty), the amplitude for having 
a vacuum at time 7, if we had one at ¢=0, is 


Co= (x0*Sx0), (38) 


writing S for exp(—ifo7Hdt). Our problem is to evaluate R and 

show that it is a simple factor times C,, and that the factor involves 

the K,‘4 functions in the way discussed in the previous sections. 
To do this we first express x: in terms of xo. The operator 


os f W*(x)o(x)dx, 


creates an electron with wave function ¢(x). Likewise b= /¢*(x) 
XW (x)d3x annihilates one with wave function ¢(x). Hence state 
xi is xi= F,*Fo*---PiP2-++ x0 while the final state is G,*G,*--- 
XQiQ2:++xo where Fi, G;, Pi, Qi are operators defined like %, in 
(39), but with fi, gi, Pi, gi replacing @; for the initial state would 
result from the vacuum if we created the electrons in fi, fz, +: 
and annihilated those in ;, pz, ---. Hence we must find 
R=(xo*+ + -Qo*Qi*+ + -G2G,SF\*Fo*+++P1P2+++ x0). (40) 
To simplify this we shall have to use commutation relations be- 
tween a * operator and S. To this end consider exp(—i/o'Hdt’)o* 
Xexp(+i/o'Hdt’) and expand this quantity in terms of ¥*(x), 
giving /*(x) (x, #)d3x, (which defines $(x, ¢)). Now multiply 
this equation by exp(+i/o'Hdt’)---exp(—i/o'Hdt’) and find 


Svrcosooax= fH", 666, a, (41) 
where we have defined ¥(x,t) by (x, 4) =exp(+i/o'Hdt')¥(x) 
See, for example, G. Wentzel, Einfuhrung in die Quanten- 


theorie der Wellenfelder (Franz Deuticke, Leipzig, 1943), Chap- 
ter V. . 


(37) 


(39) 
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Xexp(—i/o'Hdt’). As is well known W(x, ¢) satisfies the Dirac 
equation, (differentiate ¥(x, ¢) with respect to ¢ and use commuta- 
tion relations of H and ¥) 


id V(x, t)/Ot= (a-(—iY—A)+Act+mB)¥(x, t). (42) 


Consequently ¢(x, ¢) must also satisfy,the Dirac equation (differ- 
entiate (41) with respect to é, use (42) and integrate by parts). 

That is, if (x, 7) is that solution of the Dirac equation at time 
T which is ¢(x) at ¢=0, and if we define 6*= /¥*(x)$(x)d*x and 
&'* = [¥*(x)o(x, T)d*x then '*=So*5-, or 


Sd*= oS, (43) 


The principle on which the proof will be based can now be 
illustrated by a simple example. Suppose we have just one electron 
initially and finally and ask for 


7= (xo*GSF* x0). (44) 


We might try putting F* through the operator S using (43), 
SF*= F’*S, where f’ in F’**= {-¥*(x)f"(x)d°x is the wave function 
at T arising from f(x) at 0. Then 


= (xo*GF*SXx0) = f 8*(x)f'(x)d2x-Co— (x0* F""GSx0), (45) 


where the second expression has been obtained by use of the defi- 
nition (38) of C, and the general commutation relation 


GF*+F*G= f eX(x)fod’, 


which is a consequence of the properties of ¥(x) (the others are 
FG=-—GF and F*G*= —G*F*). Now xo*F”* in the last term in 
(45) is the complex conjugate of F’xo. Thus if f’ contained only 
positive energy components, F’xo would vanish and we would have 
reduced r to a factor times C,. But F’, as worked out here, does 
contain negative energy components created in the potential A 
and the method must be slightly modified. 

Before putting F* through the operator we shall add to it 
another operator F’* arising from a function f(x) containing only 
negative energy components and so chosen that the resulting f’ 
has only positive ones. That is we want 


S(F pos" + Faeg’*) = Fpoe’*S, (46) 


where the “pos” and “neg” serve as reminders of the sign of the 
energy components contained in the operators. This we can now 
use in the form 

SF pos* = Fpos*S—SFaeg (47) 


In our one electron problem this substitution replaces r by two 
terms 


r= (x0*GF pos *S xo) — (x0*GSFneg *x0)- 


The first of these reduces to 


r= fe*(0)fros'(x)dx-Cr, 


as above, for Fpos’xo is now zero, while the second is zero since the 
creation operator Fneg’* gives zero when acting on the vacuum 
state as all negative energies are full. This is the central idea of 
the demonstration. 

The problem presented by (46) is this: Given a function f pos(x) 
at time 0, to find the amount, fneg”, of negative energy component 
which must be added in order that the solution of Dirac’s equa- 
tion at time T will have only positive energy components, f pos’. 
This is a boundary value problem for which the kernel K,‘4) is 
designed. We know the positive energy components initially, fpos, 
and the negative ones finally (zero). The positive ones finally are 
therefore (using (19)) 


Soos'(x2) = J K 42, 1)B foos(xi)d, (48) 
where t2= T, t:=0. Similarly, the negative ones initially are 
Goea! (Xs) = f K+, 1)Bfpoo(ti)d*x1—foos(x:), (49) 


where ¢2 approaches zero from above, and ¢;=0. The fpos(x2) is 
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subtracted to keep in fneg’“(X2) only those waves which return 
from the potential and not those arriving directly at ¢2 from the 
K4(2, 1) part of K4(4(2, 1), as tz-+0. We could also have written 


Soca’’(42)= J LK 42, 1) -K (2, 1) T8fpoa(rdd*xr. (50) 


Therefore the one-electron problem, r= J g*(x)f por'(x)d*x-C., 
gives by (48) 


r=Cof gM) K4 (2, YBf()d ed xs, 


as expected in accordance with the reasoning of the previous sec- 
tions (i-e., (20) with K,“ replacing K,). 

The proof is readily extended to the more general expression R, 
(40), which can be analyzed by induction. First one replaces F,* 
by a relation such as (47) obtaining two terms 


R= (x0*+ + -Q2*Q1*+ + -G2GiF pos *S F2*- + + PiP2: + x0) 
—(xo*- --Q2*Q1*- - + G2GiS Fines’ *F2*- - + PiP2*+ + x0). 


In the first term the order of Fipos’* and G; is then interchanged, 
producing an additional term /g:*(x) fipos (x)d*x times an expres- 
sion with one less electron in initial and final state. Next it is 
exchanged with G2 producing an addition — f-g2*(Xx)fipos/(x)d3x 
times a similar term, etc. Finally on reaching the Q,* with which 
it anticommutes it can be simply moved over to juxtaposition 
with xo* where it gives zero. The second term is similarly handled 
by moving Finee’’* through anti commuting F,*, etc., until it 
reaches P;. Then it is exchanged with P; to produce an addi- 
tional simpler term with a factor J p:*(x)fineg”(x)dx or 
FS pi* (x2) K 464(2, 1) Bfi(x1)d?x1d3x2 from (49), with t2= t =0 (the 
extra fi(x2) in (49) gives zero as it is orthogonal to f:(x2)). This 
describes in the expected manner the annihilation of the pair, 
electron f,, positron f:. The Fneg’* is moved in this way succes- 
sively through the P’s until it gives zero when acting on xo. Thus 
Ris reduced, with the expected factors (and with alternating signs 
as required by the exclusion principle), to simpler terms containing 
two less operators which may in turn be further reduced by using 
F;* in a similar manner, etc. After all the F* are used the Q*’s 
can be reduced in a similar manner. They are moved through the 
S in the opposite direction in such a manner as to produce a purely 
negative energy operator at time 0, using relations analogous to 
(46) to (49). After all this is done we are left simply with the ex- 
pected factor times Cy (assuming the net charge is the same in 
initial and final state.) 

In this way we have written the solution to the general problem 
of the motion of electrons in given potentials. The factor Cy is 
obtained by normalization. However for photon fields it is desir- 
able to have an explicit form for C. in terms of the potentials. 
This is given by (30) and (29) and it is readily demonstrated that 
this also is correct according to second quantization. 


b. Analysis of the Vacuum Problem 


We shall calculate Cy from second quantization by induction 
considering a series of problems each containing a potential dis- 
tribution more nearly like the one we wish. Suppose we know Ce 
for a problem like the one we want and having the same potentials 
for time ¢ between some 4 and T, but having potential zero for 
times from 0 to fo. Call this Cu(to), the corresponding Hamiltonian 
Ht and the sum of contributions for all single loops, L(¢o). Then 
for to=T we have zero potential at all times, no pairs can be 
produced, L(T)=0 and C.(T)=1. For to=0 we have the com- 
plete problem, so that C.(0) is what is defined as C> in (38). 
Generally we have, 


Co(to) =(u" exp(-if” Hitt) xo) 
= (x exp( -i i A wil) x»), 


since Ht is identical to the constant vacuum Hamiltonian 7 for 
t<to and xo is an eigenfunction of Hr with an eigenvalue (energy 
of vacuum) which we can take as zero. 
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The value of C,(to—Ato) arises from the Hamiltonian Hto— Ato 
which differs from H¢to just by having an extra potential during 
the short interval Ato. Hence, to first order in Ato, we have 


Co(to— Ato) = (xe" exp - if re Htg~atedt) x0) 


=(x0" exp( if” Hudt)| 1—iat w*(x) 


X(—@-A(x, fo) +4 a(x, 1) H(a0a"x x0) 


we therefore obtain for the derivative of C, the expression 


—dCe(to)/dto= — a(x" exp( i th i Hest) 


Xf ¥*O)BAC to) ¥(H)A exe), (51) 


which will be reduced to a simple factor times C.(to) by methods 
analogous to those used in reducing R. The operator W can be 
imagined to be split into two pieces Ypos and Wneg operating on 
positive and negative energy states respectively. The Wpos On xo 
gives zero so we are left with two terms in the current density, 
Wpos*BAWneg and Wneg*BAVneg. The latter Vneg*BAWneg is just 
-the expectation value of 8A taken over all negative energy states 
(minus VnegBAWVneg* which gives zero acting on x0). This is the 
effect of the vacuum expectation current of the electrons in the 
sea which we should have subtracted from our original Hamil- 
tonian in the customary way. 

The remaining term Vpo.*8AWneg, or its equivalent Vpos*BAY 
can be considered as ¥*(x)fpos(x) where fpos(x) is written for the 
Positive energy component of the operator BAY(x). Now this 
operator, ¥*(x)fpos(x), or more precisely just the ¥*(x) part of it, 
can be pushed through the exp(—i/to’Hdt) in a manner exactly 
analogous to (47) when / is a function. (An alternative derivation 
results from the consideration that the operator W(x, é) which 
satisfies the Dirac equation also satisfies the linear integral equa- 
tions which are equivalent to it.) That is, (51) can be written 
by (48), (50), 


—dColle)/dbo= — a xo" Sf Seek, 0 


xexp(—i Vf, 7 Hat) A(1)¥(xs)d dx) 


$i( x" exp(—i if, i Hat) cf if W* (xe) CK 4((2, 1) 
~K,(2, NJAC) H(m)dndxex0), 


where in the first term é2=T, and in the second tz+l=h. The 
(A) in K,™ refers to that part of the potential A after fo. The 
first term vanishes for it involves (from the K,4)(2, 1)) only 
Positive energy components of ¥*, which give zero operating into 
xo". In the second term only negative components of ¥*(xz) 
appear. If, then *(x2) is interchanged in order with W(x) it will 
give zero operating on xo, and only the term, 


—dCulte)/dto= +i f SPL(K UA, 1) 
—K,(1,1))A() Je Colle), (52) 


will remain, from the usual commutation relation of ¥* and W. 

The factor of Cu(to) in (52) times — Ato is, according to (29) 
(reference 10), just L(¢o—Ato)—L(to) since this difference arises 
from the extra potential AA=A during the short time interval 
Ato. Hence —dCu(to)/dto= + (dL (to)/dto)C.(to) so that integration 
from fo=T to to=0 establishes (30). 

Starting from the theory of the electromagnetic field in second 
quantization, a deduction of the equations for quantum electro- 
dynamics which appear in tne succeeding paper may be worked 
out using very similar principles. The Pauli-Weisskopf theory of 
the Klein-Gordon equation can apparently be analyzed in essen- 
tially the same way as that used here for Dirac electrons. 
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In this paper two things are done. (1) It is shown that a con- 
siderable simplification can be attained in writing down matrix 
elements for complex processes in electrodynamics. Further, a 
physical point of view is available which permits them to be 
written down directly for any specific problem. Being simply a 
restatement of conventional electrodynamics, however, the matrix 
elements diverge for complex processes. (2) Electrodynamics is 
modified by altering the interaction of electrons at short distances. 
All matrix elements are now finite, with the exception of those 
relating to problems of vacuum polarization. The latter are 
evaluated in a manner suggested by Pauli and Bethe, which gives 
finite results for these matrices also. The only effects sensitive to 
the modification are changes in mass and charge of the electrons. 
Such changes could not be directly observed. Phenomena directly 
observable, are insensitive to the details of the modification used 
(except at extreme energies). For such phenomena, a limit can 
be taken as the range of the modification goes to zero. The results 
then agree with those of Schwinger. A complete, unambiguous, 


and presumably consistent, method is therefore available for the 
calculation of all processes involving electrons and photons. 

The simplification in writing the expressions results from an 
emphasis on the over-all space-time view resulting from a study 
of the solution of the equations of electrodynamics. The relation 
of this to the more conventional Hamiltonian point of view is 
discussed. It would be very difficult to make the modification 
which is proposed if one insisted on having the equations in 
Hamiltonian form. 

The methods apply as well to charges obeying the Klein-Gordon 
equation, and to the various meson theories of nuclear forces. 
Illustrative examples are given. Although a modification like that 
used in electrodynamics can make all matrices finite for all of the 
meson theories, for some of the theories it is no longer true that 
all directly observable phenomena are insensitive to the details of 
the modification used. 

The actual evaluation of integrals appearing in the matrix 
elements may be facilitated, in the simpler cases, by methods 
described in the appendix. 


HIS paper should be considered as a direct con- 
tinuation of a preceding one! (I) in which the 
motion of electrons, neglecting interaction, was ana- 
lyzed, by dealing directly with the solution of the 
Hamiltonian differential equations. Here the same tech- 
nique is applied to include interactions and in that way 
to express in simple terms the solution of problems in 
quantum electrodynamics. 

For most practical calculations in quantum electro- 
dynamics the solution is ordinarily expressed in terms 
of a matrix element. The matrix is worked out as an 
expansion in powers of e?/fc, the successive terms cor- 
responding to the inclusion of an increasing number of 
virtual quanta. It appears that a considerable simplifi- 
cation can be achieved in writing down these matrix 
elements for complex processes. Furthermore, each term 
in the expansion can be written down and understood 
directly from a physical point of view, similar to the 
space-time view in I. It is the purpose of this paper to 
describe how this may be done. We shall also discuss 
methods of handling the divergent integrals which 
appear in these matrix elements. 

The simplification in the formulae results mainly from 
the fact that previous methods unnecessarily separated 
into individual terms processes that were closely related 
physically. For example, in the exchange of a quantum 
between two electrons there were two terms depending 
on which electron emitted and which absorbed the 
quantum. Yet, in the virtual states considered, timing 
relations are not significant. Olny the order of operators 
in the matrix must be maintained. We have seen (I), 
that in addition, processes in which virtual pairs are 
produced can be combined with others in which only 


'R. P. Feynman, Phys. Rev. 76, 749 (1949), hereafter called I. 


positive energy electrons are involved. Further, the 
effects of longitudinal and transverse waves can be 
combined together. The separations previously made 
were on an unrelativistic basis (reflected in the circum- 
stance that apparently momentum but not energy is 
conserved in intermediate states). When the terms are 
combined and simplified, the relativistic invariance of 
the result is self-evident. 

We begin by discussing the solution in space and time 
of the Schrédinger equation for particles interacting 
instantaneously. The results are immediately general- 
izable to delayed interactions of relativistic electrons 
and we represent in that way the laws of quantum 
electrodynamics. We can then see how the matrix ele- 
ment for any process can be written down directly. In 
particular, the self-energy expression is written down. 

So far, nothing has been done other than a restate- 
ment of conventional electrodynamics in other terms. 
Therefore, the self-energy diverges. A modification? in 
interaction between charges is next made, and it is 
shown that the self-energy is made convergent and 
corresponds to a correction to the electron mass. After 
the mass correction is made, other real processes are 
finite and insensitive to the “width” of the cut-off in 
the interaction.? 

Unfortunately, the modification proposed is not com- 
pletely satisfactory theoretically (it leads to some diffi- 
culties of conservation of energy). It does, however, 
seem consistent and satisfactory to define the matrix 


2 For a discussion of this modification in classical physics see 
R. P. Feynman, Phys. Rev. 74 939 (1948), hereafter referred 
toas A. 

3A brief summary of the methods and results will be found in 
R. a ass Phys. Rev. 74, 1430 (1948), hereafter referred 
to as B. 
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element for all real processes as the limit of that com- 
puted here as the cut-off width goes to zero. A similar 
technique suggested by Pauli and by Bethe can be 
applied to problems of vacuum polarization (resulting 
in a renormalization of charge) but again a strict 
physical basis for the rules of convergence is not known. 

After mass and charge renormalization, the limit of 
zero cut-off width can be taken for all real processes. 
The results are then equivalent to those of Schwinger* 
who does not make explicit use of the convergence fac- 
tors. The method of Schwinger is to identify the terms 
corresponding to corrections in mass and charge and, 
previous to their evaluation, to remove them from the 
expressions for real processes. This has the advantage 
of showing that. the results can be strictly independent 
of particular cut-off methods. On the other hand, many 
of the properties of the integrals are analyzed using 
formal properties of invariant propagation functions. 
But one of the properties is that the integrals are infinite 
and it is not clear to what extent this invalidates the 
demonstrations. A practical advantage of the present 
method is that ambiguities can be more easily resolved; 
simply by direct calculation of the otherwise divergent 
integrals. Nevertheless, it is not at all clear that the 
convergence factors do not upset the physical con- 
sistency of the theory. Although in the limit the two 
methods agree, neither method appears to be thoroughly 
satisfactory theoretically. Nevertheless, it does appear 
that we now have available a complete and definite 
method for the calculation of physical processes to any 
order in quantum electrodynamics. 

Since we can write down the solution to any physical 
problem, we have a complete theory which could stand 
by itself. It will be theoretically incomplete, however, 
in two respects. First, although each term of increasing 
order in e?/hc can be written down it would be desirable 
to see some way of expressing things in finite form to 
all orders in e?/hc at once. Second, although it will be 
physically evident that the results obtained are equiva- 
lent to those obtained by conventional electrodynamics 
the mathematical proof of this is not included. Both of 
these limitations will be removed in a subsequent paper 
(see also Dyson‘). 

Briefly the genesis of this theory was this. The con- 
ventional electrodynamics was expressed in the La- 
grangian form of quantum mechanics described in the 
Reviews of Modern Physics.6 The motion of the field 
oscillators could be integrated out (as described in Sec- 
tion 13 of that paper), the result being an expression of 
the delayed interaction of the particles. Next the modi- 
fication of the delta-function interaction could be made 
directly from the analogy to the classical case.? This 


4 J. Schwinger, Phys. Rev. 74, 1439 (1948), Phys. Rev. 75, 651 
(1949). A proof of this equivalence is given by F. J. Dyson, Phys. 
Rev. 75, 486 (1949). 

5R. P. Feynman, Rev. Mod. Phys. 20, 367 (1948). The applica- 
tion to electrodynamics is described in detail by H. J. Groenewold, 
Koninklijke Nederlandsche Akademia van Weteschappen. Pro- 
ceedings Vol. LII, 3 (226) 1949. 
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was still not complete because the Lagrangian method 
had been worked out in detail only for particles obeying 
the non-relativistic Schrédinger equation. It was then 
modified in accordance with the requirements of the 
Dirac equation and the phenomenon of pair creation. 
This was made easier by the reinterpretation of the 
theory of holes (I). Finally for practical calculations the 
expressions were developed in a power series in e?/he. It 
was apparent that each term in the series had a simple 
physical interpretation. Since the result was easier to 
understand than the derivation, it was thought best to 
publish the results first in this paper. Considerable time 
has been spent to make these first two papers as com- 
plete and as physically plausible as possible without 
relying on the Lagrangian method, because it is not 
generally familiar. It is realized that such a description 
cannot carry the conviction of truth which would ac- 
company the derivation. On the other hand, in the 
interest of keeping simple things simple the derivation 
will appear in a separate paper. 

The possible application of these methods to the 
various meson theories is discussed briefly. The formu- 
las corresponding to a charge particle of zero spin 
moving in accordance with the Klein Gordon equation 
are also given. In an Appendix a method is given for 
calculating the integrals appearing in the matrix ele- 
ments for the simpler processes. 

The point of view which is taken here of the inter- 
action of charges differs from the more usual point of 
view of field theory. Furthermore, the familiar Hamil- 
tonian form of quantum mechanics must be compared 
to the over-all space-time view used here. The first 
section is, therefore, devoted to a discussion of the 
relations of these viewpoints. 


1. COMPARISON WITH THE HAMILTONIAN 
METHOD 


Electrodynamics can be looked upon in two equiva- 
lent and complementary ways. One is as the description 
of the behavior of a field (Maxwell’s equations). The 
other is as a description of a direct interaction at a 
distance (albeit delayed in time) between charges (the 
solutions of Lienard and Wiechert). From the latter 
point of view light is considered as an interaction of the 
charges in the source with those in the absorber. This is 
an impractical point of view because many kinds of 
sources produce the same kind of effects. The field point 
of view separates these aspects into two simpler prob- 
lems, production of light, and absorption of light. On 
the other hand, the field point of view is less practical 
when dealing with close collisions of particles (or their 
action on themselves). For here the source and absorber 
are not readily distinguishable, there is an intimate 
exchange of quanta. The fields are so closely determined 
by the motions of the particles that it is just as well not 
to separate the question into two problems but to con- 
sider the process as a direct interaction. Roughly, the 
field point of view is most practical for problems involv- 
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ing real quanta, while the interaction view is best for 
the discussion of the virtual quanta involved. We shall 
emphasize the interaction viewpoint in this paper, first 
because it is less familiar and therefore requires more 
discussion, and second because the important aspect in 
the problems with which we shall deal is the effect of 
virtual quanta. 

The Hamiltonian method is not well adapted to 
represent the direct action at a distance between charges 
because that action is delayed. The Hamiltonian method 
represents the future as developing out of the present. 
If the values of a complete set of quantities are known 
now, their values can be computed at the next instant 
in time. If particles interact through a delayed inter- 
action, however, one cannot predict the future by 
simply knowing the present motion of the particles. 
One would also have to know what the motions of the 
particles were in the past in view of the interaction this 
may have on the future motions. This is done in the 
Hamiltonian electrodynamics, of course, by requiring 
that one specify besides the present motion of the 
particles, the values of a host of new variables (the 
coordinates of the field oscillators) to keep track of that 
aspect of the past motions of the particles which de- 
termines their future behavior. The use of the Hamil- 
tonian forces one to choose the field viewpoint rather 
than the interaction viewpoint. 

In many problems, for example, the close collisions 
of particles, we are not interested in the precise tem- 
poral sequence of events. It is not of interest to be able 
to say how the situation would look at each instant of 
time during a collision and how it progresses from in- 
stant to instant. Such ideas are only useful for events 
taking a long time and for which we can readily obtain 
information during the intervening period. For collisions 
it is much easier to treat the process as a whole.§ The 
Moller interaction matrix for the the collision of two elec- 
trons is not essentially more complicated than the non- 
relativistic Rutherford formula, yet the mathematical 
machinery used to obtain the former from quantum 
electrodynamics is vastly more complicated than 
Schrédinger’s equation with the e/r2. interaction 
needed to obtain the latter. The difference is only that 
in the latter the action is instantaneous so that the 
Hamiltonian method requires no extra variables, while 
in the former relativistic case it is delayed and the 
Hamiltonian method is very cumbersome. 

We shall be discussing the solutions of equations 
rather than the time differential equations from which 
they come. We shall discover that the solutions, because 
of the over-all space-time view that they permit, are as 
easy to understand when interactions are delayed as 
when they are instantaneous. 

As a further point, relativistic invariance will be self- 
evident. The Hamiltonian form of the equations de- 
velops the future from the instantaneous present. But 


® This is the viewpoint of the theory of the S matrix of Heisen- 
berg. 
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for different observers in relative motion the instan- 
taneous present is different, and corresponds to a 
different 3-dimensional cut of space-time. Thus the 
temporal analyses of different observers is different and 
their Hamiltonian equations are developing the process 
in different ways. These differences are irrelevant, how- 
ever, for the solution is the same in any space time 
frame. By forsaking the Hamiltonian method, the 
wedding of relativity and quantum mechanics can be 
accomplished most naturally. 

We illustrate these points in the next section by 
studying the solution of Schrédinger’s equation for non- 
relativistic particles interacting by an instantaneous 
Coulomb potential (Eq. 2). When the solution is modi- 
fied to include the effects of delay in the interaction 
and the relativistic properties of the electrons we obtain 
an expression of the laws of quantum electrodynamics 
(Eq. 4). 


2. THE INTERACTION BETWEEN CHARGES 


We study by the same methods as in I, the interaction 
of two particles using the same notation as I. We start 
by considering the non-relativistic case described by the 
Schrédinger equation (I, Eq. 1). The wave function at 
a given time is a function (Xa, Xs, /) of the coordinates 
Xa and Xs of each particle. Thus call A (Xa, Xu, 4; Xa’, Xs’, (’) 
the amplitude that particle a at x.’ at time /’ will get 
to x. at / while particle 5 at x,’ at / gets to x, at /. If the 
particles are free and do not interact this is 


K (Xa, Xb, 6; Xa’, X08, !) = Koa(Xa; 5 Xa’y f’)Kos(xe, 4; x8’, (’) 


where Kog is the Ao function for particle a considered 
as free. In ¢his case we can obviously define a quantity 
like K, but for which the time / need not be the same 
for particles a and 6 (likewise for /’); e.g., 


K.(3, 4; 1, 2)= Koa(3, 1)Kos(4, 2) (1) 


can be thought of as the amplitude that particle @ goes 
from x; at 4 to X3 at /3 and that particle b goes from x2 
at fp to Xq at /4. 

When the particles do interact, one can only define 
the quantity K(3, 4; 1,2) precisely if the interaction 
vanishes between /; and f2 and also between f3 and (. 
In a real physical system such is not the case. There is 
such an enormous advantage, however, to the concept 
that we shall continue to use it, imagining that we can 
neglect the effect of interactions between (; and f, and 
between /3 and (4. For practical problems this means 
choosing such long time intervals /3—/, and /y—¢2 that 
the extra interactions near the end points have small 
relative effects. As an example, in a scattering problem 
it may well be that the particles are so well separated 
initially and finally that the interaction at these times 
is negligible. Again energy values can be defined by the 
average rate of change of phase over such long time 
intervals that errors initially and finally can be neg- 
lected. Inasmuch as any physical problem can be defined 
in terms of scattering processes we do not lose much in 
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VIRTUAL 
QUANTUM 


TIME 
8,(88) 
(5,1) K,(6,2) 
t ELECTRONS 2 


Fic. 1. The fundamental interaction Eq. (4). Exchange of one 
quantum between two electrons. 


a general theoretical sense by this approximation. If it 
is not made it is not easy to study interacting particles 
relativistically, for there is nothing significant in choos- 
ing t:=/3 if x1#X3, as absolute simultaneity of events 
at a distance cannot be defined invariantly. It is essen- 
tially to avoid this approximation that the complicated 
structure of the older quantum electrodynamics has 
been built up. We wish to describe electrodynamics as 
a delayed interaction between particles. If we can make 
the approximation of assuming a meaning to K(3, 4; 1, 2) 
the results of this interaction can be expressed very 
simply. 

To see how this may be done, imagine first that the 
interaction is simply that given by a Coulomb potential 
e/r where r is the distance between the particles. If this 
be turned on only for a very short time Ato at time fo, 
the first order correction to K(3, 4; 1, 2) can be worked 
out exactly as was Eq. (9) of I by an obvious general- 
ization to two particles: 


K(3, 41 2)=—ie f f Koa(3, 5)Koa(4, 6)rse7? 


XKoa(5, 1) Koa(6, 2)d*xsd*xeAto, 


where ‘s=¢s=¢o. If now the potential were on at all 
times (so that strictly K is not defined unless 44=¢; and 
t=), the first-order effect is obtained by integrating 
on ¢o, which we can write as an integral over both ¢; 
and és if we include a delta-function 5(¢s—¢s) to insure 
contribution only when ts=¢s. Hence, the first-order 
effect of interaction is (calling ts—¢s=¢s6): 


K®(3, 4; 1, 2)=—ié a f Koa(3, 5)Koo(4, 6)rse 


X 6(tss) Koa(S, 1)Kos(6, 2)d7sdt5, (2) 


where dr=d'xdi. 

We know, however, in classical electrodynamics, that 
the Coulomb potential does not act instantaneously, 
but is delayed by a time 756, taking the speed of light 
as unity. This suggests simply replacing 7s¢~*8(tse) in 
(2) by something like 7s¢~!5(tss—7s6) to represent the 
delay in the effect of b on a. 
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This turns out to be not quite right,’ for when this 
interaction is represented by photons they must be of 
only positive energy, while the Tourier transform of 
5(tss—7se) contains frequencies of both signs. It should 
instead be replaced by 5+(tss—7s6) where 


rR (mi) 
5, (x)= i Wid eli 8) eG) 
0 «0 y—ie 
This is to be averaged with 756~154(—tss—7se) which 
arises when ‘;<¢ and corresponds to a emitting the 
quantum which 5 receives. Since 


(2r)-"(54.(t—7) + 64(—t—1)) = 54.) 


this means 756~5(tss) is replaced by 54(Ss62) where 
S56’ =ls6’—71s6" is the square of the relativistically in- 
variant interval between points 5 and 6. Since in 
classical electrodynamics there is also an interaction 
through the vector potential, the complete interaction 
(see A, Eq. (1)) should be (1—(vs-v6)5+(Ss6”), or in the 
relativistic case, 


(1— aa: ee) 54 (S56") = BaBoYanVou5+ (Ss6”). 


Hence we have for electrons obeying the Dirac equation, 


K(3, 4 1,2)=—ie? il f Ksa(3,5)K4s(4, 6)-Yan'¥ou 


X 64. (Sse?) K40(S, 1)K40(6, 2)d7sdrs, (4) 


where Ya, and Ys, are the Dirac matrices applying to 
the spinor corresponding to particles a and 3, respec- 
tively (the factor 8,8, being absorbed in the definition, 
I Eq. (17), of Ky). 

This is our fundamental equation for electrodynamics. 
It describes the effect of exchange of one quantum 
(therefore first order in e*) between two electrons. It 
will serve as a prototype enabling us to write down the 
corresponding quantities involving the exchange of two 
or more quanta between two electrons or the interaction 
of an electron with itself. It is a consequence of con- 
ventional electrodynamics. Relativistic invariance is 
clear. Since one sums over uy it contains the effects of 
both longitudinal and transverse waves in a relati- 
vistically symmetrical way. 

We shall now interpret Eq. (4) in a manner which 
will permit us to write down the higher order terms. It 
can be understood (see Fig. 1) as saying that the ampli- 
tude for ‘‘a” to go from 1 to 3 and ‘‘b” to go from 2 to 4 
is altered to first order because they can exchange a 
quantum. Thus, “a” can go to 5 (amplitude K4(5, 1)) 


7 It, and a like term for the effect of a on b, leads to a theory 
which, in the classical limit, exhibits interaction through half- 
advanced and half-retarded potentials. Classically, this is equi- 
valent to purely retarded effects within a closed box from which 
no light escapes (e.g., see A, or J. A. Wheeler and R. P. Feynman, 
Rev. Mod. Phys. 17, 157 (1945)). Analogous theorems exist in 
quantum mechanics but it would lead us too far astray to discuss 
them now. 
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emit a quantum (longitudinal, transverse, or scalar 
Yau) and then proceed to 3 (K4(3, 5)). Meantime ‘‘b” 
goes to 6 (K,(6,2)), absorbs the quantum (ys,) and 
proceeds to 4 (K4(4, 6)). The quantum meanwhile pro- 
ceeds from 5 to 6, which it does with amplitude 6,(ss¢). 
We must sum over all the possible quantum polariza- 
tions » and positions and times of emission 5, and of 
absorption 6. Actually if ts>/, it would be better to 
say that “a” absorbs and “bd” emits but no attention 
need be paid to these matters, as all such alternatives 
are automatically contained in (4). 

The correct terms of higher order in e? or involving 
larger numbers of electrons (interacting with themselves 
or in pairs) can be written down by the same kind of 
reasoning. They will be illustrated by examples as we 
proceed. In a succeeding paper they will all be deduced 
from conventional quantum electrodynamics. 

Calculation, from (4), of the transition element be- 
tween positive energy free electron states gives the 
Miller scattering of two electrons, when account is 
taken of the Pauli principle. 

The exclusion principle for interacting charges is 
handled in exactly the same way as for non-interacting 
charges (I). For example, for two charges it requires 
only that one calculate K(3, 4; 1, 2)—K(4, 3; 1, 2) to 
get the net amplitude for arrival of charges at 3 and 4. 
It is disregarded in intermediate states. The inter- 
ference effects for scattering of electrons by positrons 
discussed by Bhabha will be seen to result directly in 
this formulation. The formulas are interpreted to apply 
to positrons in the manner discussed in I. 

As our primary concern will be for processes in which 
the quanta are virtual we shall not include here the 
detailed analysis of processes involving real quanta in 
initial or final state, and shall content ourselves by only 
stating the rules applying to them.’ The result of the 
analysis is, as expected, that they can be included by 
the same line of reasoning as is used in discussing the 
virtual processes, provided the quantities are normalized 
in the usual manner to represent single quanta. For 
example, the amplitude that an electron in going from 1 
to 2 absorbs a quantum whose vector potential, suitably 
normalized, is c, exp(—ik-x)=C,(x) is just the expres- 
sion (I, Eq. (13)) for scattering in a potential with 
A (3) replaced by C (3). Each quantum interacts only 


5 Although in the expressions stemming from (4) the quanta are 
virtual, this is not actually a theoretical limitation. One way to 
deduce the correct rules for real quanta from (4) is to note that 
in a closed system all quanta can be considered as virtual (i.e., 
they have a known source and are eventually absorbed) so that 
in such a system the present description is complete and equiva- 
lent to the conventional one. In particular, the relation of the 
Einstein A and B coefficients can be deduced. A more practical 
direct deduction of the expressions for real quanta will be given 
in the subsequent paper. It might be noted that (4) can be re- 
written as describing the action on a, K(3,1)=i/'.K4(3, 5) 
XA(S)K4(S, 1)drs of the potential A ,(5)=e®fK4(4, 6)54(556?) yy 
XK4(6, 2)dr— arising from Maxwell’s equations —O?Ay=47jy 
from a “current” j,4(6)=2K4(4, 6)yyK+(6, 2) produced by par- 
ticle b in going from 2 to 4. This is virtue of the fact that 6, 


satisfies 
— 0764(sa?) = 478(2, 1). (5) 
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once (either in emission or in absorption), terms like 
(I, Eq. (14)) occur only when there is more than one 
quantum involved. The Bose statistics of the quanta 
can, in all cases, be disregarded in intermediate states. 
The only effect of the statistics is to change the weight 
of initial or final states. If there are among quanta, in 
the initial state, some » which are identical then the 
weight of the state is (1/n!) of what it would be if these 
quanta were considered as different (similarly for the 
final state). 


3. THE SELF-ENERGY PROBLEM 


Having a term representing the mutual interaction 
of a pair of charges, we must include similar terms to 
represent the interaction of a charge with itself. For 
under some circumstances what appears to be two dis- 
tinct electrons may, according to I, be viewed also as 
a single electron (namely in case one electron was 
created in a pair with a positron destined to annihilate 
the other electron). Thus to the interaction between 
such electrons must correspond the possibility of the 
action of an electron on itself.? 

This interaction is the heart of the self energy prob- 
lem. Consider to first order in ée? the action of an electron 
on itself in an otherwise force free region. The amplitude 
K(2, 1) for a single particle to get from 1 to 2 differs 
from K4(2, 1) to first order in e by a term 


K(2, 1)=—ie if f K4(2, 4) 74K 4(4, 370 


XK,4(3, Ldradr48, (ses). (6) 


It arises because the electron instead of going from 1 
directly to 2, may go (Fig. 2) first to 3, (K,(3, 1)), emit 
a quantum (y,), proceed to 4, (K4(4, 3)), absorb it 
(yu), and finally arrive at 2 (K,(2, 4)). The quantum 
must go from 3 to 4 (54(sa3)). 

This is related to the self-energy of a free electron in 
the following manner. Suppose initially, time ‘1, we have 
an electron in state {(1) which we imagine to be a posi- 
tive energy solution of Dirac’s equation for a free par- 
ticle. After a long time /2—¢, the perturbation will alter 


Fic. 2. Interaction of an elec- 
tron with itself, Eq. (6). 


K4(3,1) 


* These considerations make it appear unlikely that the con- 
tention of J. A. Wheeler and R. P. Feynman, Rev. Mod. Phys. 
17, 157 (1945), that electrons do not act on themselves, will be a 
successful concept in quantum electrodynamics. 
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the wave function, which can then be looked upon as 
a superposition of free particle solutions (actually it 
only contains f). The amplitude that g(2) is contained 
is calculated as in (I, Eq. (21)). The diagonal element 
(g=f) is therefore 


f f F(2)BK (2, 1)Bf(1) dard, (7) 


The time interval T=/.—/, (and the spatial volume V 
over which one integrates) must be taken very large, 
for the expressions are only approximate (analogous to 
the situation for two interacting charges). This is 
because, for example, we are dealing incorrectly with 
quanta emitted just before /2 which would normally be 
reabsorbed at times after ¢2. 

If K(2, 1) from (6) is actually substituted into (7) 
the surface integrals can be performed as was done in 
obtaining I, Eq. (22) resulting in 


~i¢ i? if FA)yaK4(4, 3) 7pf3)du(sus%)dradre. (8) 


Putting for f(1) the plane wave u exp(—ip-x:) where 
pu is the energy (p4) and momentum of the electron 
(p’=m?), and «% is a constant 4index symbol, (8) 
becomes 


ie f i (diy .K4(4, 3)yue) 


Xexp(tp- (x4— %3)) 54 (Sas?)drad7 4, 


the integrals extending over the volume V and time 
interval T. Since K,(4, 3) depends only on the difference 
of the coordinates of 4 and 3, x43,, the integral on 4 
gives a result (except near the surfaces of the region) 
independent of 3. When integrated on 3, therefore, the 
result is of order VT. The effect is proportional to V, 
for the wave functions have been normalized to unit 


% 
MOMENTUM p-k, MOMENTUM k, 
FACTOR (p-k-m)-~ FACTOR 72 
INTERACTION , Y, 


MOMENTUM 9 


Fic. 3. Interaction of an electron with itself. 
Momentum space, Eq. (11). 


10 This is discussed in reference 5 in which it is pointed out that 
the concept of a wave function loses accuracy if there are delayed 
self-actions. 
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volume. If normalized to volume V, the result would 
simply be proportional to T. This is expected, for if the 
effect were equivalent to a change in energy AE, the 
amplitude for arrival in f at f2 is altered by a factor 
exp(—iAE(t—1,)), or to first order by the difference 
—i(AE)T. Hence, we have 


AE=¢ A (y,K4(4, 3)ya1) explip-ra)bx(su?idry (9) 


integrated over all space-time dr,. This expression will 
be simplified presently. In interpreting (9) we have 
tacitly assumed that the wave functions are normalized 
so that (u*u)= (ty u)=1. The equation may therefore 
be made independent of the normalization by writing 
the left side as (AE) (ay«u), or since (ty4u) = (E/m) (au) 
and mAm= EAE, as Am(aiu) where Am is an equivalent 
change in mass of the electron. In this form invariance 
is obvious. 

One can likewise obtain an expression for the energy 
shift for an electron in a hydrogen atom. Simply replace 
Ky in (8), by K,™, the exact kernel for an electron in 
the potential, V=e/r, of the atom, and f by a wave 
function (of space and time) for an atomic state. In 
general the AE which results is not real. The imaginary 
part is negative and in exp(—zAET) produces an ex- 
ponentially decreasing amplitude with time. This is 
because we are asking for the amplitude that an atom 
initially with no photon in the field, will still appear 
after time T with no photon. If the atom is in a state 
which can radiate, this amplitude must decay with 
time. The imaginary part of AE when calculated does 
indeed give the correct rate of radiation from atomic 
states. It is zero for the ground state and for a free 
electron. 

In the non-relativistic region the expression for AE 
can be’worked out as has been done by Bethe." In the 
relativistic region (points 4 and 3 as close together as a 
Compton wave-length) the K,™ which should appear 
in (8) can be replaced to first order in V by Ky plus 
K,(2, 1) given in I, Eq. (13). The problem is then 
very similar to the radiationless scattering problem 
discussed below. 


4. EXPRESSION IN MOMENTUM AND 
ENERGY SPACE 


The evaluation of (9), as well as all the other more 
complicated expressions arising in these problems, is 
very much simplified by working in the momentum and 
energy variables, rather than space and time. For this 
we shall need the Fourier Transform of 64(s2:2) which is 


= 6,(s22) = f exp(—ik-xn)k-*d'k, (10) 


which can be obtained from (3) and (5) or from I, 
Eq. (32) noting that /4(2, 1) for m?=0 is 64(s22) from 


1H, A. Bethe, Phys. Rev. 72, 339 (1947). 
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b. Eql3 c. £q.14 


a. Eq.t2 


Fic. 4. Radiative correction to scattering, momentum space. 


I, Eq. (34). The k-? means (k-%)-! or more precisely 
the limit as 600 of (&-k+75)-'. Further d*k means 
(21)-*dkidkadkjdks. If we imagine that quanta are par- 
ticles of zero mass, then we can make the general rule 
that all poles are to be resolved by considering the 
masses of the particles and quanta to have infinitesimal 
negative imaginary parts. 

Using these results we see that the self-energy (9) is 
the matrix element between & and z of the matrix 


(2/ri) if y(p—k—m)""y,k-*d', (11) 


where we have used the expression (I, Eq. (31)) for the 
Fourier transform of K4. This form for the self-energy 
is easier to work with than is (9). 

The equation can be understood by imagining (Fig. 3) 
that the electron of momentum p emits (y,) a quantum 
of momentum k, and makes its way now with mo- 
mentum p—R to the next event (factor (p—k—m)-) 
which is to absorb the quantum (another +,). The 
amplitude of propagation of quanta is k~% (There is a 
factor ¢e?/mi for each virtual quantum). One integrates 
over all quanta. The reason an electron of momentum p 
propagates as 1/(p—m) is that this operator is the re- 
ciprocal of the Dirac equation operator, and we are 
simply solving this equation. Likewise light goes as 
1/k°, for this is the reciprocal D’Alembertian operator 
of the wave equation of light. The first y, represents 
the current which generates the vector potential, while 
the second is the velocity operator by which this poten- 
tial is multiplied in the Dirac equation when an external 
field acts on an electron. 

Using the same line of reasoning, other problems may 
be set up directly in momentum space. For example, 
consider the scattering in a potential A=A,7, varying 
in space and time as a exp(—ig-x). An electron initially 
in state of momentum pi= Pisy. will be deflected to 
state p. where po=pitg. The zero-order answer is 
simply the matrix element of @ between states 1 and 2. 
We next ask for the first order (in e*) radiative correc- 
tion due to virtual radiation of one quantum. There are 
several ways this can happen. First for the case illus- 
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(b) 


Fic. 5. Compton scattering, Eq. (15). 


trated in Fig. 4(a), find the matrix: 
(/ni) f Yulbo— R—m)a(pi—k—m)“y,Rd*k. (12) 


For in this case, first? a quantum of momentum & is 
emitted (y,), the electron then having momentum 
pi—k and hence propagating with factor (pi—k—m)—. 
Next it is scattered by the potential (matrix a) receiving 
additional momentum q, propagating on then (factor 
(p2—k—m)-!) with the new momentum until the quan- 
tum is reabsorbed (y,). The quantum propagates from 
emission to absorption (k~?) and we integrate over all 
quanta (d‘k), and sum on polarization ». When this is 
integrated on fs, the result can be shown to be exactly 
equal to the expressions (16) and (17) given in B for 
the same process, the various terms coming from resi- 
dues of the poles of the integrand (12). 

Or again if the quantum is both emitted and re- 
absorbed before the scattering takes place one finds 
(Fig. 4(b)) 


(e?/mi) if a(py—m)-"y,(pr— R—m) 47,7, (13) 


or if both emission‘and absorption occur after the 
scattering, (Fig. 4(c)) 7 


(€/i) { yl De— b= m4, br— mak (14) 


These terms are discussed in detail below. 

We have now achieved our simplification of the form 
of writing matrix elements arising from virtual proc- 
esses. Processes in which a number of real quanta is 
given initially and finally offer no problem (assuming 
correct normalization). For example, consider the 
Compton effect (Fig. 5(a)) in which an electron in state 
pi absorbs a quantum of momentum q,, polarization 
vector ey, so that its interaction is e1,y,=€1, and emits 
a second quantum of momentum —q), polarization e» 
to arrive in final state of momentum p». The matrix for 

" First, next, etc., here refer not to the order in true time but to 
the succession of events along the trajectory of the electron. That 


is, more precisely, to the order of appearance of the matrices in 
the expressions. 
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this process is €2(f:+q1—m)-e;. The total matrix for 
the Compton effect is, then, 


e2(pitqi—m)—e.+e:(p:+q2—m) le, (15) 


the second term arising because the emission of e2 may 
also precede the absorption of e; (Fig. 5(b)). One takes 
matrix elements of this between initial and final electron 
states (f:+41=f:—q2), to obtain the Klein Nishina 
formula. Pair annihilation with emission of two quanta, 
etc., are given by the same matrix, positron states being 
those with negative time component of p. Whether 
quanta are absorbed or emitted depends on whether the 
time component of q is positive or negative. 


5. THE CONVERGENCE OF PROCESSES WITH 
VIRTUAL QUANTA 


These expressions are, as has been indicated, no more 
than a re-expression of conventional quantum electro- 
dynamics. As a consequence, many of them are mean- 
ingless. For example, the self-energy expression (9) or 
(11) gives an infinite result when evaluated. The infinity 
arises, apparently, from the coincidence of the 6-function 
singularities in K,(4, 3) and 64(s4s*). Only at this point 
is it necessary to make a real departure from conven- 
tional electrodynamics, a departure other than simply 
rewriting expressions in a simpler form. 

We desire to make a modification of quantum electro- 
dynamics analogous to the modification of classical 
electrodynamics described in a previous article, A. 
There the 5(s1.?) appearing in the action of interaction 
was replaced by f(s12”) where f(x) is a function of small 
width and great height. 

The obvious corresponding modification in the quan- 
tum theory is to replace the 5,(s?) appearing the 
quantum mechanical interaction by a new function 
J+(s?). We can postulate that if the Fourier trans- 
form of the classical f(si2") is the integral over all k of 
F(R?) exp(—ik-x12)d*k, then the Fourier transform of 
J+(s?) is the same integral taken over only positive fre- 
quencies k, for t2>¢, and over only negative ones for 
ts<t,; in analogy to the relation of 54(s?) to 6(s?). The 
function f(s?) = f(x-x) can be written* as 


‘ ff single) 


fla-2)=(2ny* f 
ke=0 
Xcos(K-x)dkid?Kg(k- k), 


where g(k-k) is kq~! times the density of oscillators and 
may be expressed for positive k4 as (A, Eq. (16)) 


etie)= [ (608)— 6 AN)GO)A, 


where fo"G(A)dA=1 and G involves values of \ large 
compared to m. This simply means that the amplitude 


*This relation is given incorrectly in A, equation just pre- 
ceding 16. 
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for propagation of quanta of momentum k is 
— Fear [FW NNGONAA, 
() 
rather than k-?. That is, writing F4(k?) = —a—1kC(k?), 
—fi(si2)=27 f exp(—ik:x12)k°C(k?)d*k. (16) 


Every integral over an intermediate quantum which 
previously involved a factor d*k/k? is now supplied with 
a convergence factor C(k?) where 


cue fr — d2(k2— d2)“1G (A) dd. (17) 


The poles are defined by replacing k? by k?+-26 in the 
limit 6-0. That is ? may be assumed to have an infini- 
tesimal negative imaginary part. 

The function f;(si.?) may still have a discontinuity 
in value on the light cone. This is of no influence for the 
Dirac electron. For a particle satisfying the Klein 
Gordon equation, however, the interaction involves 
gradients of the potential which reinstates the 6 func- 
tion if f has discontinuities. The condition that f is to 
have no discontinuity in value on the light cone implies 
k?C(k?) approaches zero as k? approaches infinity. In 
terms of G(A) the condition is 


[P xconareo. (18) 
0 


This condition will also be used in discussing the con- 
vergence of vacuum polarization integrals. 
The expression for the self-energy matrix is now 


(€/ni) f ylb—h—m)-*y AGC), (19) 


which, since C(k?) falls off at least as rapidly as 1/k?, 
converges. For practical purposes we shall suppose 
hereafter that C(k?) is simply —A?/(k’—)?*) implying 
that some average (with weight G(A)dd) over values of 
d may be taken afterwards. Since in all processes the 
quantum momentum will be contained in at least one 
extra factor of the form (p—k—m)-—' representing 
propagation of an electron while that quantum is in 
the field, we can expect all such integrals with their 
convergence factors to converge and that the result of 
all such processes will now be finite and definite (ex- 
cepting the processes with closed loops, discussed below, 
in which the diverging integrals are over the momenta 
of the electrons rather than the quanta). 

The integral of (19) with C(k?) = —?(k?—)?)— noting 
that ~?=m?, \>>m and dropping terms of order m/), 
is (see Appendix A) 


(e/2m)[4m(In(d/m)+4)—p(in(d/m)+5/4)]. (20) 
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When applied to a state of an electron of momentum p 
satisfying pu=mu, it gives for the change in mass (as 
in B, Eq. (9)) 

Am=m(2/27)(3 In(A/m)+3). (21) 
6. RADIATIVE CORRECTIONS TO SCATTERING 


We can now complete the discussion of the radiative 
corrections to scattering. In the integrals we include the 
convergence factor C(k*), so that they converge for 
large k. Integral (12) is also not convergent because of 
the well-known infra-red catastrophy. For this reason 
we calculate (as discussed in B) the value of the integral 
assuming the photons to have a small mass Amin<m<XA. 
The integral (12) becomes 


(€/n) fbb m)tap,— R=) 


x vi Re Amin?) 1d4RC(R2— Amin”); 


which when integrated (see Appendix B) gives (e?/27) 


times 
m 20 
-1)(1- ) +0 tana 
min tan20 


[2( 
Xr 
4 8 
+ f a tanada Ja 
tan20 0 


1 
Li aq) 


26 
sin20 


+ra, (22) 


where (q?)!= 2m sin@ and we have assumed the matrix to 
operate between states of momentum fp; and ~2=/:+q 
and have neglected terms of order \min/m, m/A, and 
q?/d?. Here the only dependence on the convergence 
factor is in the term ra, where 


r=In(A/m)+9/4—2 In(m/Xmin)- (23) 


As we shall see in a moment, the other terms (13), 
(14) give contributions which just cancel the ra term. 
The remaining terms give for small q, 


(¢/4n) (—tao- 0g)+—al a) ), (23) 


m? Amin 


which shows the change in magnetic moment and the 
Lamb shift as interpreted in more detail in B.'3 


13 That the result given in B in Eq. (19) was in error was re- 
peatedly pointed out to the author, in private communication, 
by V. F. Weisskopf and J. B. French, as their calculation, com- 
pleted simultaneously with the author’s early in 1948, gave a 
different result. French has finally shown that although the ex- 
pression for the radiationless scattering B, Eq. (18) or (24) above 
is correct, it was incorrectly joined onto Bethe’s non-relativistic 
result. He shows that the relation In2&max— 1=1nAmin used by the 
author should have been In2kmax—5/6=InAmio. This results in 
adding a term —(1/6) to the logarithm in B, Eq. (19) so that the 
result now agrees with that of J. B. French and V. F. Weisskopf, 
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We must now study the remaining terms (13) and 
(14). The integral on k in (13) can be performed (after 
multiplication by C(k?)) since it involves nothing but 
the integral (19) for the self-energy and the result is. 
allowed to operate on the initial state #, (so that 
pit1=mm,). Hence the factor following a(p1—m)—! wilk 
be just Am. But, if one now tries to expand 1/(f1—m) 
=(p:+m)/(p2—m?) one obtains an infinite result, 
since p>=m?. This is, however, just what is expected 
physically. For the quantum can be emitted and ab- 
sorbed at any time previous to the scattering. Such a 
process has the effect of a change in mass of the electron 
in the state 1. It therefore changes the energy by AE 
and the amplitude to first order in AE by —iAE-t where 
t is the time it is acting, which is infinite. That is, the 
major effect of this term would be canceled by the effect 
of change of mass Am. 

The situation can be analyzed in the following 
manner. We suppose that the electron approaching the 
scattering potential a has not been free for an infinite 
time, but at some time far past suffered a scattering by 
a potential b. If we limit our discussion to the effects 
of Am and of the virtual radiation of one quantum be- 
tween two such scatterings each of the effects will be 
finite, though large, and their difference is determinate. 
The propagation from 6 to a is represented by a matrix 


a(p’—m)"b, (25) 


in which one is to integrate possibly over p’ (depending 
on details of the situation). (If the time is long between 
b and a, the energy is very nearly determined so that 
p” is very nearly m?.) 

We shall compare the effect on the matrix (25) of the 
virtual quanta and of the change of mass Am. The effect 
of a virtual quantum is 


(e/ wf a(p’—m)4,(p'—k—m) 


X yulb’ —m)—'bk7d4*kC(k?), (26) 
while that of a change of mass can be written 
a(p’—m)"Am(p'—m)1b, (27) 


and we are interested in the difference (26)-(27). A 
simple and direct method of making this comparison is 
just to evaluate the integral on k in (26) and subtract 
from the result the expression (27) where Am is given 
in (21). The remainder can be expressed as a multiple 
—r(p’) of the unperturbed amplitude (25); 


—r(p’)a(p’—m)-b. (28) 


This has the same result (to this order) as replacing 
the potentials a and b in (25) by (1—47(p”))a and 


Phys. Rev. 75, 1240 (1949) and N. H. Kroll and W. E. Lamb, 
Phys. Rev. 75, 388 (1949). The author feels unhappily responsible 
for the very considerable delay in the publication of French’s 
result occasioned by this error. This footnote is appropriately 
numbered. 
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(1—}3r(p”))b. In the limit, then, as p?—m? the net 
effect on the scattering is — 37a where 7, the limit of 
7r(p’”) as p”—>m? (assuming the integrals have an infra- 
red cut-off), turns out to be just equal to that given in 
(23). An equal term — 37a arises from virtual transitions 
after the scattering (14) so that the entire 7a term in 
(22) is canceled. 

The reason that 7 is just the value of (12) when g?=0 
can also be seen without a direct calculation as follows: 
Let us call p the vector of length m in the direction of 
p’ so that if p’=m(1+ )? we have p’=(1+.€)p and we 
take € as very small, being of order 7—' where T is the 
time between the scatterings b and a. Since (p’—m)-! 
= (p’+m)/(p?—m?) = (p+m)/2m%e, the quantity (25) 
is of order e~' or T. We shall compute corrections to it 
only to its own order (e7!) in the limit e-0. The term 
(27) can be written approximately as 


(@/xi) f a(p'—m)-*y,(2— hm) 
, X7,(p'—m) 1 bk-7d'kC(®), 


using the expression (19) for Am. The net of the two 
effects is therefore approximately*® 


= (efi) f a9 my y(p—R—m)-eplb— k—my 
x a4(p'—m)bk-*aEC (RY, 


a term now of order 1/e (since (p’—m)"=(p+m) 
XX (2m?e)—) and therefore the one desired in the limit. 
Comparison to (28) gives for 7 the expression 


cpitm/2m) f a9(p.— k—m)-\(pym™) (p— R—m) 


Xypk-2dtkC(R2). (29) 


The integral can be immediately evaluated, since it 
is the same as the integral (12), but with g=0, for a 
replaced by p/m. The result is therefore 7- (p/m) 
which when acting on the state 2, is just 7, as pia = muy. 
For the same reason the term (f;+m)/2m in (29) is 
effectively 1 and we are left with —r of (23).' 

In more complex problems starting with a free elec- 


“The expression is not exact because the substitution of Am 
by the integral in (19) is valid only if p operates on a state such 
ne fp can be replaced by m. The error, however, is of order 

’—m)-\(p—m)(p'—m)b which is a((1+e)p+m)(p—m) 
x (Cite) p+m) p(2e+e) 7m, But since p’=m?, we have p(p—m) 
=—m(p—m)=(p—m)p so the net result is approximately 
a(p—m) b/4m? and is not of order 1/e but smaller, so that its effect 
drops out in the limit. 

18 We have used, to first order, the general expansion (valid for 
any operators A, B) 


(A+B)7*=A7—A“BA+ ABA 1BA1— .- 


with A=p—k—m and B=p’—p=ep to expand the difference of 
(p'—k—m)~ and (p—k—m)-. 

1¢ The renormalization terms appearing B, Eqs. (14), (15) when 
translated directly into the present notation do not give twice 
(29) but give this expression with the central pim™ factor replaced 
by my/. nee where E:= py for 1=4. When integrated it therefore 
gives ra((pitm)/2m)(my./ Ei) or ra—ra(mys/E1)(pi— m)/2m. 
(Since piyatyi1fi=2E:1) which gives just ra, since piui= mui. 
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tron the same type of term arises from the effects of a 
virtual emission and absorption both previous to the 
other processes. They, therefore, simply lead to the 
same factor 7 so that the expression (23) may be used 
directly and these renormalization integrals need not 
be computed afresh for each problem. 

In this problem of the radiative corrections to scatter- 
ing the net result is insensitive to the cut-off. This 
means, of course, that by a simple rearrangement of 
terms previous to the integration we could have avoided 
the use of the convergence factors completely (see for 
example Lewis!’). The problem was solved in the 
manner here in order to illustrate how the use of such 
convergence factors, even when they are actually un- 
necessary, may facilitate analysis somewhat by remov- 
ing the effort and ambiguities that may be involved in 
trying to rearrange the otherwise divergent terms. 

The replacement of 5, by f4 given in (16), (17) is 
not determined by the analogy with the classical prob- 
lem. In the classical limit only the real part of 5, (i-e., 
just 5) is easy to interpret. But by what should the 
imaginary part, 1/(zis?), of 5, be replaced? The choice 
we have made here (in defining, as we have, the location 
of the poles of (17)) is arbitrary and almost certainly 
incorrect. If the radiation resistance is calculated for 
an atom, as the imaginary part of (8), the result de- 
pends slightly on the function f,. On the other hand the 
light radiated at very large distances from a source is 
independent of f,. The total energy absorbed by distant 
absorbers will not check with the energy loss of the 
source. We are in a situation analogous to that in the 
classical theory if the entire f function is made to 
contain only retarded contributions (see A, Appendix). 
One desires instead the analogue of (F)ret of A. This 
problem is being studied. 

One can say therefore, that this attempt to find a 
consistent modification of quantum electrodynamics is 
incomplete (see also the question of closed loops, below). 
For it could tur out that any correct form of f, which 
will guarantee energy conservation may at the same 
time not be able to make the self-energy integral finite. 
The desire to make the methods of simplifying the 
calculation of quantum electrodynamic processes more 
widely available has prompted this publication before 
an analysis of the correct form for f; is complete. One 
might try to take the position that, since the energy 
discrepancies discussed vanish in the limit A, the 
correct physics might be considered to be that obtained 
by letting A090 after mass renormalization. I have no 
proof of the mathematical consistency of this procedure, 
but the presumption is very strong that it is satisfac- 
tory. (It is also strong that a satisfactory form for f+ 
can be found.) 


7. THE PROBLEM OF VACUUM POLARIZATION 


In the analysis of the radiative corrections to scatter- 
ing one type of term was not considered. The potential 


1” H. W. Lewis, Phys. Rev. 73, 173 (1948). 
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which we can assume to vary as a, exp(—ig-x) creates 
a pair of electrons (see Fig. 6), momenta pa, — fo. This 
pair then reannihilates, emitting a quantum g= ps— fa, 
which quantum scatters the original electron from state 
1 to state 2. The matrix element for this process (and 
the others which can be obtained by rearranging the 
order in time of the various events) is 


—(€/ni) (dey) if Spl(potq—m) 


Xv(ba—m)“yu]e*pagq?C(q?)a,. (30) 
This is because the potential produces the pair with 
amplitude proportional to a,y,, the electrons of mo- 
menta pa and —(pf.+gq) proceed from there to annihi- 
late, producing a quantum (factor y,) which propagates 
(factor g~*C(q?)) over to the other electron, by which 
it is absorbed (matrix element of y, between states 1 
and 2 of the original electron (d2y,%1)). All momenta pa 
and spin states of the virtual electron are admitted, 
which means the spur and the integral on d‘pa are 
calculated. 

One can imagine that the closed loop path of the 
positron-electron produces a current 


(31) 


which is the source of the quanta which act on the 
second electron. The quantity 


4aju=S yr0s, 


Cie) if SpC(p+q—m) 


Xy(b—m) yu ]e'P, 


is then characteristic for this problem of polarization 
of the vacuum. 

One sees at once that J,, diverges badly. The modifi- 
cation of 6 to f alters the amplitude with which the 
current j, will affect the scattered electron, but it can 
do nothing to prevent the divergence of the integral (32) 
and of its effects. 

One way to avoid such difficulties is apparent. From 
one point of view we are considering all routes by which 
a given electron can get from one region of space-time 
to another, i.e., from the source of electrons to the 
apparatus which measures them. From this point of 
view the closed loop path leading to (32) is unnatural. 
It might be assumed that the only paths of meaning are 
those which start from the source and work their way 
in a continuous path (possibly containing many time 
reversals) to the detector. Closed loops would be ex- 
cluded. We have already found that this may be done 
for electrons moving in a fixed potential. 

Such a suggestion must meet several questions, how- 
ever. The closed loops are a consequence of the usual 
hole theory in electrodynamics. Among other things, 
they are required to keep probability conserved. The 
probability that no pair is produced by a potential is 


(32) 
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Fic. 6. Vacuum polarization ef- 


fect on scattering, Eq. (30). p4q 
-—a = 


not unity and its deviation from unity arises from the 
imaginary part of J, Again, with closed loops ex- 
cluded, a pair of electrons once created cannot annihi- 
late one another again, the scattering of light by light 
would be zero, etc. Although we are not experimentally 
sure of these phenomena, this does seem to indicate 
that the closed loops are necessary. To be sure, it is 
always possible that these matters of probability con- 
servation, etc., will work themselves out as simply in 
the case of interacting particles as for those in a fixed 
potential. Lacking such a demonstration the presump- 
tion is that the difficulties of vacuum polarization are 
not so easily circumvented.!® 

An alternative procedure discussed in B is to assume 
that the function K(2, 1) used above is incorrect and 
is to be replaced by a modified function K,’ having no 
singularity on the light cone. The effect of this is to 
provide a convergence factor C(p?—mm?) for every inte- 
gral over electron momenta.’ This will multiply the 
integrand of (32) by C(p’—m?)C((p+q)?—m?), since the 
integral was originally 5(pa—pstq)d'pad*p, and both 
pa and pf» get convergence factors. The integral now 
converges but the result is unsatisfactory.” 

One expects the current (31) to be conserved, that is 
Quju=9 or quJyv=0. Also one expects no current if a, 
is a gradient, or ¢,=q, times a constant. This leads to 
the condition J,,g,=0 which is equivalent to g.Jy,=0 
since J,, is symmetrical. But when the expression (32) 
is integrated with such convergence factors it does not 
satisfy this condition. By altering the kernel from K to 
another, K’, which does not satisfy the Dirac equation 
we have lost the gauge invariance, its consequent cur- 
rent conservation and the general consistency of the 
theory. 

One can see this best by calculating J,,g, directly 
from (32). The expression within the spur becomes 
(p+q—m)-'q(p—m)-y, which can be written as the 
difference of two terms: (p—m)—'y,— (p+q—m)"y,. 
Each of these terms would give the same result if the 
integration d‘p were without a convergence factor, for 


18 Tt would be very interesting to calculate the Lamb shift 
accurately enough to be sure that the 20 megacycles expected 
from vacuum polarization are actually present. 

19 This technique also makes self-energy and radiationless scat- 
tering integrals finite even without the modification of 6, to f, for 
the radiation (and the consequent convergence factor C(k’) for 
the quanta). See B. 

20 Added to the terms given below (33) there is a term 
1(\3— 2w?+3q")6yy for C(k?)=—?(k2—)2)-!, which is not gauge 
invariant. (In addition the charge renormalization has —7/6 added 
to the logarithm.) 
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the first can be converted into the second by a shift of 
the origin of p, namely p’=$+q. This does not result 
in cancelation in (32) however, for the convergence 
factor is altered by the substitution. 

A method of making (32) convergent without spoiling 
the gauge invariance has been found by Bethe and by 
Pauli. The convergence factor for light can be looked 
upon as the result of superposition of the effects of 
quanta of various masses (some contributing nega- 
tively). Likewise if we take the factor C(p?—m?) 
=—)d(p?—m?—)*)-! so that (p2—m?)-!C(p?—m?) 
= (p?— m?)—'— (p?— m?— )?)—_we are taking the differ- 
ence of the result for electrons of mass m and mass 
(A2++-m?). But we have taken this difference for each 
propagation between interactions with photons. They 
suggest instead that once created with a certain mass 
the electron should continue to propagate with this 
mass through all the potential interactions until it 
closes its loop. That is if the quantity (32), integrated 
over some finite range of f, is called J,,(m?) and the 
corresponding quantity over the same range of p, but 
with m replaced by (m?+22)! is Jy.(m?+.?) we should 
calculate 


ite f [Fenlm?)—Suslm@tr)1G(r)dr, (32") 


the function G(A) satisfying Jo"G(A)d\=1 and 
Jo”G(A)A2dA=0. Then in the expression for J,,? the 
range of p integration can be extended to infinity as the 
integral now converges. The result of the integration 
using this method is the integral on dA over G(A) of 
(see Appendix C) 

e 1 ™’ 
Jy? = ——(qug—- 5 wq?) ( —- In— 
T 3 


m 


[= 0 ) a) 
i j-—-——_ (ala, 
3q? tand) 9J/’ 


with q?= 4mm? sin’. 

The gauge invariance is clear, since gu(quqgv— Sur) = 0. 
Operating (as it always will) on a potential of zero 
divergence the (g,g,—5,q?)a, is simply —g’a,, the 
D’Alembertian of the potential, that is, the current pro- 
ducing the potential. The term —}(In(A?/m?))(quq, 
—q’é,,) therefore gives a current proportional to the 
current producing the potential. This would have the 
same effect as a change in charge, so that we would have 
a difference A(e?) between e? and the experimen- 
tally observed charge, e?+A(e?), analogous to the dif- 
ference between m and the observed mass. This charge 
depends logarithmically on the cut-off, A(e?)/e?= 
— (2e?/37) In(A/m). After this renormalization of charge 
is made, no effects will be sensitive to the cut-off. 

After this is done the final term remaining in (33), 
contains the usual effects”! of polarization of the vacuum. 


21E. A. Uehling, Phys. Rev. 48, 55 (1935), R. Serber, Phys. 
Rev. 48, 49 (19355" 
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It is zero for a free light quantum (q?=0). For small q* 
it behaves as (2/15)g? (adding — to the logarithm in 
the Lamb effect). For g?>(2m)? it is complex, the 
imaginary part representing the loss in amplitude re- 
quired by the fact that the probability that no quanta 
are produced by a potential able to produce pairs 
((q2)4> 2m) decreases with time. (To make the neces- 
sary analytic continuation, imagine m to have a small 
negative imaginary part, so that (1—q?/4m?)} becomes 
—i(q?/4m?—1)) as q? goes from below to above 4m?. 
Then 0=7/2+iu where sinhu=+(g?/4m?—1)!, and 
—1/tand=i tanhu=+ i(q’?—4m?)}(q?)-}.) 

Closed loops containing a number of quanta or poten- 
tial interactions larger than two produce no trouble. 
Any loop with an odd number of interactions gives zero 
(I, reference 9). Four or more potential interactions give 
integrals which are convergent even without a con- 
vergence factor as is well known. The situation is 
analogous to that for self-energy. Once the simple 
problem of a single closed loop is solved there are 
no further divergence difficulties for more complex 
processes.”? 


8. LONGITUDINAL WAVES 


In the usual form of quantum electrodynamics the 
longitudinal and transverse waves are given separate 
treatment. Alternately the condition (0A,/dx,)¥=0 is 
carried along as a supplementary condition. In the 
present form no such special considerations are neces- 
sary for we are dealing with the solutions of the equation 
—(?A,=47j, with a current j, which is conserved 
0j,/0x,=0. That means at least [_}*(0A,/0x,)=0 and 
in fact our solution also satishes 0A ,/dx,=0. 

To show that this is the case we consider the ampli- 
tude for emission (real or virtual) of a photon and show 
that the divergence of this amplitude vanishes. The 
amplitude for emission for photons polarized in the nz 
direction involves matrix elements of ,. Therefore 
what we have to show is that the corresponding matrix 
elements of guyy,=qQ vanish. For example, for a first 
order effect we would require the matrix element of q 
between two states pi and po=~itg. But since 
Q=po— pi and (Gepit1) = m( Hots) = (Ue poms) the matrix 
element vanishes, which proves the contention in this 
case. It also vanishes in more complex situations (essen- 
tially because of relation (34), below) (for example, try 
putting @2=qg2 in the matrix (15) for the Compton 
Effect). 

To prove this in general, suppose a;, = 1 to .V area 
set of plane wave disturbing potentials carrying mo- 
menta q; (e.g., some may be emissions or absorptions of 
the same or different quanta) and consider a matrix for 
the transition from a state of momentum fp to pv such 


2 There are loops completely without external interactions. For 
example, a pair is created virtually along with a photon. Next they 
annihilate, absorbing this photon. Such loops are disregarded on 
the grounds that they do not interact ,with anything and are 
thereby completely unobservable. Any indirect effects they may 
have via the exclusion principle have already been included. 
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as an [[.-14—! (pi—m)—a; where f:= 1+ q; (and in the 
product, terms with larger 7 are written to the left). 
The most general matrix element is simply a linear 
combination of these. Next consider the matrix be- 
tween states fp and pw+q in a situation in which not 
only are the a; acting but also another potential 
a exp(—ig: x)where a=q. This may act previoustoall a;, 
in which case it gives aw] [(pit+q—m)—“ai(potq—m)—q 
which is equivalent to +an[](f:itq—m)—a; since 
+(potq—m)q is equivalent to (pfotq—m)7) 
X(potq—m) as po is equivalent to m acting on the 
initial state. Likewise if it acts after all the potentials 
it gives q(py—m)—an] 1 ($i:—m)~"a; which is equivalent 
to-— an] ](pi—m)—'a; since py-+q—m gives zero on the 
final state. Or again it may act between the potential 
a, and ay, for each k. This gives 


N-1 


N-1 
DX an II (pitq—m)a(pet+q—m) 
k=l t=h+1 


m) "ay rn (j— 


1 


Xq(be- m)"'a;. 


However, 


(Pet q—m)"q(p.—m) 
=(pi-—m)"—(pitg—m), (34) 


so that the sum breaks into the difference of two sums, 
the first of which may be converted to the other by the 
replacement of k by k—1. There remain only the terms 
from the ends of the range of summation, 


N-1 


+an Tl (pi—_m)“'a;— a I (pitq—m)a;. 


These cancel the two terms originally discussed so that 
the entire effect is zero. Hence any wave emitted will 
satisfy 0A,/0x,=0. Likewise longitudinal waves (that 
is, waves for which A,=0¢/dx, or a=q) cannot be 
absorbed and will have no effect, for the matrix ele- 
ments for emission and absorption are similar. (We 
have said little more than that a potential A,=0/dx, 
has no effect on a Dirac electron since a transformation 
y'=exp(—i¢)y removes it. It is also easy to see in 
coordinate representation using integrations by parts.) 

This has a useful practical consequence in that in 
computing probabilities for transition for unpolarized 
light one can sum the squared matrix over all four 
directions rather than just the two special polarization 
vectors. Thus suppose the matrix element for some 
process for light polarized in direction e, is e,M,. If the 
light has wave vector g, we know from the argument 
above that qg,4,=0. For unpolarized light progress- 
ing in the z direction we would ordinarily calculate 
M?+M,;. But we canas wellsum M?+M/+M?—M? 
for q,M, implies M.=M, since q.=q. for free quanta. 
This shows that unpolarized light is a relativistically 
invariant concept, and permits some simplification in 
computing cross sections for such light. 
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Incidentally, the virtual quanta interact through 
terms like y,:+-y,k~*d‘k. Real processes correspond to 
poles in the formulae for virtual processes. The pole 
occurs when k’=0, but it looks at first as though in the 
sum on all four values of yu, of yy:+-7,. we would have 
four kinds of polarization instead of two. Now it is clear 
that only two perpendicular to & are effective. 

The usual elimination of longitudinal and scalar vir- 
tual photons (leading to an instantaneous Coulomb 
potential) can of course be performed here too (although 
it is not particularly useful). A typical term in a virtual 
transition is yy°--y,k-*d‘k where the --- represent 
some intervening matrices. Let us choose for the values 
of uw, the time /, the direction of vector part K, of k, 
and two perpendicular directions 1, 2. We shall not 
change the expression for these two 1, 2 for these are 
represented by transverse quanta. But we must find 
(yess — (rx + 7K). Now k=kay:—Krg, where 
K=(K- K)}), and we have shown above that & replacing 
the v, gives zero.” Hence Kg is equivalent to kay, and 


(ved) — Cres 1) = (KP ke)/K) (ye 1s 


so that on multiplying by k-*d*k=d'h(k.2— K?)— the net 
effect is —(y:---y.)d4k/K*®. The y, means just scalar 
waves, that is, potentials produced by charge density. 
The fact that 1/K* does not contain k, means that hk, 
can be integrated first, resulting in an instantaneous 
interaction, and the d3K/K? is just the momentum 
representation of the Coulomb potential, 1/r. 


9. KLEIN GORDON EQUATION 


The methods may be readily extended to particles of 
spin zero satisfying the Klein Gordon equation,” 


CPy— my =10(Ay)/dx,+7A ,Op/dx,—A Aw. 


23 A little more care is required when both y,’s act on the same 
particle. Define x=kgy;+Kyg, and consider (k++ -x)+(x---k) 
Exactly this term would arise if a system, acted on by potential x 
carrying momentum —R, is disturbed by an added potential k of 
momentum +k (the reversed sign of the momenta in the inter- 
mediate factors in the second term x---k has no effect since we 
will later integrate over all &). Hence as shown above the result is 
zero, but since (R---x)+(x-++k)=he(yer* +.) —K*(yK: + + YK) 
we can still conclude (yK++ +x) =kPK (ye + + Ve 

24 The equations discussed in this section were deduced from the 
formulation of the Klein Gordon equation given in reference 5, 
Section 14. The function y in this section has only one component 
and is not a spinor. An alternative formal method of making the 
equations valid for spin zero and also for spin i is (presumably) 
by use of the Kemmer-Duffin matrices A,, satisfying the commu- 


tation relation 
ByByBot BoB, By = SpyBot SorBy- 


If we interpret @ to mean @,8,, rather than ayy, for any dy, all 
of the equations in momentum space will remain formally identical 
to those for the spin 1/2; with the exception of those in which a 
denominator (p—m)-} has been rationalized to (p+m) (p?— m?)7 
since ~? is no longer equal to a number, p-p. But p? does equal 
(p:p)P so that (p—m)-! may now be interpreted as (mp+m? 
+2P— p> p)(p: p—m?)m-|, This implies that equations in co- 
ordinate space will be valid of the function K,(2, 1) is given as 

K,(2, Y= CGVat+-m) —m (0? + 022) Jil s(2, 1) with Vr= Byd/dxey. 
This is aig in virtue of the fact that the many component wave 
function ¥ (S components for spin 0, 10 for spin 1) satishes 
(iV —m) y= Ay whi chi is formally identical to irac Equation. 
See W. Pauli, Rev. Mod. Phys. 13, 203 (1940). 


(35) 
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The important kernel is now J,(2, 1) defined in (I, Eq. 
(32)). Fora free particle, the wave function (2) satisfies 
+L) —7?y=0. At a point, 2, inside a space time region 
it is given by 


v(2)= f [v(1)ar4(2, 1)/a%, 
— (ay/ax.)14(2, YW,)E Vs, 


(as is readily shown by the usual method of demon- 
strating Green’s theorem) the integral being over an 
entire 3-surface boundary of the region (with normal 
vector NV,). Only the positive frequency components of 
y contribute from the surface preceding the time corre- 
sponding to 2, and only negative frequencies from the 
surface future to 2. These can be interpreted as electrons 
and positrons in direct analogy to the Dirac case. 

The right-hand side of (35) can be considered as a 
source of new waves and a series of terms written down 
to represent matrix elements for processes of increasing 
order. There is only one new point here, the term in 
A,A, by which two quanta can act at the same time. 
As an example, suppose three quanta or potentials, 
a, exp(—iga:x), b, exp(—igy-x), and c, exp(—ig--x) are 
to act in that order on a particle of original momentum 
pou so that pa=potgae and p»=p.tq»; the final mo- 
mentum being ~-=fotge. The matrix element is the 
sum of three terms (p?= p,,) (illustrated in Fig. 7) 


(perct pec) bem py-b+ pad) 

X (pa? m?)“"(pa-a+ po: a) (36) 
— (pere+ po-6)(po’—m?)“"(b- a) 
— (6+b)(pa’—m?) "(pa a+ po: a). 


The first comes when each potential acts through the 
perturbation 10(A,W)/dx,+iA,0~/dx,. These gradient 
operators in momentum space mean respectively the 
momentum after and before the potential A, operates. 
The second term comes from 5b, and a, acting at the 
same instant and arises from the A,A, term in (a). 
Together 5, and a, carry momentum qo,+4a, So that 
after b-@ operates the momentum is fotqatqp or pp. 
The final term comes from ¢, and 6, operating together 
in a similar manner. The term A,A, thus permits a new 
type of process in which two quanta can be emitted (or 
absorbed, or one absorbed, one emitted) at the same 
time. There is no a-c term for the order a, b, c we have 
assumed. In an actual problem there would be other 
terms like (36) but with alterations in the order in 
which the quanta a, b, c act. In these terms a-c would 
appear. 

As a further example the self-energy of a particle of 
momentum 9, is 


(¢/2xim) { [(2p—Wa((P— 8)? =m) 
x (2p— k)a— 8 uu ld*kkC(k’), 


where the 5,,=4 comes from the A, A, term and repre- 


FEYNMAN 


sents the possibility of the simultaneous emission and 
absorption of the same virtual quantum. This integral 
without the C(k?) diverges quadratically and would not 
converge if C(k?)=—)?/(k?—A?). Since the interaction 
occurs through the gradients of the potential, we must 
use a stronger convergence factor, for example C(k?) 
=\4(k2—?*)-?, or in general (17) with /o*A?G(A)dA=0. 
In this case the self-energy converges but depends 
quadratically on the cut-off A and is not necessarily 
small compared to m. The radiative corrections to 
scattering after mass renormalization are insensitive to 
the cut-off just as for the Dirac equation. 

When there are several particles one can obtain Bose 
statistics by the rule that if two processes lead to the 
same state but with two electrons exchanged, their 
amplitudes are to be added (rather than subtracted as 
for Fermi statistics). In this case equivalence to the 
second quantization treatment of Pauli and Weisskopf 
should be demonstrable in a way very much like that 
given in J (appendix) for Dirac electrons. The Bose 
statistics mean that the sign of contribution of a closed 
loop to the vacuum polarization is the opposite of what 
it is for the Fermi case (see I). It is (fo=fatq) 


2 
J w= 


CeO Pe) (port Pav) (Ppa?— m?)—! 


Qrim 
X (Pim byl bet— m2) 
—by(per— m?)- é'ba 


giving, 


e 1 1 4n’?-¢ 6 
IP =~ (aste~bn4| In—+-— (-—)], 
Tv 6 m 9 3q° tan@ 


the notation as in (33). The imaginary part for (q?)!> 2m 
is again positive representing the loss in the probability 
of finding the final state to be a vacuum, associated with 
the possibilities of pair production. Fermi statistics 
would give a gain in probability (and also a charge 
renormalization of opposite sign to that expected). 


/* ye 
¢ b:cex 


oo 


WA 
Ly 
Po 


\ 
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Fic. 7. Klein-Gordon particle in three potentials, Eq. (36). 
The coupling to the electromagnetic field is now, for example, 
Po:a+pa:a, and a new possibility arises, (b), of simultaneous inter- 
action with two quanta a:b. The propagation factor is now 
(p: p-—m?)— for a particle of momentum py. 
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10. APPLICATION TO MESON THEORIES 


The theories which have been developed to describe 
mesons and the interaction of nucleons can be easily 
expressed in the language used here. Calculations, to 
lowest order in the interactions can be made very easily 
for the various theories, but agreement with experi- 
mental results is not obtained. Most likely all of our 
present formulations are quantitatively unsatisfactory. 
We shall content ourselves therefore with a brief sum- 
mary of the methods which can be used. 

The nucleons are usually assumed to satisfy Dirac’s 
equation so that the factor for propagation of a nucleon 
of momentum p is ($—Af)—! where Af is the mass of the 
nucleon (which implies that nucleons can be created in 
pairs). The nucleon is then assumed to interact with 
mesons, the various theories differing in the form as- 
sumed for this interaction. 

First, we consider the case of neutral mesons. The 
theory closest to electrodynamics is the theory of vector 
mesons with vector coupling. Here the factor for emis- 
sion or absorption of a meson is gy, when this meson is 
“polarized” in the m direction. The factor g, the 
“mesonic charge,” replaces the electric charge e. The 
amplitude for propagation of a meson of momentum q 
in intermediate states is (g?— u?)-! (rather than q~ as it 
is for light) where u is the mass of the meson. The neces- 
sary integrals are made finite by convergence factors 
C(q?—u?) as in electrodynamics. For scalar mesons with 
scalar coupling the only change is that one replaces the 
yu by 1 in emission and absorption. There is no longer 
a direction of polarization, u, to sum upon. For pseudo- 
scalar mesons, pseudoscalar coupling replace y, by 
Ys=172Yvv271. For example, the self-energy matrix of 
a nucleon of momentum in this theory is 


(g/m) f ys(P—k—M)~!ysdth(k?—u?)!C(k2— 2). 


Other types of meson theory result from the replace- 
ment of y, by other expressions (for example by 
3(Yu¥v— Yu) with a subsequent sum over all wand » 
for virtual mesons). Scalar mesons with vector coupling 
result from the replacement of , by u~!g where q is the 
final momentum of the nucleon minus its initial mo- 
mentum, that is, it is the momentum of the meson if 
absorbed, or the negative of the momentum of a meson 
emitted. As is well known, this theory with neutral 
mesons gives zero for all processes, as is proved by our 
discussion on longitudinal waves in electrodynamics. 
Pseudoscalar mesons with pseudo-vector coupling corre- 
sponds to y, being replaced by yuo'ysq while vector 
mesons with tensor coupling correspond to using 
(2u)""(y,@—Qyu). These extra gradients involve the 
danger of producing higher divergencies for real proc- 
esses. For example, ysq gives a logarithmically divergent 
interaction of neutron and electron. Although these 
divergencies can be held by strong enough convergence 


5 M. Slotnick and W. Heitler, Phys. Rev. 75, 1645 (1949). 
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factors, the results then are sensitive to the method used 
for convergence and the size of the cut-off values of X. 
For low order processes u~'ysq is equivalent to the 
pseudoscalar interaction 24fu-!y; because if taken be- 
tween free particle wave functions of the nucleon of 
momenta #, and p»=/~,+ q, we have 


(teyeqita) = (theys(po— pide) = — (tha poysitr) 
— (oys pitts) = — 2M (dheysits) 


since s anticommutes with p. and p. operating on the 
state 2 equivalent to Af as is fp; on the state 1. This 
shows that the y; interaction is unusually weak in the 
non-relativistic limit (for example the expected value 
of ys for a free nucleon is zero), but since y;2=1 is not 
small, pseudoscalar theory gives a more important inter- 
action in second order than it does in first. Thus the 
pseudoscalar coupling constant should be chosen to fit 
nuclear forces including these important second order 
processes.”® The equivalence of pseudoscalar and pseudo- 
vector coupling which holds for low order processes 
therefore does not hold when the pseudoscalar theory 
is giving its most important effects. These theories will 
therefore give quite different results in the majority of 
practical problems. 

In calculating the corrections to scattering of a nu- 
cleon by a neutral vector meson field (y,) due to the 
effects of virtual mesons, the situation is just as in 
electrodynamics, in that the result converges without 
need for a cut-off and depends only on gradients of the 
meson potential. With scalar (1) or pseudoscalar (75) 
neutral mesons the result diverges logarithmically and 
so must be cut off. The part sensitive to the cut-off, 
however, is directly proportional to the meson poten- 
tial. It may thereby be removed by a renormalization 
of mesonic charge g. After this renormalization the re- 
sults depend only on gradients of the meson potential 
and are essentially independent of cut-off. This is in 
addition to the mesonic charge renormalization coming 
from the production of virtual nucleon pairs by a meson, 
analogous to the vacuum polarization in electro- 
dynamics. But here there is a further difference from 
electrodynamics for scalar or pseudoscalar mesons in 
that the polarization also gives a term in the induced 
current proportional to the meson potential representing 
therefore an additional renormalization of the mass of 
the meson which usually depends quadratically on the 
cut-off. 

Next consider charged mesons in the absence of an 
electromagnetic field. One can introduce isotopic spin 
operators in an obvious way. (Specifically replace the 
neutral ys, say, by rvs and sum over i=1, 2 where 
T1=T4+17_, t2=1(74—7_) and ry changes neutron to 
proton (74 on proton=0) and r_ changes proton to 
neutron.) It is just as easy for practical problems simply 
to keep track of whether the particle is a proton or a 
neutron on a diagram drawn to help write down the 


*H. A. Bethe, Bull. Am. Phys. Soc. 24, 3, Z3 (Washington, 
1949). 
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matrix element. This excludes certain processes. For 
example in the scattering of a negative meson from q) 
to q2 by a neutron, the meson g2 must be emitted first 
(in order of operators, not time) for the neutron cannot 
absorb the negative meson q; until it becomes a proton. 
That is,in comparison to the Klein Nishina formula (15), 
only the analogue of second term (see Fig. 5(b)) would 
appear in the scattering of negative mesons by neu- 
trons, and only the first term (Fig. 5(a)) in the neutron 
scattering of positive mesons. 

The source of mesons of a given charge is not con- 
served, for a neutron capable of emitting negative me- 
sons may (on emitting one, say) become a proton no 
longer able to do so. The proof that a perturbation q 
gives zero, discussed for longitudinal electromagnetic 
waves, fails. This has the consequence that vector me- 
sons, if represented by the interaction y, would not 
satisfy the condition that the divergence of the poten- 
tial is zero. The interaction is to be taken” as yy— u?quq 
in emission and as +, in absorption if the real emission 
of mesons with a non-zero divergence of potential is to 
be avoided. (The correction term y~*g,q gives zero in 
the neutral case.) The asymmetry in emission and ab- 
sorption is only apparent, as this is clearly the same 
thing as subtracting from the original y,---y,, a term 
u’q---q. That is, if the term —y-’q,g is omitted the 
resulting theory describes a combination of mesons of 
spin one and spin zero. The spin zero mesons, coupled 
by vector coupling g, are removed by subtracting the 
term ug: -+q. , 

The two extra gradients q-: - -¢ make the problem of 
diverging integrals still more serious (for example the 
interaction between two protons corresponding to the 
exchange of two charged vector mesons depends quad- 
ratically on the cut-off if calculated in a straightforward 
way). One is tempted in this formulation to choose 
simply yy -:y, and accept the admixture of spin zero 
mesons. But it appears that this leads in the conven- 
tional formalism to negative energies for the spin zero 
component. This shows one of the advantages of the 


27 The vector meson field potentials gy, satisfy 
= 8/dx,(d9,/dxy— 89,/dxy) —2 Pp= —4rsy, 


where s,, the source for such mesons, is the matrix element of 
Yu between states of neutron and proton. By taking the divergence 
0/dx, of both sides, conclude that d¢,/dx, =41uas,/dx, so that 
the original equation can be rewritten as 


DO? pu wep = —44r(Syt ud /Oxy(Is,/dx,)). 


The right hand side gives in momentum representation yy 
—uqug,7, the left yields the (g?— y?)~! and finally the interaction 
Su@u in the Lagrangian gives the y, on absorption. 

Proceeding in this way find generally that particles of spin one 
can be represented by a four-vector a, (which, for a free particle 
of momentum gq satisfies g:'«=0). The propagation of virtual 
particles of momentum gq from state » to m is represented by 
multiplication by the 4-4 matrix (or tensor) P y= (8yy— 4 *qugv) 
X(¢—u?)-. The first-order interaction (from the Proca equation) 
with an electromagnetic potential @ exp(—ik-x) corresponds to 
multiplication by the matrix Eyy= (g2-a+91°2)5y»— G2 y— gid 
where g: and g2=q,:+k are the momenta before and after the 
interaction. Finally, two potentials a, b may act simultaneously, 
with matrix E’yy=— (a-b)6y,+byav. 
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method of second quantization of meson fields over the 
present formulation. There such errors of sign are obvi- 
ous while here we seem to be able to write seemingly 
innocent expressions which can give absurd results. 
Pseudovector mesons with pseudovector coupling corre- 
spond to using ys(y.—7’q,q) for absorption and ysy, 
for emission for both charged and ncutral mesons. 

In the presence of an electromagnetic field, whenever 
the nucleon is a proton it interacts with the field in the 
way described for electrons. The meson interacts in the 
scalar or pseudoscalar case as a particle obeying the 
Klein-Gordon equation. It is important here to use the 
method of calculation of Bethe and Pauli, that is, a 
virtual meson is assumed to have the same ‘“‘mass” dur- 
ing all its interactions with the electromagnetic field. 
The result for mass w and for (u?+?)! are subtracted 
and the difference integrated over the function G(A)da. 
A separate convergence factor is not provided for each 
meson propagation between electromagnetic interac- 
tions, otherwise gauge invariance is not insured. When 
the coupling involves a gradient, such as ysq where g is 
the final minus the initial momentum of the nucleon, 
the vector potential A must be subtracted from the 
momentum of the proton. That is, there is an additional 
coupling +7s;A (plus when going from proton to neu- 
tron, minus for the reverse) representing the new possi- 
bility of a simultaneous emission (or absorption) of 
meson and photon. 

Emission of positive or absorption of negative virtual 
mesons are represented in the same term, the sign of the 
charge being determined by temporal relations as for 
electrons and positrons. 

Calculations are very easily carried out in this way 
to lowest order in g’ for the various theories for nucleon 
interaction, scattering of mesons by nucleons, meson 
production by nuclear collisions and by gamma-rays, 
nuclear magnetic moments, neutron electron scattering, 
etc., However, no good agreement with experiment re- 
sults, when these are available, is obtained. Probably 
all of the formulations are incorrect. An uncertainty 
arises since the calculations are only to first order in g’, 
and are not valid if g’/he is large. 

The author is particularly indebted to Professor H. 
A. Bethe for his explanation of a method of obtaining 
finite and gauge invariant results for the problem of 
vacuum polarization. He is also grateful for Professor 
Bethe’s criticisms of the manuscript, and for innumer- 
able discussions during the development \of this work. 
He wishes to thank Professor J. Ashkin for his careful 
reading of the manuscript. 
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In this appendix a method will be illustrated by which the 
simpler integrals appearing in problems in electrodynamics can 
be directly evaluated. The integrals arising in more complex 
processes lead to rather complicated functions, but the study of 
the relations of one integral to another and their expression in 
terms of simpler integrals may be facilitated by the methods 
given here. 
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As a typical problem consider the integral (12) appearing in 
the first order radiationless scattering problem: 


Jue my ta(pi~ k—m)yyk*aeeCUE), (1a) 


where we shall take C(k?) to be typically —\*(K?—A*)" and 
d‘k means (2x)~*dkidkodkidky. We first rationalize the factors 
(p—k—m)—=(p—k+m)((p—k)?—m?)“ obtaining, 


S Yalbr— b+ m)a(pi— hm) yy kd RC (RY) 
X ((fi— k)?—m?)-((p2— k)?— m?)-1, 


The matrix expression may be simplified. It appears to be best to 
do so after the integrations are performed. Since AB= 2A-B—BA 
where A-B=A,B, is a number commuting with all matrices, find, 
if R is any expression, and A a vector, since yyA=—Ayyt2Ay, 


WARY, = — AypRypt2RA, (3a) 


Expressions between two ,’s can be thereby reduced by induc- 
tion. Particularly useful are 


(2a) 


Yern=4 
wAr,=—2A 
ywABy,=2(AB+BA)=4A-B 
yuABCy,=—2CBA 


(4a) 


where A, B, C are any three vector-matrices (i.e., linear com- 
binations of the four y’s). 

In order to calculate the integral in (2a) the integral may be 
written as the sum of three terms (since k=keya), 


yu(botm)a(pitm)yJi— Crprea(pitm) yy 
tu brtm) avery VrtynvetyrrJs, (Sa) 


where 


J a22) = f (1; ke; Rokr) k-2d*kC(k?) 
X ((p2— )?—m?)-((p1 — k)?— m2)“, (6a) 


That is for Ji the (1; &e; kekr) is replaced by 1, for Jz by ke, and 
for Jy by kekr. 

More complex processes of the first order involve more factors 
like ((p3— k)?— m?)—) and a corresponding increase in the number 
of k’s which may appear in the numerator, as kok,k,-+-. Higher 
order processes involving two or more virtual quanta involve 
similar integrals but with factors possibly involving k+k’ instead 
of just k, and the integral extending on k-*d4kC(k?)k’—*d‘k'C(k’2). 
They can be simplified by methods analogous to those used on 
the first order integrals. 

The factors (p—k)?—m? may be written 


(p—k)?—m2= ke—2p-k—A, (7a) 


where A= m?— p?, A:=m,?— p,?, etc., and we can consider dealing 
with cases of greater generality in that the different denominators 
need not have the same value of the mass m. In our specific prob- 
lem (6a), p:2?=m? so that A, =0, but we desire to work with greater 
generality. 
Now for the factor C(k?)/H we shall use —\?(k?—)*)1k7, 
This can be written as 
7 
—\/(R—»?) P= k?°C(R) = —f, aL(k®—L)~, (8a) 
Thus we can replace k*C(k*) by (K7—L)~? and at the end inte- 
grate the result with respect to L from zero to \%. We can for 
many practical purposes consider A? very large relative to m? or p*. 
When the original integral converges even without the con- 
vergence factor, it will be obvious since the L integration will then 
be convergent to infinity. If an infra-red catastrophe exists in the 
integral one can simply assume quanta have a small mass Amin 
and extend the integral on L from min to d’, rather than from 
zero to A¥, 
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We then have to do integrals of the form 
«fj hej koke)d*e (HE L)*1(R? = 2py-k— A)" 
X (R?—2p2-k—do)-4, (9a) 


where by (1; &o; &ekr) we mean that in the place of this symbol 
either 1, or &, or kek, may stand in different cases. In more 
complicated problems there may be more factors (k?—2pi: k— Ai)! 
or other powers of these factors (the (k?— L)~? may be considered 
as a special case of such a factor with p;=0, 4:=Z) and further 
factors like kgk-k,-+~ in the numerator. Thé poles in all the factors 
are made definite by the assumption that L, and the A’s have 
infinitesimal negative imaginary parts. 

We shall do the integrals of successive complexity by induction. 
We start with the simplest convergent one, and show 


f d*k(k2— L)-= (8iL)-1. 


For this integral is s°(23)-*dk.d*K(k2—K-K—L)-3 where the 
vector K, of magnitude K=(K-K)! is ki, ke, ks. The integral on 
ky shows third order poles at ks= +(K?+L)! and ka= —(AK2+L)}. 
Imagining, in accordance with our definitions, that L has a small 
negative imaginary part only the first is below the real axis. The 
contour can be closed by an infinite semi-circle below this axis, 
without change of the value of the integral since the contribution 
from the semi-circle vanishes in the limit. Thus the contour can 
be shrunk about the pole &s=+(A?+L)! and the resulting &; inte- 
gral is — 27 times the residue at this pole. Writing 4s=(K?+L)!+e 
and expanding (ke—K?—L)-=e-3(e+2(K?2+L)!)-3 in powers of 
e, the residue, being the coefficient of the term e7, is seen to be 
6(2(K2+ L)})- so our integral is 


— (31/32n) { 4arK°d K(K?-+ L)-5!2= (3/8i)(1/3L) 


establishing (10a). 
We also have f-kod‘k(k?—L)-*=0 from the symmetry in the 
k space. We write these results as 


(83) (15 he)a*e( A? LY*= (15 OL 


(10a) 


(11a) 


where in the brackets (1; &) and (1; 0) corresponding entries are 
to be used. 
Substituting k= k’— pin (11a), and calling L—p?=A shows that 


(8i) (15 he)ate(H— 2p-k—A)-*= (1; pe)(f*-+4). (12a) 


By differentiating both sides of (12a) with respect to A, or with 
respect to pr there follows directly 


(244) [°(1; bes Reber) d*e(R?—2p-k—a)~# 
=—(1; po; Pobr—}ber(P+4))(P +4). (13a) 


Further differentiations give directly successive integrals in- 
cluding more & factors in the numerator and higher powers of 
(#—2p-k—A) in the denominator. q 

The integrals so far only contain one factor in the denominator. 
To obtain results for two factors we make use of the identity 


abs f * dx(ax+b(1—x)), (14a) 


(suggested by some work of Schwinger’s involving Gaussian inte- 
grals). This represents the product of two reciprocals as a para- 
metric integral over one and will therefore permit integrals with 
two factors to be expressed in terms of one. For other powers of 
a, b, we make use of all of the identities, such as 


op Jf " 2xdx(ax-+b(1 — x))-3, (15a) 


deducible from (14a) by successive differentiations with respect 
to a or b. F 
To perform an integral, such as 


(Bi) (15 be)d*&(HE 2p -k—Au)*(P=2pa-k— As), (16a) 
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write, using (15a), 


(HB =2pi-k— i) XRP 2pak—Aa)t= J 2adx(h?—2pe-k— ds), 
where 

bz=xpit(l—x)p2 and Az=xAi+(1—x)A2, (17a) 
(note that Az is ot equal to m?— p,?) so that the expression (16a) 
is (81) fol2xdx f(1; ke)d4h(k?—2p2-k—Az)~ which may now be 
evaluated by (12a) and is 


(16a)= f-" (15 Pae)2adx(pat+ Ae)", 


where f., Az are given in (17a). The integral in (18a) is elementary, 
being the integral of ratio of polynomials, the denominator of 
second degree in x. The general expression although readily ob- 
tained is a rather complicated combination of roots and logarithms. 

Other integrals can be obtained again by parametric differentia- 
tion. For example differentiation of (16a), (18a) with respect to 
A2 or par gives 


(i) f "(15 Bes Rebe)d*&(K2—2ps-k— Ay) Ck? —2pa-k—Ag)? 


= =f (1; p2os prePzr —450,(b2?+Az)) 
X 2x(1 —x)dx(p.?+ As), 
again leading to elementary integrals. 
As an example, consider the case that the second factor is just 
(#?—L)~ and in the first put Pi=p, 4:=A. Then p.=<xp, 
Az=xA+(1—2x)L. There results 


(Bi) (15 bo; Roker)d4e(Kt—L)*(h?—2p-k A) 
= -f" (1; xpo; x*popr—35or(x°p?+A;)) 


X2x(1—x)dx(x2p?+ Az). (20a) 


Integrals with three factors can be reduced to those involving 
two by using (14a) again. They, therefore, lead to integrals with 
two parameters (e.g., see application to radiative correction to 
scattering below). 

The methods of calculation given in this paper are deceptively 
simple when applied to the lower order processes. For processes 
of increasingly higher orders the complexity and difficulty in- 
creases rapidly, and these methods soon become impractical in 
their present form. 


(18a) 


(19a) 


A. Self-Energy 
The self-energy integral (19) is 
(2/4) f1u(P—k—m)YyphdRC(HE), (19) 


so that it requires that we find (using the principle of (8a)) the 
integral on L from 0 to 2? of 


Jhb — etm) yd RO L) AH 2p-b)-, 


since (p — k)?— m?= k?—2p-k, as p?=m?. This is of the form (16a) 
with Ai=L, pi=0, 42=0, po=p so that (18a) gives, since 
bz=(1—x)p, O2=2L, 


(Bi) f (15 Red tk RP L) (28 2p-b)> 

=f" (15 12) pe) Dade ((1— 2)? +2 LE), 
or performing the integral on L, as in (8), 
(88) f (15 bed ek 2C UR) (29-8) 


= f(s 1 2)pe)2dx mE ar 


(1—x)?m? 
Assuming now that 2>>m? we neglect (1—x)*m? relative to 


x? in the argument of the logarithm, which then becomes 
(A2/m?)(x/(1—x)?). Then since SfoldxIn(x(l—x))=1 and 
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So'(1 — x)dx In(x(1—x)) = — (1/4) find 
(i) (15 be) #C (HE) ae (HP 29-b) 


»? wool 
= (2105542; pA wX5)), 
so that substitution into (19) (after the (bp— k—m)™ in (19) is 
replaced by (b—k-+m)(k?—2p-k)—) gives 
(19) = (2/87) y,[(b+m)(2 In(A?/m?)+ 2) 
— p(In(\?/m?) —4) Typ 
= (2/87) [8m (In(d2/m?) +1) — p(2 In(d*/m2) +5) ], 


using (4a) to remove the +,’s. This agrees with Eq. (20) of the text, 
and gives the self-energy (21) when p is replaced by m. 


(20) 


B. Corrections to Scattering 


The term (12) in the radiationless scattering, after rationalizing 
the matrix denominators and using p,?=f.?=m? requires the 
integrals (9a), as we have discussed. This is an integral with 
three denominators which we do in two stages. First the factors 
(k?—2p,-k) and (k?— 22k) are combined by a parameter y; 


(R?—2p1-k)-\(R2—2p2-k) = f dy(k?—2py-k), 
from (14a) where 


by=yhit(1—y)p2. (21a) 
We therefore need the integrals 
(Bi) (15 hes hebs)d*e(KE—L)*(R— 2py-h)*, (22a) 


which we -will then integrate with respect to y from 0 to 1. Next 
we do the integrals (22a) immediately from (20a) with p= p,, 4=0: 


(22a) = -f° hi (1; xPyo; 2*byebyr 
— 450 e(x*py?-+(1—x) L))2x(1—x)dx(x2p,?+ L(1—x)) dy. 


We now turn to the integrals on L as required in (8a). The first 
term, (1), in (1; ke; er) gives no trouble for large L, but if L 
is put equal to zero there results x?p,? which leads to a diverging 
integral on x as x0. This infra-red catastrophe is analyzed by 
using \min? for the lower limit of the L integral. For the last term 
the upper limit of ZL must be kept as \?. Assuming Amin*Kp,?<? 
the x integrals which remain are trivial, as in the self-energy case. 
One finds 


ay (81) f(r? Amin?) 1d*&C(R?— Amin?) (K2— 2 pi-k) (R22 pak)? 


= J Putdy In(p,?/dmis’) (23a) 
— (Bi) f bak 2d*4C(R2)(R?— 2p) 2a bt 
=2f Pred %dy, (24a) 
— (Bi) faker BAd*RC(R)(R?— 2p -B)MRE— 2 pa)! 
= Jj buePvrbv*dy— Bor [dy In#P,*) + Bor. (25a) 
The integrals on y give, 
i by *dy In( Py? min?) = 4(on? sin26)—! [o nee 
- fra tanada], (26a) 
if Puohy*dy = 6(m? sin26)“"( pret Pro), (27a) 


Sy buebyrbsi2dy=0(2m2 sin26) pret brs) bret bas) 
+9 qeq7(1—8 ctné), 


J * ay In(d2p,-2) = In(X2/m?)-+2(1— 6 ctnd). 


(28a) 
(29a) 
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These integrals on y were performed as follows. Since po=fitq 
where q is the momentum carried by the potential, it follows from 
p?=pr=m? that 2p:-¢g=—q? so that since py=fitgq(1—y), 
p,?=m?—q’y(1—y). The substitution 2y—1=tana/tan@ where 6 
is defined by 4m? sin26= q? is useful for it means p,?= m? sec?a/sec?é 
and p,-?dy = (m? sin20)-'da where a goes from —0 to +8. 

These results are substituted into the original scattering formula 
(2a), giving (22). It has been simplified by frequent use of the 
fact that fi operating on the initial state is m, and likewise peo 
when it appears at the left is replacable by m. (Thus, to simplify: 

ypPeapryy.= —2prape by (4a), 
= —2(b.—q)a(pit-q) = —2(m—q)a(m+q). 
A term like gag=—¢@’a+ 2(a-q)q is equivalent to just —q?a since 
q=p:— pi=m—m has zero matrix element.) The renormalization 


term requires the corresponding integrals for the special case 
q=0. 


C. Vacuum Polarization 


The expressions (32) and (32’) for Juv in the vacuum polariza- 
tion problem require the calculation of the integral 


Juhi) =—& f SpLvpld— sat m)vlo+ hat m) ep 
(pHa) mY MD+ ame), (2) 


where we have replaced p by p—3q to simplify the calculation 
somewhat. We shall indicate the method of calculation by studying 
the integral, 


Int) = J poped*p((P— 39)? m8)-M(p+4q)?— m2) 


The factors in the denominator, p?— p-q¢—m?+ }q? and p?+p-q 
—m?+1\q? are combined as usual by (8a) but for symmetry we 
substitute x=3(l+ 7), (lL—x)=3(1—7) and integrate » from 
—1to +1: 


+1 . 
Tot) =f pebod'pl*—ap-q— m+ 2gt)*dn/2. 


But the integral on f will not be found in our list for it is badly 
divergent. Ilowever, as discussed in Section 7, Eq. (32') we do not 
wish J(m?) but rather /o°[I(m?)—I(m?+A2) ]G(A)dd. We can 
calculate the difference J(m?)—I(m?+?) by first calculating the 
derivative J’(m?+L) of J with respect to m? at m?+L and later 
integrating L from zero to A% By differentiating (30a), with 
respect to mz? find, 


Uot+L) =f pabrd 9 0*—np-q— mb L+ hg?)dn, 


This still diverges, but we can differentiate again to get 
Pe 
I"nt+1)=3"" pobed'p(P*—np-q—mt—L+ 1q4)-tdy 


+1 
=~ (81) (bntgeqeD?— Borda 


(where D=4(n?—1)q?+ m?+ L), which now converges and has been 
evaluated by (13a) with p=3nq and A=m?+ L—jq?. Now to get 
I’ we may integrate J” with respect to L as an indefinite integral 
and we may choose any convenient arbitrary constant. This is because 
a constant C in J’ will mean a term —C2 in [(m?) —J(n?+2?) 
which vanishes since we will integrate the results times G(A)dA 
and fo"\G(A)d\=0. This means that the logarithm appearing on 
integrating 1 in (31a) presents no problem. We may take 


Im? L) = (Bi Can%gegeD“+ Bor IND dat Cer, 


a subsequent integral on L and finally on q presents no new 
problems. There results 


~ (8i) f Poped*pl(P—3q)*—m2)-U(p+ 3q)*— m2) 


4? — = ( 0 ‘ "| 
= Gods Sar? i[- 3q? 1nd +6 na 


+5570 (A? + m2)In (M22 +1) —C’/A2 J, 


(30a) 


(31a) 


(32a) 
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where we assume A?>>2m? and have put some terms into the arbi- 
trary constant C’ which is independent of ? (but in principle could 
depend on g?) and which drops out in the integral on G(A)dd. We 
have set q?= 41? sin26. 

In a very similar way the integral with m? in the numerator can 
be worked out. It is, of course, necessary to differentiate this m? 
also when calculating J’ and J”. There results 


— (Bi) f mtd*p((p— 4q)*—m)-M(p+ $q)*— mt) 
=4m?(1—6 ctnd) — g?/3+2(h+m?)In(A2m?+1)—C"A2), (33a) 


with another unimportant constant C”. The complete problem re- 
quires the further integral, 


— (83) f (15 po)d*p((b—2q)?—m?) (p+ 3g)? mi?) 
= (1, 0)(4(1— ctn)+2 In(2m)), (34a) 


The value of the integral (34a) times m? differs from (33a), of 
course, because the results on the right are not actually the inte- 
grals on the left, but rather equal their actual value minus their 
value for m?= m?+ d2, 

Combining these quantities, as required by (32), dropping the 
constants C’, C” and evaluating the spur gives (33). Thespurs are 
evaluated in the usual way, noting that the spur of any odd 
number of y matrices vanishes and Sp(AB)=Sp(BA) for arbi- 
trary A, B. The Sp(1)=4 and we also have 


4 SPL(bit mi) (po— me) ]= pr: po— mime, (35a) 
4S pC(bit i) (bo— me) (pst ms) (pe— ma) ] 
= (pir p2o— mmr) (par Pa— mama) 
— (br pa— mys) ( pa- pa— mama) 
+ (pis pa mim) (po pa— mam), (36a) 


where f;, m; are arbitrary four-vectors and constants. 

It is interesting that the terms of order \? Ind? go out, so that 
the charge renormalization depends only logarithmically on \2. 
This is not true for some of the meson theories. Electrodynamics 
is suspiciously unique in the mildness of its divergence. 


D. More Complex Problems 


Matrix elements for complex problems can be set up in a 
manner analogous to that used for the simpler cases. We give 
three illustrations; higher order corrections to the Mller scatter- 


YM 
ved 
4 
non 


Fic. &. The interaction aye two electrons to order (¢, hc)’. 
One adds the contribution of every figure involving two virtual 
quanta, Appendix D. 


g. 
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ing, to the Compton scattering, and the interaction of a neutron 
with an electromagnetic field. 

For the Mdller scattering, consider two electrons, one in state 
u, of momentum f; and the other in state “2 of momentum pf». 
Later they are found in states us, p3 and u4, ps This may happen 
(first order in e?/he) because they exchange a quantum of momen- 
tum g=fi—fs=fs— 2 in the manner of Eq. (4) and Fig. 1. The 
matrix element for this process is proportional to (translating (4) 
to momentum space) 


(thayytte) (taypeq?. (37a) 
We shall discuss corrections to (37a) to the next order in e/he. 
(There is also the possibility that it is the electron at 2 which 
finally arrives at 3, the electron at 1 going to 4 through the ex- 
change of quantum of momentum p3— f2. The amplitude for this 
process, (tsyyti)(tsvyt2)(Ps—p2)?, must be subtracted from 
(37a) in accordance with the exclusion principle. A similar situa- 
tion exists to each order so that we need consider in detail only 
the corrections to (37a), reserving to the last the subtraction of 
the same terms with 3, 4 exchanged.) 
One reason that (37a) is modified is that two quanta may be 
exchanged, in the manner of Fig. 8a. The total matrix element 
for all exchanges of this type is 


(2/ni) f (tasy(Pi— k— m)~y yer) (thayy(pot R—m)~yyu2) 
-R-Aq—ky*d*k, (38a) 


as is clear from the figure and the general rule that electrons of 
momentum /p contribute in amplitude (/—m)7! between inter- 
actions y,, and that quanta of momentum & contribute k™?. In 
integrating on ¢‘k and summing over yu and », we add all alterna- 
tives of the type of Fig. 8a. If the time of absorption, y,, of the 
quantum k by electron 2 is later than the absorption, y,, of g—k, 
this corresponds to the virtual state p2+k being a positron (so 
that (38a) contains over thirty terms of the conventional method 
of analysis). 

In integrating over all these alternatives we have considered all 
possible distortions of Fig. 8a which preserve the order of events 
along the trajectories. We have not included the possibilities 
corresponding to Fig. 8b, however. Their contributfon is 


(@/xi) f (asyp1— k—m)yyu1) 
X (ay p(Detg— k—m)—yyu2)k7(q—k)-*d*k, (39a) 


as is readily verified by labeling the diagram. The contributions of 
all possible ways that an event can occur are to be added. This 


g. h. 


Fic. 9. Radiative correction to the Compton scattering term 
(a) of Fig. 5. Appendix D. 
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means that one adds with equal weight the integrals corresponding 
to each topologically distinct figure. 

To this same order there are also the possibilities of Fig. 8d 
which give 


(e/ni) { (aarn(pa —k—m)yy(pi- k— m) yt) 
X (ey yt) k2q7dh, 


This integral on k will be seen to be precisely the integral (12) for 
the radiative corrections to scattering, which we have workcd out. 
Theterm may be combined with the renormalization terms result- 
ing from the difference of the effects of mass change and the terms, 
Figs. 8f and 8g. Figures 8e, 8h, and 8i are similarly analyzed. 

Finally the term Fig. 8c is clearly related to our vacuum 
polarization problem, and when integrated gives a term propor- 
tional to (ayy) (#ayr%1)J wq7‘. If the charge is renormalized the 
term In(A/m) in Jyy in (33) is omitted so there is no remaining 
dependence on the cut-off. 

The only new integrals we require are the convergent integrals 
(38a) and (39a). They can be simplified by rationalizing the de- 
nominators and combining them by (14a). For example (38a) in- 
volves the factors (Rk?—2p1:k)~!(k?+2p2-k) 1k 2(g?+ k?— 2g: k)-2. 
The first two may be combined by (14a) with a parameter x, and 
the second pair by an expression obtained by differentiation (15a) 
with respect to 6 and calling the parameter y. There results a 
factor (k?—2p,-k)-?(k?+ yg?—2yg-k)~4 so that the integrals on 
d‘k now involve two factors and can be performed by the methods 
given earlier in the appendix. The subsequent integrals on the 
parameters x and y are complicated and have not been worked out 
in detail. 

Working with charged mesons there is often a considerable re- 
duction of the number of terms. For example, for the interaction 
between protons resulting from the exchange of two mesons only 
the term corresponding to Fig. 8b remains. Term 8a, for example, 
is impossible, for if the first proton emits a positive meson the 
second cannot absorb it directly for only neutrons can absorb 
Positive mesons. 

As a second example, consider the radiative correction to the 
Compton scattering. As seen from Eq. (15) and Fig. 5 this scatter- 
ing is represented by two terms, so that we can consider the cor- 
rections to each one separately. Figure 9 shows the types of terms 
arising from corrections to the term of Fig. 5a. Calling k the 
momentum of the virtual quantum, Fig. 9a gives an integral 


JS u(r k— merit qi— k—m)"1e1(p1— h— m)“1y yh-*ds, 


convergent without cut-off and reducible by the methods outlined 
in this appendix. 

The other terms are relatively easy to evaluate. Terms 6 and ¢ 
of Fig. 9 are closely related to radiative corrections (although 
somewhat more difficult to evaluate, for one of the states is not 
that of a free electron, ($1 +)? m?). Terms e, f are renormaliza- 
tion terms. From term d must be subtracted explicitly the effect 
of mass Am, as analyzed in Eqs. (26) and (27) leading to (28) 
with p’=pitq, @=€2, b=e,. Terms g, hk give zero since the 
vacuum polarization has zero effect on free light quanta, q.2=0, 
q2=0. The total is insensitive to the cut-off A. 

The result shows an infra-red catastrophe, the largest part 
of the effect. When cut-off at Amin, the effect proportional to 
In(m/Amin) Boes as 


(2/7) In(m/dmin) (1-28 ctn26), (40a) 


times the uncorrected amplitude, where (p2— p1)?= 4m? sin’9. This 
is the same as for the radiative correction to scattering for a 
deflection f2—f1. This is physically clear since the long wave 
quanta are not effected by short-lived intermediate states. The 
infra-red effects arise”? from a final adjustment of the field from 
the asymptotic coulomb field characteristic of the electron of 


28 F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937). 
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momentum 1 before the collision to that characteristic of an 
electron moving in a new direction 2 after the collision. 

The complete expression for the correction is a very complicated 
expression involving transcendental integrals. 

As a final example we consider the interaction of a neutron with 
an electromagnetic field in virtue of the fact that the neutron may 
emit a virtual negative meson. We choose the example of pseudo- 
scalar mesons with pseudovector coupling. The change in ampli- 
tude’ due to an electromagnetic field A=a@ exp(—ig-x) determines 
the scattering of a neutron by such a field. In the limit of small g 
it will vary as ga—aq which represents the interaction of a par- 
ticle possessing a magnetic moment. The first-order interaction 
between an electron and a neutron is given by the same calculation 
by considering the exchange of a quantum between the electron 
and the nucleon. In this case ¢, is g~? times the matrix element of 
Yu between the initial and final states of the electron, the states 
differing in momentum by q. 

The interaction may occur because the neutron of momentum 
pi emits a negative meson becoming a proton which proton inter- 
acts with the field and then reabsorbs the meson (Fig. 10a). The 
matrix for this process is (2=fi+4), 


f (ysk)(bo— R—M)~1a(pi— R— AL)“ ysk)(R?— w?)“'d4k. (41a) 


Alternatively it may be the meson which interacts with the field. 
We assume that it does this in the manner of a scalar potential 
satisfying the Klein Gordon Eq. (35), (Fig. 10b) 


=f Crsks) (p= i= MY Myo) (= wt) 

X (ko a+h1- 0) (Ri2— w?)“1d*k,, (42a) 
where we have put k2= kitg. The change in sign arises because 
the virtual meson is negative. Finally there are two terms arising 
from the ysq@ part of the pseudovector coupling (Figs. 10c, 10d) 


J “(ysk) (br— RM)" y00) (R?—wt)1dh, (43a) 


and 


SCP. k- 171s) wa, Ata) 
Using convergence factors in the manner discussed in the section 
on meson theories each integral can be evaluated and the results 
combined. Expanded in powers of q the first term gives the mag- 
netic moment of the neutron and is insensitive to the cut-off, the 
next gives the scattering amplitude of slow electrons on neutrons, 
and depends logarithmically on the cut-off. 

The expressions may be simplified and combined somewhat 
before integration. This makes the integrals a little easier and also 
shows the relation to the case of pseudoscalar coupling. For 
example in (41a) the final 75k can be written as ys(k—fitJf) 
since p:= 4 when operating on the initial neutron state. This is 
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Fic. 10. According to the meson theory a neutron interacts with 
an electromagnetic potential @ by first emitting a virtual charged 
meson. The figure illustrates the case for a pseudoscalar meson 
with pseudovector coupling. Appendix D. 


(fi— R—M)ys+2M ys since ys anticommutes with pf: and k. The 
first term cancels the (f:—R—4Af)“! and gives a term which just 
cancels (43a). In a like manner the leading factor yk in (41a) is 
written as —2Afys—ys(p2— R—AZ), the second term leading to a 
simpler term containing no (p2—k— Af)" factor and combining 
with a similar one from (44a). One simplifies the yski and yskz 
in (42a) in an analogous way. There finally results terms like 
(41a), (42a) but with pseudoscalar coupling 2:\f5 instead of 
ysk, no terms like (43a) or (44a) and a remainder, representing 
the difference in effects of pseudovector and pseudoscalar coupling. 
The pseudoscalar terms do not depend sensitively on the cut-off, 
but the difference term depends on it logarithmically. The differ- 
ence term affects the electron-neutron interaction but not the 
magnetic moment of the neutron. 

Interaction of a proton with an electromagnetic potential can 
be similarly analyzed. There is an effect of virtual mesons on the 
electromagnetic properties of the proton even in the case that the 
mesons are neutral. It is analogous to the radiative corrections to 
the scattering of electrons due to virtual photons. The sum of the 
magnetic moments of neutron and proton for charged mesons is 
the same as the proton moment calculated for the corresponding 
neutral mesons. In fact it is readily seen by comparing diagrams, 
that for arbitrary g, the scattering matrix to first order in the 
electromagnetic potential for a proton according to neutral meson 
theory is equal, if the mesons were charged, to the sum of the 
matrix for a neutron and the matrix for a proton. This is true, for 
any type or mixtures of meson coupling, to all orders in the 
coupling (neglecting the mass difference of neutron and proton). 


